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THE PREFACE. 

•Similar to the fatisfadlion which the miod 
receives in the inveftigation of geometrical pro- 
politions, is the pleafure which we derive frota 
the refolution of queftions in algebra, both on 
account of their ingenuity, certainty, and extenfive 
ufefulnefs. In the following Treatife, wherein 
fo many algebraic theorems occur, . it is propofed 
to inveftigate, from firft principles, the rules 
adapted to one particular branch of fcience, that . 
of Intereft, both fimple and compound, with 
their application to Annuities of all defcriptions ; 
hoping thereby, not only to afford pleafure to the 
fludious, in the inveftigation of the theorems, but 
advantage alfo to men of bufineis, in the applica- 
tion of thefe to the affairs of property. 

The theorems, fuch as — being the value of a 
perpetuity, are as beautiful as any which are to 
be met with in the other branches of fcience ; and 
to fender them the more intelligible, a demon- 
ftration is fubjoined where it is thought necef- 
fary. The tables are accurate, and feveral of them 
new, fuch as Table IV. VIII. and XL of annui- 
ties on lives ; the firft exprefling the amount of 
Ij. I annuity upon a fingle life j in the conftruc- 

tion 
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tipn of wkichy the reafbn is difcovered, why tjic 
value of a fingle life is lefs, and its amount greater, 
than that correfponding to its expedation ; and 
• the two laft Ihewing the probabilities of life ad- 
apted to Scotland. The conftrucaion of the tables 
is clearly pointed out ; and, by three equations 
annexed to each, all their ufes are difcovered at 
firft fight. Several bfanches of education, con- 
neded with this fcience, are treated of, fuch as 
Arithmetical and Geometrical Progreffions, the 
Extraction of the Square Root, Logarithms, the 
Arithmetic of Infinities, Fluxions, and the rule of 
Double Pofition. 

In this Treatife there are many things new. 
The application of geometry, for amufement, to 
matters of inter eft, moft of the remarks annexed 
to each fubjedl, the bearer's lofs in difcounting 
bills, feveral of the theorems, fuch as P r— • 

nr 

cxpreflGing the value of a fingle life, a Tontine, and 
Inlurance from Fire, are all new. But what I 
chiefly value in this rcfpedl, are Prob. III. and 
XVIII. of Annuities on Lives ; the former difco- 
vering the value, and the latter the expedlation of 
the joint continuance, or of the longeft liver of 
, any number of lives, by methods which are both 
accurate, and fave many pages of algebraic inve- 
ftigation. As the queftions in Annuities on Lives 
are various as the complecStions of men, I have, 

in 
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n the courfe of twenty-two problems, delineated a 
great number of thofe which are marked with the 
ftrongeft features. Particular attention hath been 
paid to the Widows Scheme in the Church of 
Scotland, wherein fo many are interefted; and 
the account given of its conftrudlion and opera-p- 
tion may enable Contributors to judge for them- 
felves, fliould the aflPairs of the Fund ever come 
before them in a judicial capacity. 

In the conftrudlion of the theorems of Intereft 
and Annuities certain, I acknowledge myfelf 
much indebted to the labours of that able alge- 
braift Mr Nicolas Vilant, St Andrew's. Where- 
in I diflPer from others, as in the conftrUdlion of 
a widows fcheme, in Prob. VIII, let the learned 
judge for themfelves ; and wherein I am defedlive, 
I crave their indulgence. But I hope it will not 
be reckoned a defedl, that I have not exprefled the 
theorems in fo many words, being perfuaded that 
an algebraic expreflion is much more intelligible 
at firft fight, than it can be made by any lan-^ 
guage. 

The fcience of Annuities on Lives is yet in its 
infancy. Dr Halley was the firft who conftruc- 
ted a table of the Probabilities of Life : Moivre, 
Dodfon, Webfter, and Price, thefe fathers of the 
fcience, dropped only a few years ago. Thofe tlieo- 
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rems of Mr De Moivrc, which are built upon the 
principle, " that the decrements of life are in a 
" conftant ratio," though beautiful in theory and 
eafy in practice, are now exploded, becaufe they 
give the value of life too fmalL In Scotland, we 
have no writer who treats methodically of Annui- 
ties ; and Englifh authors on thefe fubjedls are in 
rery few hands : therefore,, till a better appears, 
it is hoped that this Treatiie, which has for its 
objeft a more perfedl Syftem of Intereft and An- 
nuities than has hitherto appeared, will not be 
deemed an unneceffary performance. 
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The Signs which occur, without being ex. 
plained in the body of the Work, are fuch as 
thefe : 

= The Sign of Equality, 
+ ■ Addition. 

— — — Subtraction. 

X Multiplication, 

— , or a-T-^ — Divifion ; a divided by 3. 

g-|.^. The Sum of the two Quantities a and 5. 

i?co3, The Difference of the two Quantitiea 
a and ^. 

m b :: c : dj Ratio ; a is to £ as r is to d^ 
y/ ay The Square Root of a. 
»y/ a, The n Root of a. 



a+by The Square of a-^b^ 

i?" , The n Power of R. 

-^, I divided by the n power of R^ 

L. The Logarithm of a Quantity, 



ARITH- 



CHAPTER h 



OfAtirnmtiCAL PftooRSssioKi 



*• When a fericB of quantities, elceeding two 
in number, increafe$ or decreafes by the addU 
tion or fubtradtion of one common difference, 
the terms of the feries are faid to be in continued 
arithmetical progreflion. Thus, 

^» ^» 3> 4> S% 6, 7, 6, 9» lo. an increafing fericsb 
!lo, 9» B, 7, 6, 5, 4, 3, 2, I. a dccreafing feries. 

tf, tf-f"//, tf^-a^, «+3<'* <x+4^i. • • a*^n^X d:s:Vk 
V, V— rf, t; — 2</, V— 3<i V — 4J ... » ^^— a— 1 X^^ ^« 

«4"Vj fl-f-v, tf4"*'» ''•f'^f ^+^ • • • ^+^ ^ ( b th^ 

2. If four quantities are thus proportional, the 
lum of the extremes will be equal to the fum d£ 
the means ; Thus, 

3. If three quantities are thus proportiona], the 

A fum 
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fum of the extremes is double of the mean; 
Thus, 

I J I ^j .1. ^ I-./-, f Sum of the extremes 
a. a+d. a+zd', then a a+2d = [^^^^^^^ ^f ^h^ mean. 

4. Whatever be the number of terms in an 
arithmetical progreflion, the fum of the two ex- 
tremes will bfe equal to the fum of any two terms 
cquidiftant from thefe extremes. Thus, i + io 

5» In a ferics of terms in arithmetical progref* 
fion, let 

a ==• the firft term. 

V = the laft term. 

n = the number of terms. 

^= the common difference. 

s = the fum of the feries ; then as J is found 
in all the terms except the firft, its co-eflScicnt in ' 
the laft term will be n^ — i, hence a+«I^xrf=:v^ 
^ — ,,-Z7 X ^/ = tf, and 7i^^ x ii=:a co v. 

6. In any number of terms in arithmetical 
progrefhon, the firft and laft terms, multiplied 

by the number of terms, are equal to double the ^ 

fum of the whole feries ; Thus in the two feries g 

above (i) which are perfc6lly equivalent, it is 
manifeft that the two taken together, that is the - 
double of any one of them, will be equal to the 
fum of a feries^ of equals a+v^ a^fv &c. taken i 

to n terms = a-i-v x » = 2 j. 

7, Therefore, in a continued arithmetical pro- 
grefficn, if any three of the five quantities, a^ v^ 
d^ », and s^ are fuppofed to be given, the remain- 
ing tv%*o may be found, as in the following table : 

GWco. i 
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Given. 



tf, rf, », 

tf, rf, V, 

fl, », V, 

rf, If, V, 



a, d, «, 

a, «, /, 
rf, n, s, 



d, V, Ji, 
d, n, J. 

«* v# s, 
d, Vf /, 



2 



w — a , 



X = a'j'V Xif . • • 



s =:nX V — dX » — t , . • . 



Equation i. 

3- 
4^ 



V =a+;i— iX^> 



V:sz^ aX a — d + ^Xi/4-*' — id,9 » 

2 s 

V = 1- i dX n — 19 . • . 



ughCX in Equation ift. 
Zs^nX^^ 
/= nXl+? 



:. 5 



:nce 






xssffX-'+^X^ 



Sought V in Equation 6» 
T^Xnzzis 

V- a 



Sec. 5 



n zz 



+ 1 



8. 



if =: v — « — iX^»*** 9» 

<»=s — — it/X/^-^i • • • 10. 

2 S 

azs,^- —V, • • • 1 !• 

n ' 

azzld2^^ vXv+d — dx'zj'f-'ff' • • 12. 



V* — a* >^dv-\-cla=ziJs 
v*-{-dvz=aXa — J-\-2Js 



r + |rf = y ";, X 7-^-!-'^ X t: 
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Given. 



a, d, V, 
a, d, s, 

«f Vj s, 

^> »> "f, 



a, «, X, 
<«, «> V, 

«, v» /, 






EquatioA t}. 



» = %/ \±Z2 






3 — hj* + i— 3-H. • • . 14. 

»5' 






rf= 



r4-/iX 



ai V-fntf 



^ ^ ^ — t ^ — ;^ — « 



a :s , • • • 

n — I 



rf="'~"« 



n — I 



>7* 

18. 

20. 



Sought n ]n Equation 14th, 



$tCi5.aiid6 



3ec.5. and^. 






$ought u in i6tli« 



Sec. 6. 



Sought ^10 I7tii. 



7 



Sought ^ in i8ch. 



r^XX</= 



1/— aa» 



Sought tf in 20tl^ 



»v— 1»— ixrfxjir:a# 
a V i^-i— I X </ « c= V 



«— xx</5:av— a*- 



lo 



•«Ai-^ «i^. 



^'•. — ^ mdf^.^. 



AND ANNUITIES. j 

In the above table, the expref&ons belong to 
an increafing progreflion, and may be applied 
alfo to a decreafing one, by making the quantities 
a and v change places evexy where. 



EXAMPLES. 



ifty Sought, the fum of the firft hundred ntim-^ 
bers in their natural order. Here, ^=i, «=ioo, 
17=100 ; by equation 3d, o+vx j = loi x 50=5 
5050 = fum fought. 

2^/, Suppofe a bafket and 500 apples were pla- 
ced in a (baight line, a yard diftant from each 
Other, it is required how far one mud go before 
he brings them, one by one, into the bafket? 
Here, as the diflance mud be gone over twice in 
bringing each apple, /i= 2, ^/=2, 11=500 j by c- 
quation ift, « x a-hrf x El =500 x 501 =;= 250500^ 
yards = 142 miles. 

3^/, A man had 12 children ; the youngeft was 
three years old, and the common difference of 
their ages was four years ; What was the age of 
the eldeft ? Here ^2=3, ^=4, «=i2. By equa- 
tion 5th, a -h n^, X rf =: 3+44 = 47 years. 

8. When a number of terms in arithmetical 
progreflion begins with a cypher, (o), which is 
the moft regular feries, in this cale, the fum of 
the feries is equal to the laft term multiplied by 
half the number of terms. For a=:o, and, equa- 
tion 
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tion 5d, s'=v X J. Thus o, i, 2, 3, 31 

* = 31 X i6=496# 

9. When /?=2, and ^=2 alfo, in this cafe, ia. 
equation ift, j=»^ + fr=^ pronic number, 
which is produced by the addition of even num- 
bers in an arithmetical progreffion, beginning at 
2i and the pronic root n = ^ j^s -^i — i . 

10. When ^=1 and^/=2, then /==/r'. So that 
all fquare numbers may be confidered as arifing 
from the addition of odd numbers in an arith- 
metical progreffion. Thus. 

Arithmetical Progreffion, i, 3, 5, 7, 9^ 11, 13, 15, 
17, 19, &c. 

Square Numbers, i, 4, 9, 16, 25, 7^6^ 49, 64, 
81, 100, &c* 

Hence may be determined how many odd 
numbers muft be added to produce a given power 
of that number* Let the given number be n^ the 
exponent of its power m^ and the firft term of 
the ferics ^ ; then fince ^= 2, and the number of 
terms /r, hence s^=ff ==» x« + »^ ^^^ ^=»*-' 
— n^^ . And thus it appears, how powers of all 
dimenfions may be obtained by fumming up of 
odd numbers. Thus, fuppofing /w=3, and «= 
3, 4> Sy 6, &c- 

3^ = 7+ 9+ II 

43 = 13+ 15+ 17 + 19, 

53 = 21+23 + 25 + 27 + 29. 

6^ = 31 + 33 + 35 + 37 + 39 + 4^- 

CHAP. 
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CHAP. n. 
QT Simple Interest. 

^ ^' W HEK a fum of money is lent upon ift- 
tereft^ and that intereft is either kept in the bor- 
rower's hands, or is paid regularly, without be- 
coming a part of the principal, it is then iaid to 
bear fimple intereft. 

The intereft of money was formerly very high; 
. but by an a6l of parliament, made in 1 2th Que^i 
Anne, it is now reduced to, or it muft not ex- 
ceed, 5 per cent, per annunu As the intereft of 
L. I for one year is ib neceilkry in computations 
both of fimple and compound intereft, it may be 
found, for any rate of intereft per cent, by the 
following proportions : 
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12. In fimple intercft, let 

/, reprefcnt any principal lent out uppn inte- 
reft. 

r, > the intereft of L. i for one year* 

the time. 

any number of days* 

the intereft, and 

the amount of principal and ill* 






tereft. 

Then, r, 2r, ^r^ 4r, • • . tr^ will be the in- 
tereft of L. I for I, 2, 3, 4, ... / times ; but i : 
tr iipi trp^=>i^ the intereft of p for / times at 

the rate r ; and —-2. =: intereft of p for d days act- 

the rate n Heiice the following 



TABLE. 



Given. 


'. r, pt 




h t, r, 


h r, p, 


h U P* 


d> r, p, 





i =/rp=fc-^or-^ &c. « • . Eqtiation i. 
^ ao 25 ^ 



^=.f 









EX- 
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EXAMPLES. 



1^, Sought, the intereft of L. ;is^ lent for 12 
years, at the rate of 4^^ per cent, per annum. 
Here trp = 356 x.54 = 192.24 = L. 192, 4s. 
9^d. = intereft. 

2//, Sought, the principal whofe intereft will a- 
mount to L. 145 in the fpace of 9 years, at the 

rate of 5 per cent. Here ^ = -5^= L. 322, 43, 

^i^ds =^ principal 

3^, Sought, the time in which L.567, ios. 
will produce L. 306, 9s. of intereft, at the rate 

of 6 per cent. Here-^ = ^^^ = o, the years 
^ rf 34.05 ^' ^ 

required. 

4/i&, Sought, the intereft of L.378, 14s. for 
the fpace of 127 days, at 5 per cent. Here — ^ 
^_ 24047 _. £ g . J J : 9 = intereft required. 

13. Again, the intereft of any principal/, be- 
ing manifeftly in the compound ratio of p the 
principal, / the time, and r the rate; it will be, 
as above, trp ; to which adding /, we fliall have 
/, the amount of principal and intereft = / -H 
irp 1:^ i+7r. x/. Hence the following table, 

B GivcD; 
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Given. 




• 




h ** r. 


sz=:f + trf = 


: l-J^/r Kf. « • . 


Equation i« 


t, i, r; 


f = i+tr ' • • 


- 


2. 


*» »•. f> 






3* 


t, f,*t 






^^ 



EXAMPLES. 



1^, Sought, the amount of L. 156, lent for iz 
years, at the rate of 44^ per cent. Here T+Tr x ^ 
c= 1.54 X 136 = 240.24 = L. 240 : 4 : 9^d. =: /. 

2^/, Sought, the principal which will . amount 
to L. 873, 19 s. in 9 years, at 6 per cent. Here 

--£-^ = -^^^ = L.567, I OS. the principal 

fought* 

3^, Sought, the time in which L. 600, 143* 
will amount to L. 871.015, at the rate of 4^ per 

cent. Here —^=i ^-^jlL5 = |o years. 

rp 27.0315 J 

14. If the principal or intereft confifts of 
pounds, fliillings, and pence, thefe parts of a 
pound may be thrown into a decimal fradion,, 

and 
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and the intereft or amount will be found as a* 
bove. There is an eafy method of converting the 
decimals of a pound into (hillings and pence, viz* 
double the firft decimal on the left hand, calling 
it fb many fhillings, to which add i, if ^ the 2d 
decimal exceeds 5 ; prefix the remainder above 5, 
in the 2d place of decimals, to the decimal in the 
3d place, calling them fo many farthings, and 
fubtradl i at or above 25, and 2 at or above 47^ 
and vice vcrfa. Thus, L. .7856 = 158. 8jd. 
and lis, 6^d* = L. .578. 

15. If the time t confifts of years, months, and 
days, or of days only, their number may be 
coUedled from the following table, Ihewing the 
number of days from the ift, loth, 20th, &c. of 
one month, to the ill, loth, 20th, &c. of any 
other month ; where the months on the left hand 
column are the former dates, and thofe at the 
top are the latter. Thus, from ift of July to 
tft of April following, are 274 days ; and fron 
20th of March to loth ofAuguft,are 153 — 10=3 
X43 days. 



6 i Table. 
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TABLE, 













T€ 


ift, 


&c. 


of. 














M. 


J-n. 


Feb. 


Mar\AprU 


May 


June 


JulyAug,^ 


5i^/. 


oa. JV«.^ 


Btc. 




Jan, 


365 


31 


59 


90 


120 


151 


z8i 


212 


a43 


a73 


304 


334 




Feb. 


334 


365 


a8 


59 


89 


120 


150 


i8x 


2X2 


242 


173 


303' 




March. 


306 


337 


365 


31 


'■, 


92 


122 


I5» 


t84 


»I4 


*45 


175 




April. 


^75 


306 


334 


365 


30 


61 


91 


122 


153 


183 


ai4 


244 


•3 


May. 


245 


276 


304 


335 


365 


31 


6x 


9» 


"3 


153 


184 


4x4 




7««. 


ai4 


445 


a75 


304 


334 


365 


30 


6z 


92 


X22 


153 


183 


¥4 


7«(r. 


184 ' ai5 


243 


*74 


304 


335 


l(^S 


31 


62 


9» 


1*3 


^s^ 


AMgufl, 


153 184 


212 


*43 


»73 


304 


334 


365 


3X 


6x 


92 


122 




Sept. 


12* ' 153 


181 


212 


242 


273^303 


334 


365 


30 


6x 


91 




oa. 


9V 123 


151 


182 


212 


*43 ; *73 


304 


335 


365 


31 


6x 




Nov. 


61 92 


120 


151 


r8i 


212 242 


»73 


304 


334 


365 


30 




Dtc. 


31 6» [ 90 


121 


151 


182 212 


»43 


»74 


304 


335 


365 




Dsyu 


31 a8 31 


30 ! 31 


30 31 


31 


30 


'3. 


30 


,3' 



16. Thefe days may be thrown into the deci^ 
xnals of a year by the following Table, 



Days. 


Decixniils 


Days. 


Decimals. 


Days. 


Decimals. 


X 


.0027J97 


8 


.0219178 


60 


.1643835 


2 


.0054794 


9 


.0246575 


70 


.1917808 


3 


.0082 I92 


10 


•027397* 


'80 


.2191780 


4 


.0109589 


20 


.0547945 


90 


.^465 753 


5 


.0136986 


30 


.0811918 


ICO 


.27397^6 


6 


.0x64383 


40 


.1^95890 


200 


.547945a 


7 


.0191780 


50 .1369863 


I 300 


.8219178 



Thus it is required to exprefs 143 days in the de- 
cimal fra^Sion of a year. 



100 
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100 = ,2739726 

40 = .1695890 

3 = .0082192 

143 =ac .3917808 of a year. 

Ex. Required the intereft of L. 356, 1 2 s. for 
3 years and 143 days, at five pen cent, per an- 
num. Here 

//^=3.4i i78x.o5x356.6=L. 60 : 16 : 7^=Intereft. 

17. The intereft of any fum of money, for any 
number of years, at a given rate, may be coUedl- 
ed from the following table, calculated for the 
nine digits, at feveral rates of fimple intereft* 



TABLE. 



trp for years. 


I 


5 pr cent 


3|prccnt 


A pr cent 4^prceift ? pr cent 


6 pr ceBt 


•03 


'•oiS 


.04 


.045 


.OS 


.06 


2 


.06 


•07, 


.08 


.09 


.10 


•", 


3 


.09 


• lOJ 


■ 12 


•«3S 


•»S 


.18 


4 


.12 


.14 


.16 


.18 


.20 


.24 


S 


•'5 


•17s 


.20 


.225 


.25 


.30 


6 


.18 


.21 


.24 


••27 


•30 


.36 


7 


.21 


.245 


.28 


•3IS 


•35 


.42 


8 


.24 


.28 


•3* 


.36 


.40 


.48 


9 


•17 


.315 .36 1 .405 1 .4,- 


.54 



In this table, the decimals, for inftance, cor- 
refponding to 9 exprefs the intereft of L. 9 for i , 
year, or of L. i for 9 years, or of / for / years, 

whatever 
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whatever thefe be, provided their produA tp^=;^^ 
at a given rate. Of confequence the intereft-co- 
lums arc equal to /r/, while the marginal one 
correfponds to tp» And it is evident that the 
tabular numbers will not only anfwer for units^ 
but alfo for tens, hundreds, or thoufands, by re- 
moving the decimal point one, two, or three pla- 
ces to the right hand. Hence, in ufing this ta- 
ble, multiply the principal by the number of 
years in queftion, and take out the decimals cor- 
refponding to their produdl ; thefe beinjg; properly 
pointed and added together will cxprefs the inte-* 
reft required* 

Ex. Required the intereft of L. 348, 1 2 s. for 
12 years, at four per Cent, per annum* Here' 
548.6x12=4183-2. 

By the TablCi 

4000 = 160.6 
100 = 4.0 
80 = 3-2. 
3 = .12 

.2 = .008 



t. 167 : 6 : 6:|: =;= 167.328 = thterert^ 

If the given rate be not in the table, the inte-^ 
reft may be found by redudion. 

1 8. The intereft of any fum of money^ for any 
number of days or months, at a given rate, may 
be colledled from the following table, calculated 
for the 9 digits, at fcveral rates of fimple inte- 
reft. 

TABLE. 
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T A B L K 



^^5 for Days. 


^ for Months. 1 


* 


4 per cent. 


4| per cent. 


5 per cent. 


4prccot 

•003J 
.006^ 
•0100 

•013 J 
.016^ 
.020c 
•023^ 
.oz6^ 
•0300 


4i p. cent 5 prcciitJ 


I 
2 

3 
4 

5 
6 

7 
8 

2. 


•00010959 
•000219^8 
•00032876 
.00043835 
•00054794 
.00065753 
.00076712 
.00087671 
.00098630 


.00012328 
•00024657 
•00036986 
•00049315 
.00061643 
.00073972 
•00086301 
.00098629 
.00110958 


^000136986 
.000273972 
•000410958 

•00054794 

.00068493 

•00082 19 18 

•00095890 

.0010959 

.00123287 


•00375 
.00750 
.01125 
.01500 
.01875 
.02250 
.02625 
.03000 
•0337s 


.0041^ 
.OO83J 
.01250 
.0166^ 
.C208j 

.02500 
.029IJ? 

•0333^ 

•03750 



In this table alfo, the decimals, for inftance, 

correfponding to 6, exprefs the intereft of L. 6 for 

I day, at a given rate, or of L. i for 6 days, or of 

/ for d days, whatever thefe be, provided their 

produft dp=6. Of confequence the intereft-co^ 

lumns are equal to -^, while the marginal one 

correfponds to dp. The fame of months. In 
computing intereft by days, which is more ufual 
than by months, the year is always fuppofed to 
coiifift of 365 days ; the 29th of February, in leap^ 
years, not being taken into the account. Alfo t^e 
day computed from is not reckoned, but the day 
computed to is : and in difcharging bills, three 
days of grace aie allowed the acceptor to make 
payment. 

In ufing the above table, multiply the princi- 
pal by the number of days or months in queftion, 
and take out the decimals correfponding to their 

produd J 
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produdl ; thefe being properly pointed and added 
together will exprefs the intereft required. 

Ex. Required the intereft of L, 564 for 238 
days, at 4I per cent, per annum. Here 564x238= 
134232. 

By the Table. 

looooo = 12.3287 

30000 = 3.6986 

4000= -49315 

200 == .02465 

30= .00369 

2 = .00024 

• — f 

L. 16, 1 1 s. = 16.54903 = Intereft fought 

If the given rate be not in the table, the inte- 
reft may be found by reduction j or by the fol- 
lowing table. ^ 

ig. The intereft, of any fum of money, for any 
number of days, and at any given rate, may he 
coHefted from the following table. 



TABLE. 



*3» 


^ for Days. 


1 


•002739726 


2 


.005479452 


3 


.008219178 


4 


.010958904 


S 


.013698630 


6 


.016438356 


7 


.019178082 


8 


.021917808 


9 .024657534 I 



In this table, the digits in the 
firft column are the produds 
drp ; and the decimals are the 
quotients of thefe products di- 
vided by ^6^y and, of confe- 
quence, are the intereft ofp^ for 
d days, and at the rate r, what- 
ever thefe fadors be. There- 
fore to find the intereft of any 
fum of money by the table, 

multiply 
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lAuitijply the principal, the number of days, and 
the rate of L. i per annum, into one fum, and 
from the table take out the intereft correfponding 
to their produdl.- 

Ex. Required the intereft of L, 342, 15 s. for 
260 days, at 5 per cent* Here 342.75 x 260 x .05 

=445575- 





By the Table. 


4000 


: 


10.9589 


400 


= 


1.09589 


50 


■ = 


.13698 


5 


ll:: 


•01369 


* 


7 =^ 


.00192 


k 


05 = 


.000137 



L. 12 : 4 : 2 = 12.207517 = Intereft. 

20. Or the intereft of any fum of money, for 
any number of days, at five per cent, may be dis- 
covered by the following proportion : 

100x365 : 5 : :p%d : ^. Hence the following 
equations, 

ift^ 5g=Intereft of/ for ^/ days. 



2d, f^—lnitrtH oip for 100 days, \ ^\l^^^ 
3d, ^=Intereft of L. 1 00 for d days, j 
4th, When f^=i, 2, 3, &c. then ,^=intereft 
of/ for 73x1, 2, 3, &c. days. 

Ex. ift. Suppofe/=L.564, and ^==238 days; 

^*^^^ jS=4l^= 18.388 = L. 18 : 7 : 9, the in- 
tereft* 

C Ex. 2d, 
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Ex. ad, Suppole/=L. 342.75, and </=26o days} 
then, 



9.3904=1111. for aoo daya. 
r%= ?-8l7I2 

1 2. iK 075 2 wintered required. 

Ex. 3d, •Suppofe/zrL,448, and /fc: 236 days ; 
then, 

~=^=3.23287t=Intereftof.L. 100. 
4 



X 2.93 148 

/7= 1.29314 

I = .25863 



14.48325 = Intereft of L. 448- 



Of Rebate or Di^fount. 

2t. To find^, the prefent value of any ium /, 
due at any time /, and at any rate of intereft r. 
Here ( 1 3, Eq. 2.) ^;zzp the prefent value of/, and 
J— /=difcount. 

'Ex. What ready money will pay a bill of 
L. 682, 1 8 s. due 3 years and 9 months hence, 
difcounting intereft at the rate of 5 per cent. 

^ Here -^^ = ^^, = 575.07 = /, and 682.9— 

575.07 =: L, 107 : 16 : 7^ the difcount If the 

time 
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time be days, they may be thrown into the deci- 
mals of a year by a former table (i6.) and then 
you may proceed as above. 

Ex. What is the prefent value of a bill of L. 285, 
IDS. due 95 days hence, difcounting intereft at 5 
per cent. 

9S = .26=zt ^lSi5 =281.841=/. 

.05 =r 1*01 3-f- 

l.oi 3s:i-|*'r, 185.5— **28 1.84 1=3. 6d2=difcouiit. 

Or thus, feeing ^nintereft of L 100 for d days at 
5 per cent. (20) ; hence, in the laft example, 
||zr:i.3r:Intereft of L. 100 for 95 days; 
then 101.3 : 1.3 : : 285.5 • 3«66=difcount. 

3-66 

281. 84=prefent value. 

But as the difcounting bills in this manner 
is no better than lending money upon intereft, 
bankers, and others who keep money for the pur- 
pole of difcounting bills, confider the fum to be 
paid in the bill as a principal, find the intereft 
thereof for the time to run, adding thereto 
three days of grace, and dedu(5ling the intereft fo 
found from the content of the bill, they pay the 
balance to him for whom the difcount is made : 
fome, likewife, for their trouble, charge i. or 4- 
per cent, commiflion, which, before dedu^ion, is 
added to the intereft. 

Ex. A bill is prefented the 5 th of May for diC 
count, of L. 350, 1 6s. payable 27th of July; 
how much money does the bearer receive, after 

C 2 dedu(Slioa 
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dedudlioji of intereft and ^ per cent, commiflion ? 
Here/zz350.8, ^^=83+3; hence 

3yo-8X8tf J izilntereft, 
7300 "^ •-'•-' % 

.SyyziCommiffion. 

5.oio=Sum to be deduced. 
Hence L. 345.790 paid the bearer of the bill. 

But the true difcount being precilely equal to 
the intereft of the prefent value of the bill for the 
time to run, as calculated in a former example, it 
is evident that the bearer is a confiderable lofer by 
this tranfadlion ; and it will be found, that, call- 
ing the intereft of the bill its difcount, the bearer 
thereof lofes exacflly, befides commiflion, th^ iii^ 
tereft of its true difcount for the time to run. 
For calling d the true difcount found bj|r 13. Equa- 
tion 2. then feeing s=^d-^p. 

/-^(intereft of j=) intereft of //+/, for the time 
of difcount ; but </=:intereft of f for the faid 
time : hence / — dy (the bearer's lofs when / is the 
"difcount) :=: In tereft of //for the time of difcount. 

Ex. A bill of L. 2IO payable a twelvemonth 
hence is prefented to be difcounted ; required the 
bearer's lofs in this tranfadlion : 

L, 10 10 the intereft of the bill. 
10 00 the true difcount. 



lo s.=the bearers lofs=intereft 
of true difcount^^ per cent, per annum, upon the 
prefent worth of the bill, for the time of difcount* 
When the rate of intereft is not mentioned, 5 per 
^ent. the legal intereft, is always underftood. 

22, Th^ 



AND ANNUITIES. 



2J 



22. The feveral particulars relpedling fimple in- 
tereft will more readily be found by the help of 
the four following ta^bles, wherein are calculated 
the amount and prefent value of L. i for days or 
years, at feveral ratefi of intereft. 



TABLE L 



Shewing the Amount 
Days. 



of L. I for 



4 per cent. 4^ per cent. 5 per cent. ] D. 4 pr cent.'4f frccnt.5 pr cent. 



1. 000 1 095 8 
IOOO21917 
1.00032876 
r.00043834 
1.00054794 



1.0006575 a 
1.000767 10 
1.00087668 
1.00098628 
1.0010958 



I.0012059 
1.0013150 
X 0014246 
1. 0015342 
IS' 1.0016438 



1.60012328 
r. 0002465 7 
1.00036986 
1.00049314 
1.00061643 



I C0073972 
1.00086300 
1.00098628 
1 .001 1095 
1.0012328 



16 1.0017534 

17 ix5or8629 
18, 1XXD19726 

19 
20 



1. 001 35 6 1 
1.0014794 
1.0016027 
I 0017260 
1.0018493 



T.0020821 
1.00219178 



1.001972 

1.0020958 

1.002219 

1.OC2242 

1.002465 



1.000x3698 
1.0002739 
1. 0004 1 09 
1.0005479 
1.00C6849 



1.0008219 

1.0009589 

1.001958 

1.0012328 

1.0013698 



i.op 15068 
1.0016438 
1.0017808 
1.0019178 
1.0020548 



21 1.0023013 1.002589 

22 J.0014109 1.002712 
23; 1.0025205 1.002835 
24 1. 0026301 . 1.002958 

25' X. 0027397 1:0030X2 

26I 1.0028493 i 1.003205 



I.0021917 
, 1.0023187 
' 1.0024657 { 

Z.0026027 ; 
1.0027397 j 

1.0028767 , 

1.0030137 ' 

1.0031506 

110032876 

' 1.0034246 

: 1. 00356 1 6 



3* 
33 
34 

33 

— 

4C 
SO 
6c 

70 
80 

90 
100 
•oc 
30c 
310 



320 

MO 

35c 

^60 
?65 



1.00295911.003328 
1.0030681 1.003452 
1.003178' 1.003575 



1. 003287I 1.003698 . , 

X. 003397, 1.003822 11.004246 



1.003698 

1.003835 

X 003972 
I.004Z09 



1.0035071 1.003945 1 1.004383 
I 003616I 1.004068 . X. 004520 
X. 003 726 1.004x917' 1.004657 

1.003835:1.004315 1 1-004794 
1.003945 1.004438 ;i.oo493i 



1.004383; 1.004931 
1.005479 1.C06164 
1.006575 I 007397 
1 007611 1.008630 
1.008767 1.009862 



1.009863 

1.010958 

1.021917 

1.03287 

1-03397 



X. 03506 
1. 036 1 6 
1.03726 
1.03835 
I 03945 
1.04 



1.005479 
1.OC6849 
1.0082x9 
X. 009589 
1.010959 



1.011095 
1.012328 
1.02465 
1.03697 
1 03822 



.1.01 23 2S 
1. 01 3698 

.1.027397 
; X. 04 1095 
; X. 042465 



1.03945 
X .04068 

I.04I9I7 
I043I5 
1 04438 
1045 



1043835 

: 1.045205 

i 1.046575 
1.047945 

'1.049315 
1-05 



TABLE 
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TABLE IL Shewing the Amount of L. i for 

Years. 



p 


41>r cf nt. 


44p.cto. 


5prccm. 


Sprceot. 


Yri 


4prcent. 


44p.cen. 
a-395 


Sprecnt, 


6pro6ct. 


I 


1.04 


1.045 


1.05 


1.06 


31 


' 2.24 


*'5S 


21.86 


2 


X.08 


1.09 


1. 10 


X.12 


3» 


2.28 


2^ 


2.60 


2.92 


3 


1.12 


I.135 


1.15 


1.18 


33 


2.32 


».485 


2.65 


2.98 


4 


1.16 


i.x8 


1.20 


X.24 


34 


2.36 


M3 


2.70 


3.04 


5 


Z.20 


1.225 


1.25 


1.30 


35 


2.40 


M75 


«.75 


3.X0 


6 


1.24 


1.27 


1.30 


1.36 


36 


*-44 . 


2.62 


2.80 


3.16 


7 


1.28 


1.315 


1.35 


1.42 


37 


2.48 


2.665 


2.85 


3.M 


8 


i.3» 


1.36 


1.40 


1.48 


38 


2.52 


2.7X 


2.90 


3.28 


9 


1.36 


1.405 


M5 


1.54 


39 


2.56 


*.755 


2.95 


3-34 


lo 


1.40 


1-45 


1.50 


1.60 


40 
4» 


2.60 


2.80 


3.00 


SAO 


ri 


1.44 


M95 


1.55 


1.66 


2.64 


*.845 


305 


3.46 


zz 


1.48 


1.54 


1.60 


1.71 


41 


2.68 


2.89 


3.X0 


35t 


>3 


I.J* 


1.585 


1.65 


1.78 


43 


2.7a 


*935 


3-^5 


3.58- 


14 


1.56 


1.63 


1.70 


1.84 


44 


2.76 


2.98 


3.20 


3.64 


IJ 


1.60 


1.675 


1.75 


1.90 


45 
"46 


2.80 
2.84 


3.025 
3.07 


325 


3.70 


H 


~6^ 


1.72 


1.80 


1.96 


3.30 


3.76 


17 


1.68 


1.765 


1.35 


2.02 


47 


2.88 


3.1 15 


3.35 


3.82 


j8 


1.72 


1.81 


1.90 


2.08 


48 


2.92 


3.16 


3^0 


3.88 


>9 


1.76 


1.855 


1.95 


2.14 


49 


2.96 


3.005 


345 


3-94 


10 


1.80 


1.90 


2.00 


2.)0 


50 


3.00 


3-^5 


3-50 


4.00 


21 


1.84 


1.945 


2.05 


2.26 


51 


304 


3'*9S 


3.55 


4.06 


Hi 


1.88 


1.99 


2.10 


2.32 


5» 


3.08 


3-34 


3.60 


4.i» 


*3 


1.92 


».035 


2.15 


2.38 


53 


3.12 


3.385 


365 


4.18 


24 


1.96 


2.08 


2.20 


».44 


54 


3.16 


3.43 


3.70 


4.24 


aj 


2.C0 


2.125 


2.25 


2.50 


Ji 


3.ao 


3.475 


3.75 


4.30 


76 


2.04 


2.17 


2.30 


2.56 


^ 


3*3 


3 5J 


3.80 


4.36 


17 


2.08 


2.215 


*-35 


2.62 


57 


3.»8 


3-5^5 


3.85 


4.42 


28 


2.12 


2.26 


2.40 


2.68 


58 


3'3J 


3.61 


3.90 


4.48 


29 


2.16 


a-505 


a.45 


2-74 


59 


336 


3-^55 


395 


4.54 


30 


2.20 


'i'3S 


2.50 


2.80 


60 


3.40 


370 


4.00 


4.60 



Tables I. and II. fhew the amount of L. 1 for days 
or years, and are conflrudled by Equation x. 13. 
whereby n the tabular number=i+/r. Or thus, 
Table I. is conftruftedby taking 364 mean arithme- 
tical proportignals between o and the rate of L. i 
for one year, or by dividing this rate by 365, 
the quotient gives the intereflofL. i for one day; 
and this intereft added to itfelf continually gives 
the intereft for any number of days, to which 
prefixing i , you have the amount of L. i for thefe 

days. 
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days. If a given number of days are not in the 
table, divide them into fiich numbers as are to 
be found there, and to the fum of die decimals 
correfponding to tbcfe numbers prefix i, the whole 
will expreft the amount of L i. for the given 
number oiF days at a givpn rate. Or remove the 
decimal point, where it can be doof , one figure ' 
to the right hand, and you have the amount for 
10 times the tabular number; thus 240:= 1.032876* 
at five per cent. In like manner Table IL is con- 
ftrufted by adding the intereft of L. i continual- 
ly to itfelf for any number of years, to which 
adding i, you have the amount of L. i for thefe 
years. If the given time confifts of years and 
days, to the tabular number correfponding to the 
years in Table II. add the decimals or intereft an- 
swering to the days in Table I. their fum will be . 
the amount of L. i for the given time. From the 
nature of thefe two tables, i \n\\p\ np=s the a- 
mount oi py for the time and at the rate corre- 
fponding to n. Hence the following table : 

TABLE. 

The rate r being given, / 
the time is found oppofite 
to 'ft) and/ being given, r 
is found above n in the ta^ 
bles. 

Ex. I ft, Sought, the amount, L. ;^sSy los. for 
160 days, at 4 per cent. By Table I. «/=i.o 17533 
X356.5 -L. 362.75 ; and intereft=L. 6.25 

2d, Sought, the amoimt of L. 300 for 7 years 
and 165 days, at five per cent. By Table II. and I. 
«-i-«— 1 x/ =i= 1.3726 X 300 = L.41 1.78. amount 
foughtt 

3d, 



Given. 




A A r. 


s—np^ 


■f, '♦ r. 


i»=> 




-,=n. 
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3d, Sought, the time ' in which L. 300 will z-* 
mount to L. 400 at 5 per cent. Here y=^^^z^ 
i*33333'=^6 years +200+40+3 days. 



TABLE III. Shewing the prefent Value of L. t 
for Days, at five per cent. 



Dy. 




I 


a 


3 

9589 


4 


5 


"T~ 


7 
9042 


8 


9 





•99 


9863 


9726 


94^a 


93^5 


9179 


8905 


8768 


10 


8^3* 


8495 


8359 


8277 


8086 


7950 7815 


7678 


7541 


7403 


ao 


7266 


7118 


6991 


6857 


67*3 


6587 6451 


6365 


6179 


6043 


30 


5907 


5771 


5635 


5549 


5463 


5377 519* 


5106 


49*r 


4735 


40 


4550 


4414 
3061 


4*79 
*9*7 


4144 


4009 


3873 


3738 


3603 


3468 
aiiS 


333* 
1983 


50 


3197 


*79* 


2657 


15** 


2388 


60 


1848 


1713 


1578 


1443 


1309 


1174 


1040 


0905 


0771 


0636 


70 


o?oa 


0367 


0233 


0099 


9965 


983' 


9697 


9563 


9430 


9296 


80 


.989163 


9028 


8893 


875 « 


8623 


8489 


8356 


8223 


8090 


7956 


90 


78*3 


7689 


7556 


74** 
6093 


7288 
596* 


7154 


70a I, 


6887 

5557 


67^4 


66ai 
5*89 


100 


6488 


6356 


6225 


5827 


5692 


54*2 


no 


5156 


5023 


4891 


4758 


4625 


44 >o 


4360 


4**7 


4094 


3961 


IZO 


3819 


3696 


35<)4 


3435 


3*99 


31^6 


3C34 


2901 


2769 


2686 


130 


1504 


137* 


a240 


aio7 


1975 


1843 


1711 


1579 


1447 


1315 


140 

ISO 


1184 


1052 


0920 


0788 


0657 


05*5 


0394 


0262 
8947 


0131 


9999 


.979868 


9736 


9605 


9473 


934* 


9210 


9079 


8816 


8684 


160 


fi5S3 


8422 


8291 


8160 


8029 


7898 


7767 


7636 


7S05 


7374 


170 


7143 


7112 


6982 


6851 


6720 


6589 


6449 


6318 


6187 


6057 


180 


5936 


58c6 


3675 


5545 


5415 


5*84 


5154 


5024 


4893 


4*763 


190 


4633 


4503 


4373 


4143 


4113 


3983 


3853 


37*3 
2426 


3593 


3463 


400 


3333 


3*03 


3074 


2944 


2815 


a685 


^556 


**97 


2167 


aio 


1038 


1909 


1779 


1650 


15*1 


1391 


ia6a 


^^33 


1003 


0874 


aao 


0745 


o6r6 


0487 


0358 


0129 


oioi 


997* 


9843 


9714 


9585 


130 


•969457 


9318 


9200 


9071 


894* 


8814 


8685 


8557 


8428 


8309 


240 


8171 


8043 


79M 


7786 


7658 
6376 


75*9 


7401 


7273 


7144 


7016 


250 


6888 


6760 


6632 


650a 


6248 


6121 


5993 


5865 


5737 


460 


5609 


5481 


5354 


5^*6 


5098 


4971 


4843 


4716 


4588 


4460 


270 


4:>.;3 


4*05 


4078 


3951 


38*4 


3697 


3570 


344* 


33^5 


3188 


280 


V 3C'6i 


*934 


2807 


2680 


•*553 


2426 


a3oo 


2173 


2046 


1919 


290 


I79» 


1665 
C401 


1T39 


I4ia 


ia86 


1159 
9896 


1033 


0906 


C770 


0653 


300 


0517 


0274 


0148 


002a 


9769 


9643 


9517 


9391 


310 


.959*65 9139 


90*3 


8887 


8761 


8635 


8509 


8384 


8258 


813* 


3ao 


8006 7880 


7755 


7629 


7503 


7378 


7*5* 


7i»7 


7001 


6875 


330 


6750 6625 


6499 


6374 


6249 


6124 


5999 


5873 


5748 


5623 


34c 


3498 : 5373 . 5248 


51*3 


4998 


4873 


4748 


4614 


4499 


4374 


350; 4*49 '4124 3999 


3875 


3750 


3625 


3501 


3376 


3*51 


31*7 


360; 3002 ; 187^ 2753 


2629 1 2505 


2381 


I 


' 1 
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TABLE IV, Shewing the prefent Value of 
L. I for Years. 



T, 


4 pr cent. 


5 pr cent. 6 pr cent. 


Yt|4 pr cent. 


5 pr cent« 


6 pr cent. 


1 

3 


.961538 
.oi59a6 
.894857 


.951381 043396 
.909091 .894857 


16 


.47x698 


.434781 


.390615 
.381679 


3 


.869565 . 847457 


18 


.4X6666 


.373*34 


4 


.860069 


•833333 


.806451 


19 


.461963 


.408x63 


.364963 


5 


.833333 


.8 


.76913© 


30 


.454545 


.4 


.357143 


6 


.806451 


.769130 


.735194 


31 


.446418 


.393557 
.3846x5 


.349650 


7 


.781150 


.740740 


.704115 


3» 


.438596 


.341466 


8 


.757576 


.714186 


.675675 


33 


.431034 


.377358 


.335570 


9 


:CT 


.689655 


.649350 


34 


.411718 


.370370 


.318947 


10 


.666666 


.615 


35 


.4x6666 


.363636 


.311581 


II 


•694444 


.645161 


.601409 


36 


.409836 


.357143 


•316456 


la 


.675675 


615 


.58x395 


37 


.403116 


.350877 


.3^0559 


"3 


.657895 


.6«6o6o 


•561797 


38 


•396815 


.344817 


.304878 


14 


.641025 


.588135 


•543478 


39 


.390615 


.338983 


.199401 


»5 

16 


.625 


.571418 


'52^13 


40 


3846x5 


'33333$ 


.194117 


•609756 


'S55S55 


.510104 


41 


.378788 


.317870 


.289017 


«7 


.595138 


.540540 


:« 


41 


.373x34 


.31158X 


.18409X 


18 


581395 


.516315 


43 


.367647 


.317460 


.179330 


19 


.568182 


.5x1810 


.467189 


44 


.361319 


•axij 


^.174715 


20 


'55555S 


.5 ' 


.454545 


45 


.357143 


.307691 


.170270 


11 


543478 


.487804 


.441477 


46 


.35»"3 


.303030 


.165957 


%% 


.581915 


.476x90 


.431034 


47 
I48 


.347111 


.198509 


.161383 


»3 


.510833 


.4651x6 


.410168 


.341466 


:W 


.15773a 


»4 


.510104 


.454545 


.409836 


49 


.337838 


.153807 


13 


•5 


.444444 


.4 


5o'.3U33 1 


.1857x4 .15 1 



Tables IIL and IV. (hew the prefent value of 
L. I for daya or years, and are conftni<Sled by E- 
quation 2d, 13, whereby fiy the tabular number, 
=1^7? i or they are the reciprocals of Table L and 
IL whereby ^ of Table I. and IL-n of Table III. 
and IV. From the nature of thefe two Tables, 
I :n::s: fis=p^ the principal or prefent worth 
of Sj for the time and at the rate correfponding 
to ;/• 

D When 
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When the time of difcount confifts of years and 
days, in this cafe, «x»/=/, the prefent worth. 
Hence the following 

TABLE. 



Given. 




s, /, r, 


p=:ns» 


A ^ r. 


■^h 




»=f 



Ex. I ft, What ready money will take up a bill 
of L. 685, 1 2 s. due 255 days hence, intereft be- 
ing reckoned at 5 per cent ? By Table III ns^ 
.966248x685.6=^662.4596=/, and difcount = 
L. 23.14.' 

2d, Required the prefent worth of L. 250, dif- 
counting for 10 years, at the rate of 5 per cent. 

By Table i V, nr=u(ittf x 250 = L. 166.666=^, and diicouot =: 
•L. 83.3 J. 

3d, What ready money will pay a debt of 
L. 150 due 5 years and 95 days hence, intereft be* 
ing reckoned at 5 per cent.? By Table IV. and 
HI. ««/=.8x.987i54xi5o=L. 118.45848=/, and 
L. 3i.54i=difcount. 

4th, Having x, /, and r, in the laft example, 
fought, / the time, f =^^0— =.7897232=«;f, and 

^^§^.=•987154=95 days- 

Thefe examples may with equal facility be de- 
termined by the equations annexed to Table I. 
and II. 
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^ Remarks upon Simple Interefi. 

a J. I ft, If the time be fought in which a fum 
of money will double itfelf at a given rate of in- 
tereft* In this cafe, the intereft being equal to 
the principal, trp^p^ which gives /r=i, /=f and 
r=7 ; fo that / and r are reciprocal of and difcover 
one another, when a fimx of money doubles it-^ 
ielf at fimple intereft. Or thus, feeing (12) inte- 
reft==^ CM-^f &c. according to the feveral rates 
of intereft ; hence if /=20, 25, &c. when the 
rates arc 5, 4, &c* per cent, the intereft will c* 
qual the principal So that ^ 



Inteircfbs/i when fsrjrss 



33-3^ 
28.57 

22.2/ yean at 

20 

12.5 

10 



32 

4 

4I per cent* per ann* 

5 
8 



4d, The fitnple intereft of any fum of money 
is, ceteris paribus^ in the diredt proportion of p^ /, 
orr; fo that doubling /, while / and r remain 
the fame, the intereft will be doubled alfo, &c* 
For as intereft=/;^, if you increafe or diminilh 
any one of thefe three fa<ftors, the intereft will be 
increafed or diminifticd in the fame proportion. 



D a 



3d, The 




as THEORY OF INTEREST. 

3d, The intereCk of any ium of money, for a 

given time, and 
at a given rate, 
may be difcover- 
ed by means of a 
right-angled tri- 
angle. Tkus. 
■ In conftrudling 
the right-angled 
triangle ABC, 
makeAB=7, and 
BC =p ; in AB 
take the point D, 
above or bdow 
BC, making AD=/, and join AC ; then DE drawn 
parallel to BC will reprefent the intereft fought^ 
For AB, or 7- being equal to the time in which p 
will double itfelf at the rate r, BCc^intereft oip at 
the end of that time ; btit AB : BC : : AD : DE, 
therefore, by the laft remark, DE=:intereft of ^ for 
the time /, and at the rate r. 

Ex. Suppofe /=L. 460, t=z,\z years, and the 
rate 5 per cent.; then AB::r2o, BC:=46o, AD=i2, 
and DE— L. 276=intereft. 

4th, The ^ different amounts are, ceteris paribus^ 
in the diredl proportion of their principals or pre* 
fent wortlis ; fo that doubling p^ while / and r re- 
main the fame, the amount / will be doubled al- 
fo, &c. For as the amount s^p-^trp^ fb 2/:= 
o.p'\'tr>.Q.p. 

But the different amounts of the fame princi- 
pal, or the different prefent worths of the fame 
bill, are not in the diredl proportion of / or r ; for 

2j is greater than p-{-2trp ; and though ^;=^pj 

yet 
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yet ;:f^ is greater than ipk Hence the different 
difcotmts of the fame bill are not in the direA 
proportion of the times or rates. 

r 5th, The amount of any fum of money, for a 
given time, and at a given rate, may be difcover- 
ed by a geometrical figure, two of whofe Qppofite 
fides are parallel, and two of its angles right. 
T}ius, in conftruding the annexed figxire, make 

E A 




AB=f , CD, bifeaed in B, = 2/ ; in AB take AF 
=/; and having completed the parallelogram AC 
and triangle ABD, GH drawn through F paral- 
lel to Cp will reprefeht the amount fought. For 
as GF=/, and FH, by remark 3d, is equal to 
trf^ hence GH=/ the amount. 

Ex. Suppofe/=L. 300, /=9 years, and the rate 
5 per cent. ; then AB=2d, AF=9, CD=6oo, GF 
=300, and GH=L.435, the amount. 

6th, As in fimple intereft, ftridlly fpeaking, 
the intereft is fuppofed not to be uplifted while 

the 
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the principal remains in the borrower's hands ;; it 
muft alter the cafe greatly when that intereft is 
paid yearly^ and m^e it partake of the nature of 
compound interefl, feeing one hath the life, and 
can difpofe of that intereit 

Supplement to Chapter IL 

I ft, Of intereft due upon cafti-accounts and par- 
tial payments. 

24. In calculating intereft on cafli-accounts, 
or where feveral partial payments are made at dif- 
ferent periods on the (ame fum, multiply* the 
principal and the feveral balances into the num- 
ber of days they are at intereft ; the fum of theft 
produds divided by 7300 (20) will give the total 
intereft at 5 per cent. 

Ex. I. Lent A B, the nth of November 1788, 
'L. 800, which I received in the following partial 
payments ; what intereft is due at 5 per cent ? 

Nov; 1 1 , 
1789. 
Jan. 15, 



April 17. 
June 18. 
Aug. 19. 
Sept. 25. 



Principal lent. 

Received in part| 

Balance, 
Received in part, 

BalancCi 
Received in part. 

Balance, 
Received in part. 

Balance, 
Received in full of principal^ 



L. 

800 


65 


250 




5$o 
150 


92 


400 
100 


62 


300 


62 


'7S 
•7S 


37 








52000 

50600 
24800 
18600 

' 524-7 5=2o^887 
=Int. 



73 
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Bankers fbmetimea receivie at 4 and lend at 5 
per cent In this cafe it may be proper to confi- 
der the, money lent by the banker as debtor, and 
the money received by him as creditor, and to 
make two columns for produdls, where the intereft 
ariiing from the debtor produfts is to be. compu- 
ted at five, aad the other at 4 per cent. ; the dif^ 
ference of thefe two is the balance of intereft due 
to or by the banker. 

Ex. 2t A B runs a cafh-account with a bank<^ 
cr to the extent of L* 500, at 5 per cent, for the 
balances due by him, and has allowed him 
4 per cent, for fuch balances as may be due to 
him. What intereft will be due, and by whom^ 
in confequence of the following tranfadions ? 



1789. 

Jan. 8. 

March lo. 



Dr' 200 
Cr; 350 



May ij.Dr 
July 20. Cr 
Sept. 10. 
Nov. I. 



Cr 150 



Cr 
Dr 



Dr 
Cr 



Dec. 20. 

1790, 
Jan. 8. 



Cr 
Dr 

Dr 



310 
240 



80 
410 



330 
420 



90 

250 



160 



d. 
61 

66 

66 

52 
52 
49 

19 



Dr 


Cr 


12200 






9900 


10560 




x 


4160 


I7I60 






4410 


3040 




42960 


18470 
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.f)!^=:L. 3.86 Int. ? due to the banker. 
100.00 Prin. 3 



When partial payments are made on bills or 
bonds at any interval greater than a year, the le- 
gal and ufual method is to add the interefl at the 
times of payment to the principal, and from that 
amount to dedudl the payment. 

Ex. 3d. Borrowed on bond, June i. 1781, the 
fom of L. 1000, at 5 per cent, and made partial 
payments as follows j required, the date of the af* 
fair on the 14th of Auguft 1785. 



1781. 
June I. 



1782. 

oa. 8. 



1784. 
Jan. I. 



1785- 
Aug. 14. 



Principal borrowed, 
Intereft for i year and 129 
days. 

Amount, 
Paid in part. 

Balance, 
Interefl for i year and 85 
days, 

Amotmt, 
Paid in part. 

Balance, 
Interefl for i year and 225 
days, 

• Amount, 
Paid in full, 



L. 

1000 



67.6,71 



1067.671 
250 



817.671 

50-4 

868.071 

408.071 



460. 
37.178 



497.178 
497.178 

2. Of 
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&cL Of the equation of payment. 

25. When two or more debts are payable at 
difierent times; the finding a mean time at which 
all the debts may be paid ^t oiice, without lofs to 
debtor or creditor, is called equating the terms 
of payment, and may be performed by the fol- 
lowing 

RULE. 

Multiply the feveral debts into their refpeSive 
times, and divide the fum of the products by the to- 
tal debts ; the quotient is accounted the mean time^ 

Ex. A owes B L*8oo, whereof L.200 are to be 
paid at the end of 2 months, L. 300 at the end of 
6 months, and L. 300 at the end of 10 months $ 
required die equated time for paying the whole* : 

200 X 2 = 400 
300 X 6=1 800 
300 X 10 = 3000 

800 )52oo(6.5 months, anfWef^ 

The above method is eafy, but not accurate t 
for a perfon, by keeping money impaid after it be-« 
comes due, gains the intereft thereof for that time ; 
but by paying money before it is due, he does 
not lofe the intereft, as the Rule fiippofes, but 
only the difcount thereof for that time, which is 
always lefs than the intereft, by the intereft of 
the difcount for the time ; therefore take the fol- 
lowing 

RULE. 

Find^ by Equation 2d, 13. the prefeiit worth 
of each debt, and by Equation 3d, find in what 
time the fum of the prefent worths will amount 
to the fum of the debts* 

E Ek. a 
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Ex. A owes B L. 250, whereof L. 50 is pay- 
able I year hence, L. 100 3 years hence, and 
!.• 100 5 yeairs hence ; what is the equated time 
for paying all thefe debts at once, intereft reckon- 
ed at 5 per cent, ? Here, 

1-^5 = 47-619 then ^=fg^=3.302 = 3 years 
12? =86.956 . and 1 10 days. 



100 

1.15 



80.000^ JL 

414.575 ^* 



3d. Of the premium of commiifion. . 

It is ufual with bankers, in granting a draught 
upon their correfpondents either at home or a- 
^ broad, payable to the bearer or order, for value 
received, to charge fo much per cent, upon the 
tranfadlion, in name of commiflion; which com- 
miffion varies from ^ to 2i per cent, according to 
the nature of the cafe j hence the following 

TABLE. 



Per cent. 


Com. on L. x. 


Per 


cent. 


Com.oiiL.X. 


L. 8. 


d. 






L. •. 




4=0 a 


6 


^0125 


1^= 
■a 


= » 5 


.0125 


3 




.0015 


I 10 


.015 


* 3 


4 


•0016^ 


»i 


« »S 


.0175 


i 4 




.002 


2 


a 


.02 


405 




.0025 


^i 


a S 


.022; 


1 6 


8 


•OO3J 


2i 


2 10 


.025 


1 10 




.005 


2| 


a IS 


•o*7S 


1 15 




.0075 


3. 


3 


•03 


I T 




•01 


3i 


3 10 


•03 s 



Ex. Sought, the commiflion upon L. 542 at if 
per cent. Here 542x.oi5=:L. 8.13, the commif- 
lion. 

CHAP. 



CHAP. m. 



tyANNUiTiEs computed at Simple Interest* 

26, -/\.N annuity, rent, or penfipn, is a fum of 
money payable yearly, every half year, or quar- 
terly, to continue for a certain numbqr of years, 
for life, or for ever. When an annuity conti- 
nues unpaid after it falls due, it is then faid to be 
in arrears. When the purchafer does not imme- 
diately enter upon poffeffion, the annuity not 
commencing tilt fome time after, it is faid to be 
in reverfion ; and the reverfion of an annuity is 
the prefent value of a perpetuity which is to com- 
mence after the expiration of the annuity, being 
the fame with a reverfion in fee-fimple. 

I ft. Of the amount of an annuity in arrears. 

^7. In computing annuities at fimple intereft, 
let, 

a repreient the annuity, rent, or penfion. 
p its prefent value. 

/ the time of its continuance* 

n the number of years before it com- 

mences. 
r the intereft of L. i for one year. 

s the amount of an annuity and its in* 

tereft. 

E 2 Then, 
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Then, fince L. i : r ; : ^ : or, and as the firfl 
year's annuity bears no intereft, being due pnly 
at the end of the year, we ihall have, from an 
yearly annuity, a^ 

a X i-"ho = amount of the ift year. 
a X i-fr =sr amount of the 2d year, 
^ X I -far = amount of the 3d year. 
a y^ y-f-jT = amount of the 4th year, 
a X i-h/ITixr = amount of the / year. 

Here the number of terms of this feries being 
^ the fum j=/tfxi-+~r (8). Hence the follow* 
ing 



T A5L E, 



^9 t$ r, s = tax i-)-ti:£r ;=: fa -f-^x trm^r^h Equadoa I. 
s, t, r. 







3« 



Sf r, a, t:=Z V mr*^r » r » 



Sought r, ID EqaiUoD 3i. 



,^.U+*lf=^r, 



V— ato sa /^« — - te |C r« 



Eqv. Xi 



Sought #, 10 Equation 4th. 
a/ ss ft4t + <*•—*• xr. 

124.— —las — • 
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.• Ex* ift, Required the amount of an annuity pf 
L. 30 per annum, being in arrears for 1 2 years^ 
at 5 per cent, fi mple in terefL Here ^=20, /=i2, 
r=.05, and tox i4-tiir=240xi.275=r3o6=j. 

2d, Sought, the annuity, which being in 
arrears for 9 years will amount to L. 250, at 
5 per cent. Here s = 250, / = 9, r = •05» 

7-— =i5£=:L. 23.148 = annuity. 



3d, Sought, the rate of intereft at which an 
annuity of L. 20 per annum, being in arrears for 
12 years, ¥dll amount to L. 306. 

a* 

' =;;:=a^=-^5 = 5 per cent. 

4th, In what time will an yearly anfiuity of 
X*. 85.5 amount to J^. ?532.95» at the rate of 5 
percent, per annum ? 

>^r+?'~t—t-t=V^ii8o+38o.25— 19.5=30 
years. 

a8. When an annuity is paid every half year, 
quarterly, or monthly ; then for half years pay- 
jnents, take half the yearly annuity, half of the 
ratio, and twice the number of years ; and for 
^tiarterly payments, take the fourth part of the 
yearly annuity and of the ratio,' and four time$ 
the number of years, &c. and work as direde4 
above. 

To Extras tbe Square Root of any Quantity. 

Eiample. 



tet the giirett quantity s/, apd iti 
f<|nare root = r •!» f, then 
rr + arr + ^fs^ 

d 



Let ; = X56ai5(3p.5«=r -f #, 
rrzsi 9 

69X 
39»5 

— Ex. WhaV 
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Ex. What will an yearly annuity of L* 70, pay- 
able every quarter of a year, amount to in 5 
years, at 5 per cent. Here ^=17.5, /=2o, r= 
•0125, and3joxi.n875=39i.56=/. 

2d, Of the prefent worth of an annuity. 

29. When an annuity, is to continue for a cer<« 
tsua number of years^ its prefent value /^, at a gi- 
ven rate of fimple intereft, may be found thus : 
Since i+Zr, the amount of L. i for a ny time, hath 

the iame ratio to L.i,a8texiH-'^V, the amount 
<^ any annuity •^, ha th to p its prefent value; 
therefore 1 H- /r x/=tex i +^r, from which all the 
varieties in this cafe will be refolved, as in the fol« 
lowing 



TAB L E. 



ijriven. 
^, r, /^ 



r. tf. 



i4i=?r 






f— 






Iltt.1 



= V «r^^ r tf > r « ^ 

Sought I ia Sqnaiioo 4. 



Equ. I* 

2* 



1- 

«4« 



Sought r in E^aitiofi 34* 



£fii. X 






■-?}'=* 



£x. ift. 
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E». 1. Required the prefent value of a yearly 
annuity of L. 20, to continue 12 years, allowinf 
diicount at 5 per cent fimple intereft. Here, 



fa X- ^^ = 240 x"^^= L. I9I.2488. 

2. A perfon is willing to lay out the fiim of 
L. 300 in the pnrchafe of an yearly annuity, to 
continue 15 years, being allowed difcount at 6 per 
cent ; fought the annuity. Here ^x^-i±lL. = 20X 
i.3'38=L. 26.76 = annuity. *+T''' 

3* There is an annuity of L. 50 a-year, to con- 
tinue 20 years, to be fold for L. 737.5, ready mo- 
ney J fought, the rate of fiaiple intereft at which 
the difcount is given. 

ElI;=^'=-o5=5 per cent 

4. Thiere is an yearly annuity of L. 30, to con- 
tinue a certain number of years, which can be 
fold for L. 405, difcounting at 5 per cent ; fought, 
the time of its continuance. ^^540+36 — 6 =18 
year8« 

30. When an annuity is paid every half year, 
quarterly, or monthly, and its prefent value be 
fought. See 28. 

Ex. What will be the prefent value of an year- 
ly annuity of ti, 70, payable every quarter of a 
year, and to continue 5 years, difcounting inte- 
reft at 5 per cent. Here ^=17.5, /=:2o, r=:.oi25, 
and 3SO^Sgs=3i3.2s=p. 

In like manner a, /, or r may be found. 

3d, Of 



4» THEORY OP INTEREST, 

3d* Of the prefent worth of an annuity in rc- 
TcAoiu 

31. When an annuity is to commence after a 
certain number of years (»), and then to continue 
for a certain time (/), its prefent value may be 
found thus : Find its amount at the end of the 
time ty (Eq uation i. 27.) and divide this amount 
by i-f-/-+-rir, the quotient will give/, the prefent 

value. iTius ta x— r-4— =*. 

Ex. Required the prefent value of an yearly 
annuity of L. 30, which is to commence 6 years 
hence and to continue 15 years, difcounting in- 
tereft at 5 per cent. H^re <J=30, '■=I5> «=6,. 
r=.05, and 45oxjg=rL. 296.3=/. 

4th. Of the prefent worth of the revcrfion of 
an annuity. 

32. The prefent value of the retrerfion of an annui- 
ty, being the fame with that of a perpetuity which 
is to commence after a certain number of years (n), 
may be found thvis : From the value of the perpe- 
tuity (fee Remark 3d), fubtradl that of the annui* 
ty, the remainder gives the prefent value of the 
reverfion : Or thus, divide the value of the per- 
petuity^ viz. jr by iH-/;r, the quotient gives the 
prefent value of the reverfion, thus ;^jj^ == A 

Ex. Sought, the reverfion of an yearly annuity 
of L. 20, which is to continue 12 years, allowing 
difcount at 5 per cent. Here 

—^z=^ = L* 2 CO the reverfion. 

33- The 
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33. The feveral particulars refpedling anniii- 
des at fimple intereft may be difcovered by means 
of the two following Tables, wherein are calcula- 
ted the amount and prefent value of L. i an- 
nuity for years, at feveral rates of intereft. 



TABLE V. Shews the Amount of L. i Annuity 
for Years. 





4 pr cent. 


5 pr cene. 


6 pr cent. 


Yr, 

26 




5 pr cent. 


6 prcent. 


r 


1.00 


1.00 


r.oo 


39.00 


41.15 


^i'^2 




»^4 


».05 


a.b6. 


17 


41^ 


44.55 


48.t6 




3." 


3^IS 


3.18 


28 


4311 


46.90 


50.68 




4.44 


4.30 


4.36 


29 


45.14 


49.30 


53.36 




5^0 


5.50 


5.60 


30 


4740 


51.75 


56.10 




6.60 


6.75 


6.90 


31 


49.60 


54.15 


58.90 




7.«4 


8.0J 


8.a6 


31 


51.84 


56.80 


61.76 




9.1» 


9.40 


9.68 


33 


5411 


59-40 


64.68 




X044 


XO.80 


IX.16 


34 


56.44 


62.05 


67.66 




11.80 


r».a5 


xa.70 


3S 


58.80 


64.75 


70.70 




i3.ao 


13.75 • 


14.30 


36 


6Z.20 


67.50 


73.80 




14.64 


15.30 


15-96 


37 


63.64 


70.30 


l^'9i 




16.X1 


16.90 


X7.68 


38 


66.X2 


7315 


80.Z8 




17.64 


18.55 


19.46 


39 


68.64 


76.05 


li't^ 




19.90 


ao.a5 


ai.30 


40 


71.20 


79.00 


86.80 




ao.8o ' 


aa.oo 


23.20 


41 


7.V80 


82.00 


90.20 




M.44 


13.80 


25.16 


4» 


7644 


85-05 


93-66 




14.1 » 


15.65 


27.18 


43 


79.11 


88.15 


97.18 


X9 


a5.84 


a7.55 


29.26 


44 


81.84 


91.30 


X00.76 


ao 


27.60 


39.50 


31.40 


45 


84.60 


94.5^' 


X04.40 


21 


19-40 


31.50 


33-60 


46 


87.40 


97-75 


X08.XO 


fli 


31.14 


33-55 


H'^t 


47 


90.24 


101.05 


ZII.86 


43 


33-12 


35-^5 


38.18 


48 


93.11 


104.40 


115.68 


34 


^5.04 


37.80 


40.56 


49 


96.04 


X07.80 


119.56 


»5 


37.00 


40.00 


43.00 


,^^ 


99.00 


11X.25 


113.50 



Table V. Ihews the amount of L, i annuity, 
and is conftrudled by equation i. 27. whereby n 
the tabular number=:/xi+i=:Jr; Or thus, feeing 
I . == i the amount for i year, 

a + I ^ r = 6 for 2 years, 

^ + I -4- 2r = r for 3 years, 

^ -f- I H- 3r = 4/ for 4 years, &c. 

F F,;-- 
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Hence, to L i, the firft year of this Tabic, add 
the firft year of Table II. their fum is the fecond 
year of this Table ; to which add the iecood year 
of Table II» their fum is the third year of . this 
Table, &c. From the nature of the Table, 
i:n::a: fiia=s the amount of any annuity j, for 
the time and at the rate correfponding to n ; hence 
the following 



TABLE. 



Given. 




tf, /, r. 


/ = na. 


^> '» r. 


a = L. 


/, /, a, ^ 
J, r, a. 


a 



Ex. I. what will an yearly annuity of L^ 35 a- 
mount to in 16 years, at the rate of 5 per cent, 
fimple intereft ? ;f<j = a2 x 35 := L, 770, the a- 
mount. 

2. What yearly annuity will amount to L, 471 
in the fpace of 20 years, at 6 per cent, fimple in- 
tereft ? 7 = jS = Lt i5> the annuity. 



TABLE 
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TABLE VI. Shews the prefent Value of L. i 
Annuity for Years. 



yi 


4 per cent. 


5 per cent. 


6 per cent. 


Yj 


4 per cent. 


5 per cent. 


6 per cent. 


1 


0.96154 
1.88888 


0.95*38 


0.94339 


26 


X9.XX764 


18.36956 


17.77343 


2 


1.86363 


1.839*8 


»7 


19.71 154 


18.95744 


18.34351 


3 


».7857i 


».739'3 


2-69491 


28 


20.33962 


X9.54166 


18.91044 


4 


3.65517 


3.58333 


3^5^613 


»9 


20.92592 


20.12245 


1947*62 


5 


4.5 


4.4 


4.30769 


30 


ai.54545 


20.7 


2ox)357X 


6 


5.3»a58 


5.i9«3i 


5.»7353 


31 


22.r4i85 


2X.2745I 


20.59440 


7 


6.125 


5.96296 


5.81690 


3a 


22.73688 


2X.846X5 


21.14067 


8 


6.90909 


6.7i4t8 


6.54054 


33 


*3'3VS9 


22«4I509 


2X.70469 


' 9 


7.67647 


7.44827 


7.»4675 


34 


^3'9^SiS 


22.98x48 


2235526 


lo 


8^2857 


8.16666 


7.9375 


35 


US 


»3.5'4545 


22.80645 




9.16666 


8.87096 


8.6X445 


36 


25.08197 


24.10714 


»3.35443 


9.89189 


9.5^»5 


9.17907 


H 


25.66x29 


24.66666 


23.90062 


13 


10.60516 


10.24142 


9.93*58 


38 


26.23809 


25.224x4 


24.4451* 


14 


11.30769 


XO.91176 


X0.85326 


39 


26.8x25 


»5.77965 


24.9«ii02 


IJ 


I a. 


"'57*43 


iijkios% 


40 


a7-3«46i 


»6.33333 


25.5294X 


£6 


M.68^1 


XS.A22a2 


".83673 


41 


»7.P5454 


26.88524 


26.06936 


17 


13.35714 


12.86486 


"45544 


4a 


18.52238 


1743548 


26.60795 


[^ 


14.0*3*5 


«3.5 


X3.06706 


♦3 


igjoiizi 


27.984x2 


27.14525 


*9 


14.68182 


14J1820 


13.67189 


44 


29,652x7 


a8.53"5 


27.6^X32 


•e 


15.33333 


14.75 


I4.*7*7* 


45 


30.2x428 


2^joy6g% 


28.21621 


15.97826 


15.36585 


X4.86504 


46 


30.77465 


29.62X2X 


*8.75 


»a 


16.61702 


15.97619 


15.45689 


^l 


31.33333 


30.X64X8 


29.28272 


»3 


17.4494B 


16.58139 


16.0410X 


48 


31.8904X 


30.70588 


29.8x444 


»4 


X7.87755 


17.18x82 


X6.60246 


49 


3M4594 


31.24638 


30.34518 


W 


i8.f 17.77777 


17.1 50' $S' 1 


31.78571 


30.875 



Table VL {^icws the prefent value of L. i an- 
nuity, and is conftro<5led by Equation ift, 29, 



whereby a the tabular number =/ x 
thus, /I Table VL==''^^ 



2 



'+Vr 



Or 



"TTiL' 



This Table is conftruiSed upon the fuppofition, 
that the prefent value of an annuity is equal to 
that of the amount of the (everal annual pay- 
ments, with their intereft at the expiration of 
the annuity. From the nature of the Table, 

Fa J 
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I :n::a:na z=/, the prefent worth of any annui- 
ty aj for the time and at the rate correfponding 
to fi. Hence the following 



TABLE. 


Given. 
ay r, /, 

A/, a,-) 

A '•, a, y 


p = »df. 



Ex. I ft. What is thjC prefent worth of an year- 
ly annuity of L. 50, to continue 15 years, <iif- 
counting intereft at 5 per cent? 

»j= 1 1.57143 X 50 = L. 578.5715 =/. 

2d. A perfon is willing to lay out the fum of 
L. 300 in the purchafe of an annuity to continue 
1 8 years, being allowed difcount at 5 per cent. ; 
fought the annuity, 

^ = ^ = L. 24.212 = annuity. 

3d^ A gentleman hath L, 160, which he would 
lay out in the purchafe of an annuity of L. 20 per 
annum ; fought, how many years the faid annui^ 
ty muft continue, difcounting intereft at 6 per 
cent. 

^ = ^ =±: 8 = I/, the next lefs to which below 6 
percent, is 7.9375, cor refponding to 10 years, and 
for. the odd days fay 

8.61445 8. 0000 

7-93750 7.9375 



as •67.695 : I : 
34 days, (i6> 



•0625 : -09233, correlponding to 

4th. A 
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4th. A hath an annuity of L. 20 per annum, to 
continue 7 years; B hath one of L.5, 10 8. to 
continue 21 years ; fought, which of theie is moft 
valuable, difcounting intereft at 6 per cent. 

A's smnuity = 5.8169 x 20 = 1 16.3380 
B*8 annuity= 14.865 x ^.^ = 81.7575 

A — B = L. 34.5805 

5th. A lends to B L. 360, upon a mortgage of 
land, whofe rent is L. 75 per annum ; B keeps 
the money 5 years, during which time A receives 
the (aid rent ; fought, the flate of their affairs, dLf* 
counting intereft at 6 per cent. 

By Table IL 360 x 1.3 = L. 468 
Table V. 75 x 5.6 = 420 

Balance due by B to A = L. 48 

Remarks upon Annuities at Simple Intereji. 

34* I ft. The amount of an annuity for a given 
time, and at a given rate of fimple intereft, may 
be ezprefTed by the area of a recStangle and triangle. 

Thus, 



THEORY or INTEREST, 

kA 




Thus, in conftrudling the annexed figure, make 
AB=/, BC, raifed at right angles to AB, ^= a^ and 
BD =intereft of ^ for the time / — i ; laftly, join 
AD, and complete the redlangle AG ; then will 
AC 4- ABD exprefs the amount of the annuity 
tf, for the time /, at a given rate of intereft ; for 
ABD=^/- 



AC 



■ X tru — ra = amount of the 



annuity. • 

Ex. Suppofe ^ = L. 20, /= 12 years, and the 
rate 5 per cent. ; fought the amount. 

Here AB = 12, BC = 20, BD = 1 1. Hence, 
AC -4- ABD == 240 4- 66 = L. 306 = amount. 

2d. The amount of an annuity is, cateris pari- 
bus^ always lefs, and its prefent value greater, up- 
on the principles of fimple than of compound in- 
tereft, as is manifeft from inlpeding the Tables j 

and 
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and as the tabular numbers exprefling tbe prefent 
worth of an annuity may be confidered as the 
years purchafe of faid annuity for the correfpond- 
mg years, thefe at fimple intereft are unlimited. 
Thus an annuity to continue 99 years, at five per 
cent, is valued, Equation ift, 29. at J7.4 years 
purchafe; whereas the years purchafe at com- 
pound intereft are always lefs than ~. For thefe 
reafons the purchafe of annuities upon the prin- 
ciples of fimple intereft is very unequitable, and 
compound intereft, that both parties may employ 
their money to the greateft advantage, is ufually 
admitted in thefe traniadlions. 

3d. The value of a perpetuity cannot be ob- 
tained upon the principles of fimple intereft, be- 
caufe the number of years purchafe is indefinite. 
For, as a finite quantity can make no alteration 
upon an indefinite one, by any operation of arith- 
meticy the fra<flional part of the annuity, (Equa- 

i-J — j-r 

tion I ft, 29.) viz. - ^ ' ^t/ ' = i> when / is indefi- 
nite ; and of confequence, the number of years 
purchafe of a perpetuity, viz. /xi, is alfo indefi- 
nite. Or thus, feeing the value of an annuity at; 
fimple intereft is fuppofed to be equal to the pre- 
fent value of the amount of the feveral annual 
payments, with their intereft, colledled, into one 
ium ; but as thii;, when / is indefinite, cannot be 
done, therefore the value of a perpetuity up- 
on the principles of fimple intereft muft remain 
impradlicable, and its only value that can be ob- 
tained, muft be derived from the principles of 
compound intereft, viz, f . {£6.) 

CHAP-. 



-t 



CHAP. l^. 



Of Geometrical Progression. 



35' When a feiies of quantities, exceeding 
tryo in number, iiicreafes by the fame common 
muKiplier, or decreafes by the fame common di- 
vifor, the term? of the feriQS form a continued 
Geometrical Progreflion ; and the common mul- 
tiplier or divifor is called the common ratio of 
• the feries. Thus, • 

a, tfr, ar'^^ ar}^ ar^. . . • ar»^'^z:iz. an increaiiDg leries. 

Z, — — — ^ . . . _^=:ii. a decreafing feries. 

,, ,. 4. 8. 16. 3«, 64. , ,hc common ( ^ulgicr. 

%6. In a geometrical feries, the produft of the , 
cxoremes is equal to the produiil of any two 

• terms 
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terms ' equally diftant from the extremes ; thus 

^)2 = tfrx — ; and the fquare of any one term ia 

equal to the redlangle under any two other terms 
equally diflant from it; thus, ar^ %ar^ z=:arx 

37. In a geometrical feries, let 

a reprefent the ift term* 

2 the laft term* 

n the number of terms. t 

r the comrtion ratio = quot. of thci 

greater by the lefler contig. term. 
s the fum of the feries, and L^ the 

Logarithm of any quantity. 

Then, as r is always increafing from the ad 
term, its exponent in die laft term will be «.—% 
and ar^^^ssz z. 

38. In a geometrical feries, the fiim of all the 
terms wanting the leaft is equal to the fum of all 
the terms wanting the greateft multiplied by the 
common ratio. 



that is, J"— '^?== j — g x/*, in an increafing feriesi 
and s — a=^s — 2 xf , in a decreafing feries. 

39. In a continued geometrical progreflion, if 
any three of the five quantities, ^, js, «, r, and i 
be given, the other two may be determined, as 
in the following table : 

G TABLE. 



jQf THEORY OF INTEREST^ 



TABLE 



Given. 



^9 r, «, 
<»> r, z, 
tf, », z, 

r, r, n, 

1 1 1 I 1 



tf, o «i 

tf. r, s, 

r, II, \r, 



t I " ' II I ■ 

X — tf X , . . . 



- .^ rz-^a z — a _m ^ 






Equation i. 






5- 
6. 



z = r*^'jx 



r— r 



38 
37 



37 



Swi^t / in Equation i. 



*Xr— is.xr — I. 
Sought * in Equation 3. 



.«-*! s 



r=--VI 



48. 



Songfat % in Equation 7. 



r 



-;5#xr«»i. 



«*•— «»r"^*/Xi 



- . 9kibftit. chii in Eqn. if. 



GlYCD* 
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5* 



Given. 



r, X, n, 
r, Zi /, 
r, n, s, 



a, r, z, 

a, f, s, 

a, z, s, 
r, z, s, 



^ ^ l-n— X > 



tf = rz-^Xr— If < 



-='^=^'••• 



Zquatioa 8* 



i.i 






II* 






"El^ 



L.r 



n = 






-^I. 



/ — z 



L.Z — L.rz — «Xr— I i_ - 



111 B^ 



jy. 



Sovght « in Equation xz. 



3«. 






SoDght • in Equation Z2. 

it - , 



£<|a. ZJ. 



Eqa. 9* 



Sought ji in Equation ilw 
r=:^^. Snbfiiti tliiiinEq«. ZZ. 



Soug bt « in Equation Z4- 

« =: r%'^ X T^hT SoMit. this in 
Equ. XI. 



G2 



GHrcD. 



n 


THEORY OP INTEREST, 


Given. 


1 


il» z, J, 


f = j^, . . . Equatioa 15. 


a^n, s, 


•^r— r*=j-- I, ... i^ 


<h »• 2» 


r^rW',,. 17. 


n, z, i, 





In the above table, the expref&ons belong to an 
increafing progreffion, and may be applied alfo 
to 3. decreafing one, by making the quantities a 
^d % change places every where. 



EXAMPLES. 



ijly In the geometrical feries, i, 2, 4, 8, i6, 
&c. containing fixteen terms, fought, the laft 
term and the fum of the feries. Here <?=i, r=2, 
«=i6. Sought, z and s. 

ZqaMXlon x. a x. "^. = i x ^55*0—' -- 65525=*. • = 16 



Cqution 5. tfr*"^ e= i x 3*7 W ?= «• 



4.8164800 = 
65526 =:r 



Sought r in Equation 16. 



t-'-azSrs^ar , 



r^-^ar =«-*«. 






Sought r. in Equation l8^ 



38. 



,-— -^= r-. 









a</. 
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2^, A gentleman, who had a daughter mar- 
ried, gave the hufband towards her portion 4 s* 
promifing to triple that fum the firft day of every 
month, for nine months after the marriage.. The 
fum paid on the firft day of the ninth month 
was 26244 {hillings. What was the lady's portion? 
Here are given ^ , r, z ; fought /. 

Equ. 2. ^1511? =2521?.= 3936401. = L. 1968, 4J. = J. 

3//, A gentleman buys a fine houfe, in which 
were 20 threlholds, and, in name of price, was 
to lay a farthing on the firft threfhold, a half- 
peny on the fecond, a penny on the third j doub- 
ling the film on every following threfliold ; what 
would the houfe coft him ? Here are given, a^ r, 
fi J fought /. 

Equ. I. ax '^^ =r 1048575 Far. = L. X0921 5 1. 4 d* = Price. 

j[tby A Gentleman fold hia eftate for L. 21844, 
which was discharged by Several payments in geo- 
metrical progreflion ; the firft was L. 4, the laft 
L. 16384} what was the ratio, and how many 
payments were there? Here are given a^ %^ s^ 
fought r^n. , 

Equation 15. gf =32^ = 4 = Ratio. 
g^uatioDi3, , --\^_ +^=%:^ + ,::^^^n. 

■* •* JL. *— tf — jL#4— « * .60206* ' ' 

Of 
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Of a Geometrical Series continued indefinitely. 

40. As in a geometrical feries /-^^ = Jllizxr^ 
(38), hence i : r : : s\ — % : s — a, and ^h r — i : : 
i-— « : ssr-^a. but as the quantities a^ %^ change 
places every where^ when applied from an increa<* 
fing to a decreaiing feries, we fhall have i : r — i 
: r^ — a : a— «; therefore fuppoiing % to vanifh| 
or the decreaiing feries to have no laft term, then 

1 : r — I = X— tf : a\ which gives / = \ hence 

the following . ^ * 





TABLE. 


\ 


Giveo. 






«» ^ 


'=;S-==^"rIi--- 


Equation i. 


«. '» 


'^'"/-a""'^i^#'-- 


s* 


»•» '» 


tf S3 i^XXl— — f • • • • 

r r 


3- 



. EXAMPLES. 

1^, Required the fum of the feries, i, I, ^, ^i 
tVj tt» ^^* 

Here tf = i, r=2, and x= ^ = 2, the fum. 

id^ Required the fum of the feries .33* = tV + 



Here tf =:=— ^, r= 10, aod 



10 



10x10— I 



\% t|ie fom. 



3^^* ij -i-/ja -t- jj, «<=• 51::; «— I r* 

CHAP. 



CHAP. 



Q/" Compound Interest^ 



41. vv HEN the intereft of money at the end 
of each year is added to the principal fum, and 
both bear intereft the following year, money is 
faid to be at compound intereft: In which let 

p reprefent any principal (urn lent out. 
/ the time. 

r ^'vax^xt^X dFL.i for one year. 

R the amount 3 ^ 

/ the amount of principal and inte-- 

reft ; and L the logarithm of a 

quantity. 

Then L. i, at the end of the year, will become 
i+r = i2, hence the geometrical feries i \R\R^ 

\R^ .R^ RK So R* will be the amount of 

L. I, for the time /, and at the rate r. But i : p 
: : jR' ipR*zis^ the amount of/, at the end of / 
years, at the rate rj hence the following table* 

TABLR 



ss 
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TABLE. 



Given. 






s :=:pR'. or L.f -|- L.Rxt=: L.s . . . 


Equa. u 


St R. f , 


f =j^ or L.S — LRxtzzL.f, . . . . 


2. 


'» R'P, 


. L.t — L.p 

' L.k » • * • • 


3^ 


f, P, t. 


/?=vr.orz./?=-^-'-H.. 


4. 



E:^. I. Required, the amount of L. 25 foreborn 

12 years, at 5 per cent, compound intereft. Here, 

/ = 25, /= 12, R= 1.05. 

L. p^z 1.3979400 I* R = 0.0211893 

+ L.Rxtz=i .2542716 /= -la 

Suin= 1.6522116 =:L.44.8p5 .2542716 

ad. Sought, the principal which, in the fpace 

of 1 2 years, will amount to L. 300, reckoning 

intereft at 4 per cent. Here, 

X. X =r 2.4771213 L. 1*04 = 0.0170333 

— L. /ix/= .2044002 /:= 12 

Diff. s= 2.272721 1 = L. 187.379 .2044002 

3d. Sought, the time in which L. 15.875 will 
amount to L. 31.9436 at the rate of 6 per cent. 

4th. At what rate of intereft per cent. wiW 
L. 480 amount to L. 643.246, in the fpace of 6 ' 
years. 

i:i=^ = i2ni£! =.0211893 = L.1.05. = 5 per 
ceat. 
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5th. Required the aflaount of one farthing lent 
but at 5 per cent, compound intereft for the fpace 
of looo years ? Here^ 

L. i.osxxooor£ 21.1893 
4-L. .0016416^=: — 3.0177287 

L. pS^^ 18.2070287 s^L. 16107529 &c. to t^ 
places of figures. 

If ;>'the principal confifts of pounds, fliillings^ 
and pence, or / the time, of years, months, and 
days, thefe parts of an integer may be thrown in- 



to 



Of LooAKitHiis. 

Lofrarithmt are a moft Taluable inTcntion for folt ing ^ueftions m 
trigonometryy or where the higher powers of niimbcrSy as here, are 
concerned ; and for which the learned world ' are indebted to John 
Napier, Baron of Merchiefton, in Scotland^ about the year 1614. 

I ft. The index of the logarithm of any number is always one left 
than the number of integers it contains ; of confequence the index of 
the logarithm of ziif one of the 9 digits is o ; and the index of the 
logarithm of a decimal fradion is tiegative^ though ftill equal to the 
diftance of its firft fignificant figure from the units place, being 
—I, —a, —-3, Sko. or the complement thereof to iO| viz. 9, 8, 7, 
&c. 

ad. The logarithm of any number to 7 places of %ure8 may be 
found by Sherwin's Tables, namely of 5 figures by the Tables, zhd 
4{ two by the column ftif nearly exa^, znavice verfa* Thus, 

Is. 6484.300 = 3.8118631 

Z. .oSo =2 53 

L. .006=: 4 

£. 6484.386 = 3.8118688 
3d. Th^ multiplicatiod of divifion of natural numbers is performed by 
the addition or fubtradion of their logarithms, or, in place of fubtrac- 
tioh, the addition of the complement of a logarithm may be ufedy 
providing you caft 10 out of the index of the fum. ThuSf 

Z. 20 3= i.30io3<x> 
Z. 31 = 1.3222193 

Co. Z. 220 = 7.6575773 

-^^i^ = 0-2808166 = i.po9 

H 4tfc. A 
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# 
ta a dee&mal fradtioa, and tke zxkfwet fouftd as a« 

£^. Sought the amount of L. 310: 11: 6, fbr 
5 years ^and 91 days, at 4 per ceot compowidin^ 
terelt Here, 

pr'zzh. 1.04x5.25+ L, 3ia63:5 = 1^381, 12 s. 
I X d. = Amount. 

42. The fevcral particu}axa reipe^Ui^ tsm- 
|N3und ijMerf ft may more Kadily be. fc^wd by ^e 
help of the three following Tables, wherein are 
calculated the amount and prefent worth of L« i 
for any given time, and rft feveral rates of com* 
pound interefL 



4tk. A gives power of any oumbec n&y be found liy flnlti^yiag 
At logarithm of the miiaber by the iadex of tbepowviv the pmdoft 
loll bo the logarithm o£ the power fiui^^hlw IThiMy 

i. 3i*=X'5o5i5 X 3 = 4,5154500=133768, the cube of 32. 

In a decimal fradion, the firft fignificant fignure of die pQW«v mnft 
be pnt fo many places below the place of uMit aa the min of ka 
logarithm wants of lo >c inddft of the powec^ Thiia» 

i.JJ* =9.39794x4 = 37.5917600 = ^390625, feeing ladcxxio 
= 40, 

5th. The root of any power may be extwaed' by dtndiog the to. 

Sirithm of the number by the index of the power^. tjie quotient givea 
e logarithm of the root fought. Thus, 

L. v^3S4= ^'^ ^^ ^^ ' = 1.681^412 = 48, the root fought. 

In a decimal fraaloiu prefix to the index of it«Ibgarithm a figure 
lefs by one than the index of the power» ^nd dinde aa M>ove. Thua, 

£. V^ = ^' ^-y^^? - = 9-95«J5 J3 = •9o856» tbf root fought. 

6th. Any number of mean proportionalf, between any two giTC« 
num^rs, may be found thus : Let n = ift, :e = laft number, n =s 
number of proportion! ; then ^'^^ -i = l.f> which added to I. a, 
n times, gives the proportionals. 

TABL£ 
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5f 



TABLE I. Shewing the Amount of I., i £or 



Dt< 


$f€recnu 


3i percent. 


4ptrceou 


4i per ocot. 


S^gfttccm. 


6fcrMlic. 


1 


<Moo8o9 


i40oao{4ft 

i^oooiMo 


ZJOOOI074 


IxxoiidS 


1*001336 


1*001596 


• 


I^OOMil^ 


Z.000M49 


IX)00«4» 


1.0001673 


1.0003193 


.3 


tjMDMS9 


t.ooo^S7 


IUMO3M4 


tjooo36iB 


1.0004011 


IJ0004790 
100806387 


4 


Zj0dO3t4O 


tjoo03t70 


x.^«w^vy9 


ZX)004ll 


IJOOO5348 


5 


X.oOd4b50 


tXJ0O47z3 


Z.OOO5374 


ZX)00«03 


1*006685 


z*(x>79B5 


"1 


1.005^6 


t/X^S^S 


1.000645 


14)00714 


1.000001 


IJDGD958 


^^ 


1.000367 


tj0O66to 


1.000751 


1.000844 


1*00936^ 


1*01118 


8 


ZX)0064l{ 


t.000734 


Z.OOO860 


1.000965 


1*01070 


1*01178 


9 


1.000719 


tx)oo848 


Z.OOO967 


1.001086 


1.001103 


1.001437 


to 


X.000810 


1^)00943 


Z.OOX075 


1.001106 


1.001337 


iJObiS97, 


M 


i.oot6at 


Z/»z886 


Z^OOltiZ 


1.0014I5 


1*01677 


1.003194} 


|o 


IMt43> 


z.ooa83Z 


z.eo|ii8 


1.003614 


1*04018 


1*04801 


40 


Z.003»44 


»««>3777 


Z.004307 


Z.004835 


1*05361 


1*06806 


^ 


X.OMO57 


Zd0O47ft3 


'^?S 


Z.006048 


1*06705 


Z.0080Z4 


1x104871 


IW00467Z 


1.007161 


1.008051 


ixx)96i4 


z 


1^05^5 


1.00MZ9 

1,0075*8 


1.007550 


ixx)8477 


1*09401 


ZiOlii37 


i.oo«499 


1.008633 


1*09694 


lx>ko75i 


1*11853 


^ 


1^7515 


Z.00851S 


1.009717 


t.010911 


z*iiio3 


Z.014471 


I^ 


1.008131 


'1.009469 


1.010803 


1.011131 


1*13457 


t.o 16091 


cao 

i 


J.9b9f&5 


tjOXi374 


1.011978 


1.01457^ 


1*16169 


1019341 


iu>i 140ft 


Z.oz3ft8ft 


1^x5157 


1.017016 


1*18890 


1*11601 


1.013041 


Z.013Z94 


X-OZ734Z 


1.019481 


14S1Z617 


ijois^yt 


lie 


f.oi46S3 


Z.017ZOQ 
z.oi90fti 


z^Z953o 


XX>5I944 


1*1435* 


1*19151 


too 


z.ot63ft8 


t.oiZ7i3 


1X>14411 


x^709l 


1*3^443 


»io 


1.OZ7976 


z.oao95Z 


1.01391 X 


1.036885 


1*19844 


X*35745 


MO 


tJ^lf$26 


i.o»s877 


Ij0i6ti4 


IX>19365 


1*31601 


z*39057 


»4c 


ZiOftZft78 


1.014807 


zx>i833> 


1.03185 1 


1*35365 


1.041380 


»8o 


z.oftft934 


i«oft674Z 


'-030544 


<-034343 


1*38137 


1.0457x3 


3<« 


l.o«4i9« 


z.oa8638 


1^31761 


1.036840 


1.040916 


1.049057 


3*0 


z.oft6:^3 


1.030619 


1-034983 


■.039344 


1*43703 


IW0514ZI 


340 


z 0*791^ 


t«03ft564 


Z.037I10 


1.041854 


Z*4^97 


1*55778 


3jo 


«'0«9583 


ZX)34Ji» t.03944Z 


1*44370 


i.049»9« 


1.059x54 


3fe "3 1 


tj035 1.04 


1.045 


1*5 


1*6 



H 1 



TABLE 
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TABLE II. Shewing the Amount of L. i for Years. 



Yrs. 


3 per cent. 


34pcrccni. 


4 per cent. 


^1 per cent. 


5 per cent. 


6 percent. 


• X 

a 
3 

4 
5 


X.0609 

1.09*727 
ii»5509 
1.159474 


X.OS5 
1.07 1 225 
1.1087x8 

I.I475»3 
1.187686 


1.04 
x.o8x6 
X.I 24864 
X.X69858 
I.216653 


I.04J ^^ 

1.0920!^ 
X.14X166 
1.1925x8 
X. 246x82 


*.05 

X.X025 

X.157625 

1.2x5506 

X.27628X 


1.06 

I.1236 

X.1910X6 

X.262476 

X.338215 


6 

7 
8 

9 

10 


1.194052 
X.229874 

1.266770 

1.304773 
1.343916 


X.22925 
X. 27228 
X.3I68I 

1.36289 
X.4I059 


r.26532 
X.3X59* 
1.36857 
X.42321 
148024 


X. 30226 
X.36086 

1.422X0 
X.48609 
1.55*96 


1.34009 
X.40710 
147745 
I.55133 
X.62889 


X.4X852 . 
XJ0363 

1.79084 


XX 

1% 

13 

X4 


I.384»3 
1.42576 
1.46853 
1.51159 
1.55796 


1.45997 
1.5x107 

1.56395 
1.6x869 
1^67535 


IJ3945 
X .60103 
1.66507 
1.73167 
X.80094 


X.62285 
X.69588 

1.77*19 
1.85x94 
X. 935 28 


I171034 

x!88565 ' 

1.97993 

3^7893 


1.89830 
2.01220 

2.13*93 
2.26090 
2.39656 


x6 

17 
x8 

19 

to 


1,60471 
1.65284 
1.70243 
1.75350 
1.806x1 


1.73398 
1.79467 
1.85749 

1.92250 
1.98978 


X.87298 

X.94790 
a.o258x 
2.10685 
2.19112 


2.02237 

*."337 
2.20848 
2.30786 
2.41171 


2.18287 
2.29202 
2.40662 
2.52695 
2.65329 


a.J4025 
2.69277 
*.85434 
3.02560 

3.*07X3 


21 

22 
43 
»4 
»5 

26 

»7 

28 
29 

30 


1.86029 
X.91610 
i.97358 

2.03279 
2.09378 


a.05943 
2.I3X5X 
2.206XX 
2.a8333 
2.363M 


2.27877 
2,36992 
2,46471 
M6330 
2.66583 


2.52024 
2.63365 
2.75216 
2.87601 
3.00543 


2.78596 
2.92526 

3,0715* 
3.22510 

3.38635 


3-39956 
3.6035J 
3-8x975 
4^4893 
4.29x87 


2.15659 
2.22x29 
2.28792 
^•35656 
2.42726 


a.44595 

V31567 

2,620x7 

2.71x878 

2.80679 


2.77*47 
*.88337 
2,99879 
3t"865 
3.*4339 


3.14068 
3.2820X 
3.4*969 
3vS8403 
3.74531 


3^55567 
3r73345 
3.9*013 
4*1x613 
4.3*194 


4.54938 

5.4x838 
5.74349 


31 

3» 
33 
34 
35 


2.50008 
2.57508 

2.73190 
2.81386 


2.905031 
3.00671 
3.11194 
3.22086 

3.33359 


3-373^3 
3.50806 
3.64838 
3.79431 
3.94609 


3.91385 
4.08998 
4.27463 
4.46636 
466734 


4.53804 
4.76494 
5.00319 

5-^5335 
5.5160X 


6.088x0 

- 6.45338 

684059 

7^686^8 


36 
37 
38 
39 
40 

41 
4a 
43 
44 
45 


2.89828 
2.98522 
3.07478 
5.16703 
3.26204 


3.45026 
3.57102 
3.69601 

3.959*6 


4.10393 
4.26809 
4.4388X 
4.61636 
4.80102 


4.87738 
5,09686 
5.3*622 

5.56589 
5,81636 


5.7918X 
6.0814X 
6.38547 
6,70475 
7.03998 


8.14725 
8.63608 

9.X54a5 

9.7035 X 

X0.2857X 


3.35989 
3.46069 

3.56451 

3.67145 
3.78159 


4.09783 
4.241*6 
4.38970 
4-54334 
4.70236 


4.99306 
5.19278 
5.40050 

5.84117 


6.078x0 
6.3516X 
6.63744 
6.93612 
7.14825 


■ 7,39x98 
7.76x58 
8.X4966 

8.55715 
8.98500 


XO.90286 

XI.55703 
X2.25045 
12.98548 
X3.7646X 


46 

47 
48 
49 
50 


3.89504 
4.01189 

4-i3"5 
4.25622 
4.38390 


4.86694 
5.C3728 
5'*I.156 
5.39606 
558494 


6.07482 
6.31781 
6.57053 
6-83335 
7.10668 


7.57442 
7.915*7 
8.27^45 
8.64367 
9.03263 


9-434*6 

9.90597 

10.40127 

10.92x33 

XI.46740 


14.59048 
X5.4659X 
X6.39387 
X7.37750 
X 8.42015 
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Table I. ahd II. (hew the amount ef L. i for 
daya or years, and are conftrudled by Equation 
I ft, 41. whereby the tabular number n = jR'. Or 
thus. Table I. i& calculated by taking 364 mean 
ge<^netrical proportionals, betwixt one, and . the 
amount of L. ]^. for one .year, according to the 
fevetal rates of iiitereft, or, which is the fame 
thing, by dividing the logarithm of R by 365, 
the natural number anfwering to the • quotient 
will be the amoimt of L. i for one day ; and thia, 
amount multiplied into itfelf continually will give 
the amounit for kny number of days. ' If a given 
number of days be not in the Table, divide it into 
two fuch numbers Us are to be found there, multiply 
their 'tabular numbers into one another, and their - 
product will be the amount^ of L. i for the givea 
time. In like manner, Tat)le II. is conftruded 
by; multiplying the amount of L. i for one year, 
at a given rate, by itfelf continually, thei' produ(5b 
of which fliew" the amount of L. i for tiieir cor- 
refponding tiyi^s^ ; And if tl^e time - confifts of 
years and days, their tabular numbers muft be 
multiplied into oixe another ,to form the amount 
of their fum.; From the nature of the Tables, 
I ;.fi::p:np — /, the amount of any principal /, 
for the time and at the ra,te cbrrefponding tp «. 
Jlence the following * 

TABLE. 



Qiyen* 




pi U r. 


s — np. 


Sy U ry 


/ = > 


'' = /-• 



r being given, / is found 
oppofite to n ; and / being 
given, r is foimd above n 
in the tables, 

Ex. ift, 



6i THEORT Ot. INTEREST. 

JS», ift. What wiU L.^00 amount to iu 15 
yewr«, at five per cent, compound intereft? Here, 

np = 3.07893 X j-oo = L. 1039.465. 

JE*. 2d. What will be the amount of L. 419.2965 
in iht fi)ace of 20 years and 9 months, at 4^ per 
cent Here, 

nxmzz 2.49265 =: 0^3966608 
f = 419.2^5 = 2.6224885 



L. nnp = 3>oi9i493 = L. zo45u>8. 

E»» 3d. What principal will amount to 
1. 1039.464 in 15 years, at 5 per cent ? Here, 

I 

- Ex, 4th. At what rate of intereft will L. 25 a^^ 
tnount to L. 44.896 in the (pace 12 years i Her^ 

•J = *i^ r: 1.79585, found under 5 per cent 

Ex, 5th. In what time will L. 300 anornnt O 
L. 500, at the rate of 5 per cent ? Here, 
y = g = 1.66666, correfponding to 10 years, 
and 'j^^ = 1.0232, correfponding to 172 days. 



TABLE 



% 
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TABLE IIF. Shiewing tlie prelent Worth of 
L. I for Years. 





I 
1 
a 

4 
5 

; 6 

7 
8 

9 

xo 


jpcfrc^t 


Jiprccnt. 


ipereeat 


4i^rcMt. 


fperceMJ 


Sv^tUi 


1 




1 ^70874 
.941596 

Ism? 
.861606 


;.t66tfe 

.933510 
.9*«94* 
.871444 
A1X973 


;.8*jc9i7 


.^^6918 

!8385lx 
-9PU5l 


.9543a* 

.811701 
.78354* 


'794093, 

: .747«a 






.857484 
.8x3091 

:» 

.744093 


JfcB31oo 
.78599« 
.7594" 


.7903(4 
.759J«« 

170^5^6 
.675564 


■?JSS 

.703x85 
.674904 
.643947 


.7461^ 
.7x0681 

.644609 
.6x39x3 


.665057 

4l74X» 
^[9x898 
55*394 






XX 
XI 

»3 
U 
X5 


.711411 
.70x379 
.680950 
.66x1X7 
.641860 


.639404 
.61778X 
.596x90 


.64958X 

^n 

'577475 
.555464 


.616x98 
.^89663 
46447X 

•539973 
.5x6710 


.584679 
.556837 
.53034X 
.505068 
.48x0x7 


.546787 

.44430X 
4x7465 






x6 

>7 
x8 

'9 

lO 


.613x67 
.6050x6 

.553675 


J76706 
.557403 
J38361 
.54«X55 
.50^64 


.533908 
•5x3373 
493618 
474644 
456^87 


473X76 

.45i3oa 
433301 
4x3643 


458XXX 
436496 
4x5540 


.39364* 
.37x364 
.350344 
.3305x3 
.3XX804 




• 


IX 

%% 

*3 
»4 
a5 


J37549 

J06691 
.49x933 
477605 


.485571 
469x50 
453485 
437957 
413X47 


438833 
44x955 
.405746 
.390X4X 

.375XX7 


.396787 
.3797M 
.3*3350 
.347703 
.334730 


.358944 
.34x849 

.3x0068 

.*95303 


•494x55 

.477505 
.161797 
.446978 
.131998 




4 


46 
17 
a» 

19 
30 


4636W 
450189 
437076 
4A4346 
.411986 


4088^7 
.3950x1 
.38X6554 
.368748 
.356178 


.333477 
•34065X 
.3083x8 


.3x8401 
.30469X 
.49x571 
.4790x5 
.167000 


.18x140 
.167848 
.V5093 
.144946 
.43x377 


.1x98x0 
.207368 
.xa563o 
•184556 

.X 74110 


r 




31 

3» 
33 
34 
35 


4999A7 

.38»337 
.377016 
.366045 
.3J53Cd 


.344410 

.3345*9 
.34x344 
.3x0476 
•499^77 


.106460 

.185058 
.474094 
.463554 
.4*34*5 


.155501 
.144500 

.1x4154 


.X99874 
.xg0355 
.181190 


.164455 
.154957 
.X46186 
.X379XX 
.130x05 






3« 

39 

40 


44503a 

.334983 
. .3«»«6 
-3x5753 

.306556 


.4«983J 
.18003X 
. .17056a 
.1614x1 
.454574 


.443668 
.108489 


.iq502S 

.196199 
.187750 
.X79665 
.17x928 


.174657 
.X64435 
.156605 
.X49X48 
.X44045 


.X11741 
.XX5793 
409138 
.104055 

.097222^ 


( 




41 
4a 
43 
'4< 
45 

46 

49 


•197628 
.188959 
.^89543 
.17137; 
a64438 


.44403X 

.IIOIOI 

.1x1660 


.100178 
.194575 
.18516a 
.X78046 
JB7lX9t 


.164545 

.X5e66o 
.X44173 

.137964 


.X3548X 
.X18840 
.14*704 
.X16861 
.11:1096 


.001740 
.086547 
.081619 
.077009 
^170650. 






.456736 
.149458 
.14x998 
•*3495o 
.118x07 


.105468 

.X98510 
.X9x8o6^ 
.X85340 
.t79053 


.X646X4 
.X58182 
.X54195 
.X46341 

.X407X3 


.X31023 
.X16338 
.X10897 
.XX569X 
.X10709 1 


.X05996 
.X00949 
.096x41 
091564 

.087204 


.068538 
.064658 
.060998 

.054288 
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Table ni {hews the prefent value of L* i for 
years, and is conftruAed by Equation 2d, 41. 
whereby the tabular number |j = ^. Or it is the 
reciprocal of Table 11. whereby n of Table III. = 
y of Table II. From the nature of the Table 
I ifiiisms =py the principal or prefent worth 
of/, for the time and at the rate correfponding 
to ft. Hence the following 



TABLE. 



Given. 




J, ', r, . 


p — at. 


A t* ry 


/=.f 




» = ^. 



Ex. I. Required the prefent worth of L* 250, 
due I o years hence, difcounting at the rate of 4^ 
per cent, compound intereft. 

ns = .643927 X 250 = L. 160.98175 prefent worths 

Ex. 2. In what tinw will L* 350 amount to 
L. 571.458, at 4 per cent compound intereft? 

Here f = Jtx^ = .61247 correfponding to 12 
years and an half. 

Thefe examples may, with equal facility, be 
determined by the equations annexed to Table IL 



Re^ 



AND ANNUITIES* 6$ 



Remarks upon Compound Intereji. 

43. ifL A fum of money put out at compound 
intereft ought, by the dodlrine of flucflions, to 
accumulate every inftant, at the rate of the in- 
ftant ; fo as to refemble an organized body in its 
gradual and conftant increafe. Upon this fuppofi- 

tion let r be the fludlion of the rate, or the rate of 
the inftant. 

Then i H-r= amount of L. i in one inftant 

multiplied by i -J-r 



produces H-2r + rr = the fludlion of that 
amount at the end of the firft year ; whofe fluent, 
viz. I + 2r = amount of L. i at the end of the 
year. Hence the intereft of money, when the 
times and rates are the fame, will, when it accu- 
mulates every inftant, be double to what it would 
be when it accumulates only once in the year. 
But as this mode might elude the grafp of calcu- 
lation, and for the benefit of all concerned, the 
accumulation of money hath been extended to 
the twelvemonth, and only takes place once in the 
year. 

2d. Although there be no particular theorem 
for difcovering the compound intereft of a fum 
of money diftindl from the amount, yet it may 
eafily be found, being the difference betwixt the 
principal and the amount. In like manner, was 
it hwful to difcount money on the principles of 
compound intereft, the difcount might be found 
by fubtrading the prefent worth from the fum ol^ 
<he bill. 

I 3a. If 
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3d. If the time be fought in which a fum of 
money will double itfelf at the feveral rate« of 
compound ipterefl; in this cafe, as the amount is 
equal to- twice the principal, pR**z:z 2^, which 
gives R' = a, and / =.o- Hence, 



/ = 2/,whcn/ = iii = 



^3-45— 
20.149 — 

17.67+ 

15.8 — years at 

i4.2o6-|- 

11.98+ 

34.886+ 



32 

4 

4^ per cent*, 

S 

6 

a 



4th. The amount of a fum of money, ceteris 
paribus^ is always greater, and its prefent value 
lefs, upon the principles of compound than of 
fimple intereft, in proportion of i+r', to i+/r j 



and of 



i+r^ 



to 



I-+-/r» 



And as this difference is 



very confiderable, feeing ^ years intereft of the 
one is equal to 7- years intereft of the other, the 
charging compound intereft upon any bill hath 
been exprefsly prohibited by ac^s of parliament, at 
the rifque of forfeiting both principal and intereft, 
Notwithftanding of this, compound intereft en- 
ters deeply into the.tranfadlions of men in theiij 
affairs of property. Thus, not only the fale of an- 
nuities, and the purchafe of perpetuities are cal- 
culated upon the principles of compound intereft ; 
but alfo where caflvaccounts are balanced, or the 
intereft of money and the rent of an eftate recei- 
ved yearly, thei:e you have the advantage of com* 
pound intereft, feeing you have the ufe, and can 
#difjpole of tliat intereft. 



CHAP. 



CHAP. 



VI. 



(^Annuities rw»^///^^/tf/ Compound Interest. 
i^, Of the Amount of an Annuity in Arrears. 

44* JlN computing annuities at compound inte* 
reft, let a reprefent an annuity, penfion, or rent, 
&c. in arrears ; then, fince the firft year's annui- 
ty bears no intcreft, the laft year's annuity will 
be reprefented by aK*^^\ and deriving a ferie^ 
from the quantity a^ in the ratio of i : R^ we fliall 
have a-^-aR-^aR^-^-aR^-^r aR^ . . + aW-^=s 

which gives / = ^ x t—[* Hence the following 
TABLE. 



Given. 


a, /, R, 


/, /, R, 


/, /, a. 


t, R, a. 



r = aX|Ef = ''X^=?*'-7 ^««-»- 



a=nX 



X'—l 



^R—if=^- 1,.. 

a a 









TTX •• 



2. 

3' 
4- 



Sought,i in Equation ift. 

t—a = i-(tR*-*X R, 
j'—a := R t—asf. 
h t—t zs »!(—'»' 

but its I +o ftc 



38- 

Eq. ». 
I 2 



Sought R in Equation 3. 
^'— I X^ = /^/ — /. 

a a. 

Sought t in Equation 4th. 

£x. I ft. 



i 
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Ex. lit It is required to find the amount of an 
annuity L. 5.25 per annum, at the end of 30 
years, reckoning intereft at 4 per cent? Here 
a = 5.25, / s= 30, R =z 1.04 and r = .04. 

a X ^IrZl - c 2c X *33 - ^* /2 = -0170333 

r 525^ .04 — /= 30 



= L. ^97.42 the amount. lU R*^, ^S 109990 =r 3-2433 

I 

»— 1= ^-2433 

Ex. 2d. Sought, the yearly annuity which in 
the fpace of 15 years will amount to L. 1000, at 
the rate of 4- per cent. Here, by Equation 2d, 

I J £,./?=. 0191163 



.2867445=1.93528 
45 X 1.0692 = L. 48114 10 — 1. 

L. .93528 = 9.9709416 

.__ — ^ .93528=/^' — I 

.0290584 = 1.0692 =^pzi 

Ex. 3d. In what time will an yearly annuity of 
L. 48. 1 14 amount to L, 1000 at the rate of 4I per 
cent, compound intereft ? 



Equation 4th, ^V= ¥i^ -^-^,= ^5 
years. 

45. Given, the annuity, time, and amount ; 
fought, the rate of compound intereft. In this 
cafe, as /?, in Equation 3d, is involved to a high 
power, and the Equation is of a mixed nature, 

the 
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the value of R may- 
be found in this man- 
ner. The amount of 
an annuity may be 
conceived to be near- 
ly equal to the area 
of a geometrical fi- 
gure, having two of 
its fides parallel and 
two of its angles right; 
whofe lead breadth == 
tf, its greateft = aR*-^^ and its height = /. Hence 
s = otR'^^ nearly ; which gives ^ = i2'-=-\ and 
'^ <^ = i? = I -+- r, nearly. 

Ex. 4th. An annuity of L. 34.4 in arrears 12.5 
years, amounts to L. 614.4328 ; it is required to 
find the rate of interell allowed. Here 

L. '-=-' v/^=:.o269575=Z./= 2.7884743 
1.064 = i2= I +r=Z,. J/ = 2.6334685 



6 percent. nearly. V= 5-75)o*i550058(.o269575 

If greater exadlnefs be defired, let ;4^ = 3, then 

^bb+irb — 3 = r corrected. Or thus *, 

Afliime 



• The Ride ^Double Position. 



Let F and /, the two pofitions, and x the number fought, be e- 
qually increafed or diminilhed, by any operation of arithmetic, pro- 
ducing thereby Jf, m and ^ their refpeAive refults ; then it is ob- 
vious, that 






Let 
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AfTume two politioas, find their refpedlive rc- 
fults, and work by the following proportion. 

As the difference of the refults of the two pofi- 
tions : is to the difference of the pofitions : : fo is 
the difference of the refults of the firft or of the 
fecond pofition, and of the number fought : to 
the difference of the firft or of the fecond pofition 
and number fought. 

Ex. 5th. An annuity of L. ao per annum, 7 
years in arrears, is offered to be fold for L. 180,5 j 
what rate of intereft is allowed to the purchafer 
in this bargain ? Here R is fought, 

ift pofidofiy A= i.c8 . • . refuk 178.456 • • • errdr — 2*044 
2d poficioD, R =r 1.085 • • • refnlt 181.210 •• « error -|- 0.710 

By the queftioo refult 180. 500, diff. of reC =: 2.754 

hence 



X.ct M CO ^= Rf and fn w ^zz r be the errori of the two refulu 
M and m, which are cither + or — ; then 

M^ «= { Jy;:} when the error, are { J^J^;^ 

£x. Suppofc ax + Y + * + "J = *^ » fought m. 

iH pofition, P r= 9 . . . ^ = 25 ... /2 = + 5.0 
2d pofition, /= 6 •• . «r=:i7.5... r = — 2.5 

fought r ... ^= 20 . . . -Wco w = 7«5 

hence, 7.5 : 3 2 2 5 : 1 = P Co x, which gives x = 7t when the error^ 
-f. and — are equal, - ^ = ». 

When the higher powers of the unknown quantity, x, are concern- 
cd in the queftion, this method can only give an anfwer near the 
truth ; fcciDg P* :/» is in a duplicate, and P^ ip\ in a triplicate ratio 
oT P ' t 

The above proportion is dfo the foundation of a fecond well-knowm 
rule in double petition. 

RULE 
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hence 2.754 : .005 : : 2.044 • -^^37, to be added 
to the firlt poiition, making R = 1.0837 • which 
fhews that the rate of intereft is L. 8.37 per cent. 
46. When an aonuity is paid, which is ufual- 
IY the cafe, every half-year, quarterly, or month- 
ly,- its amount may be found by the Equation, 

s — ay. —; — ; Here a is the half-year's, or quar. 
terly payment, R* is the fame as if the annuity 

had 



RULE. 

Divide the difference af the produAs of the two pofitions» multi- 
ph'ed into their alternate errors^ by the difference of their rcfults, 
that 189 by the difference of the errors* when they are alike; or di- 
vide the fum of the produAs by the difference of their refulte, that i8» 
by the fum of the errors, when they are unlike ; the quotient in ei- 
ther cafe will give the anfwer. Thus^ 

fPfrtRp — v / when the errrors are alike, that is both -f*> 
Jfeo «=* cer"^* \ or both —. 

rP^ Rp ^^ r when the errors are unlike, that is one + «nd 

if CO » ^R^r — -^ \ the other — . 

Ex. When the errors are both +, or both — . 

jft pofition, = P, its error + ^ 
2d pofition, = /, its error = r. 
X is fought. 




Let ihe right line AB be conceived to terminate the true rcfult by 
the queftion ; then the errors + will fall above, and — below that 
line i the rcfiauglcs t)D + CF = rP + ^h ^"^^ ^'^ produds of the 

two 
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had been paid yearly, feeing R^ for years is equal 
to R^* for quarters ; but the divifor miift always 
correfpond to the payments, and may be difcover- 
ed by the following 



T A B L Ei Shewing the Amount of L. i for the 
even Parts of a Year. 



m: 


w. 


D. 


3 per cent. 


3i pr cent. 


4 per cent. 


44 pr cent. 


5 percent. 


6 per cent. 




I 


1.00008098 


1.0000942 


1.0001074 


1. 000 1 206 


1.0001336 


1. 0001596 




t 


7 


1.000567J 


1 .000660 


1.0007524 


1.0008445 


f.0009361 


1.C01118 




5 


U 


1.001134 


1. 001 3 20 


1.001505 


1. 001690 


1.001873 


1.002238 




.; 


21 


1.00147a 


1.O01981 


1.002258 


1.002535 


(.002811 


1.003360 




4 


i8 


1.002270 


1.002642 


1 .00301 2 


1.003382 


1.003750 


1.004480 


t 






1.002466 


1.002871 


1.003274 


1.003675 


1.004074 


1.004867 


3 


1.1 




I.007417 


1.008637 


1.009853 


1.01J065 


1. 01 2272 


I.014674 


6 


l6 




I.014889 


1.017350 


1.019840 


1.022253 


1.024694 


1.029563 


'} 


3'^ 




I.OZ2417 


1.026137 


1.029852 


1-033564 


1.037270 


1.04467 1 


11 


53 


^5 1.03 


I'0^5 


r.04 


1.045 I-05 1 


1.06 



In this Table, which is the fame in conftrudlion 
with Table L whilft the tabular numbers ihew R 
the amount, the decinaals point out r the intereft 
of L. I for their correfponding days, months, or 
quarters, at the feveral rates of intereft. 

Ex. I ft, A fervant, who was engaged to ferve 
at 5 s. per week, after 7 years received his wages, 
with intereft upon the weekly payments, at the 



two poGtlons multipled into their alternate errors, and a w b la the 

difference of thcfc produds. But a z=zp x /^ so r, which gives 5^^= 

/ and b = P cc f> x n Again, by the above proportion, M o^m=z 

Jl(n r : P y: />: :r:p q/sat; which g^^cs^^-^ =/ cox. Hence jj^;^ 

z= [/> ^ P ^' X :=) X ; that is, the difference of the produfts, when 
th- errorH arc alike, divided by the difference of the errors, will quot 
the anfvvcr. In like manner it m!;^ht be (hewn, when the errors arc 



unlike, that ^-^ 






rate 
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rate of 5 per cent, per annum ; fought, the amount 
* of his wages, and intereft thereon. Here ^ = .25, 
-R' = 1.407 1 and r = .000936. Hence, 

^ >< ^' = -25 X oS^ = L. 108.734. 

Ex. 2d. A failor, being engaged for a voyage of 
6 years, at the rate of L. i, los. per month, at 
his return to port, received hLs wages, with inte- 
reft upon his monthly payments, at the rate of 4 
per cent: per annum : Sought, the amount of the 
whole. 

Herea= 1.5,/? =1.04= 1.26532, and r=. 003274. 
Hencea x -7- = 1.5 x ^-^^^ = L. 121.557.' 

JBx. 3d. What will an annuity- of L. 17.5, pay- 
able every quarter of a year, amount to in 5 years, 
at five per cent per annum ? Here, 

/!= 17.5, i2' = 1.05 = 1.27628, and r = .012272. 
Hence 17.5 x '^^^ = L. 393-977- 

In like mannner, mutatis mutandis^ may ^ , /, and 
R be found from the other equations of 44th, 
when the payments are made every half year, 
quarterly, &c. 



id. Oftheprtfent Worth of an Annuity computed at 
Compound IntereJI. 

/[Tj. Let/ reprefent the prefent worth of an an- 
nuity a ; then, fihce i : ^ the prefent worth of L. i, 
as a : ^, this at the end of one year will be the 
prefent worth of a j and deriving a feries from 

K the 
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the quantity |- in the ratio of i : |-, We fliall 

J^^^^|- + ii + Ts + >.^...H-ii = / the pre- 
fent worth of the annuity a^ which gives ^ = j x 

^ — X = a X \~ : Or thus, the feller, when the 

annuity ceafes, has pR^ ; the purchafer, at the 

• end of the time, has a x -^p\ but by fuppofition 

/-K' = ^1 X ~ , which gives p=:ax j^ == a x 

I— j? 

' / . Hence the following 

TABLE. 



Given. ^ j^ 


, 




a, t, R, 


t — Sl m 




£quatioi 


P. t, R, 


ax=rpx—L- 




# 


f, ft, a. 


.+Jx/?'-7i'+* 




— 7* 


« 


P, r, a. 









2. 

3'' 
4- 
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Sought/ in Equation ift.. 




fX «'+'+« = <.«'+/«'. 




Rp-p-a^ ^,, 




Sought / in Equation 4th. 


I 


Eq»a- 


rp-a^a^. 


Sought ^ in Equation 3d. 
P- gt-^p — "' 




a-^=a-rp. 
a=i—-rpxJP, andf=&c 

Ex, lO. 
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Ex. ift. What is the prefent worth o^ an year- 
ly annuity of L. 20 to continue 20.75 years, rec- 
koning intereft at 4^ per cent ? 

I 

UX^— ;r-^ 20 X'^ =2 L.R'ZZ .3966632 IXO 

I. JL= 9.6033368 =0.401178 



L. 266.14 the prcfcni value, i — IT^ .598822 

If the years purchafe which an annuity is 
worth, be fought ; they are manifeftly equal to 
the number of times the annuity is contained in 
its prefent value. So that », the number of years 

purchafe, =^ = '—7^ = no{ Table V. Thus in 

the laft example, '^ = '^^ = 13-307 = 7^^^^ 
J)^rchafe. 
' £x. id. A gentleman is willing tofpendL. 1000 

upon the purchafe of an annuity, to continue 15 
years, being allowed difcount at the rate of 4^ 
per cent. ; fought, the annuity. 

rf X — ? — =: 45 X a^ z&L.Rt zsi .4867445 i<» 
»— -^^ X.--^r=s9.7i3i555=» 0-5167* 

^ Ex. 3d. Sought the duration of an yearly anmii- 
ty of L. 80, whofe prefent value is L. 800 ; dif- 
counting intereft at 5 per cent. : ^ 

Here "'-^r^ = Sfl = ^ ^^^^ 75 days. 
. 48. Given, the annuity, its prefent worth and 
time ; fought, the rate of intereft per cent. 

Cafe I ft, If the number of years be great, as 
40 or upwards, and if the rate of intereft be high ; 
in this cafe, ^, will.be of fmall value, and j-r^ 

K 2 ^^i^^ 
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with this rate find the prcfent value of the rcvcr- 
fion of the annuity, viz. -^ = x ; then r4- = r, the 

- ' rRf ' / + * ' 

rate fought. 

Ex. 4. Suppofe ^ = L. 70, / = L. i32i.3028> 
and / = 59 years ; fought r, the rate of intereft. 

7 —052978 = r; ;^^=: ^= 1.62.844= X, the 
reverfion ; and ~^. = .05057 r= r corrected = 5 per 
cent. 

Cafe 2. If the number of years is finall, as 20 
or under^ the rate may be found thus : 

The prefent worth of an annuity may alfo be 
conceived to be nearly equal to the area of a geo- 
metrical figure, having two of its fides parallel^ 
and two of its angles right ; its greateft breadth 
:3:^, its lead n^^^, and its heights/ ; hence / = 

TTTi, which gives *r^7=:i? = i+r, nearly. 

Ex. 5. Suppofe a=L. 20, p=L. 220, and /= 
21 years. Sought, the rate of intereft allowed. 

L. at^ =2.6232493 
+re?.Z./.=: 7.6575773 

'+-^.= I l) 0.2808266 (.0255297= 1,0605 = 
-R = I +^ = 6 per cent. If greater accuracy be de- 
fired, let;:^^=^, t\itxi b— ^'Tl'^^^b—r zoxT^ettdi. 
Thefe two cafes may alfo be reiblvcd by the Rule 
of double pofition. 

Ex. 6. Suppofe ^ = L. 20, / = L. 100, and/ = 
7 years; fought, R. ^ 

ift 
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viftpofiuDn^ A = i.o9. • • refult 100.659. •• error -f-*659 
2d pofitioDi /{ = 1.0925*. • refult 99.82 . • . error-^.i8o 

Per queftlon. refolt loo. diffl of refult=.839 

Hence, .839 : .0025 : : .180 : .000536= difference 
between the 2d pofition and R ; but feeing, in this 
queftion, the greater the intereft is, catcris paribus^ 
the lefs will be the refult, this difference muft be 
dedudled from 1-0925, making if = 1.09 1964; 
which gives p=L. 99.9989. 

49. When an annuity is paid every half year, 
quarterly, or monthly, &c. its prefent value may 

be found by the equation pzzax^ 



-R' 



Ex. What is tlie prefent worth of an annuity 
of L. 5 paid every quarter, to continue 2o| years, 
reckoning intereft at 4^ per cent. ? Here ^ = 5, jR' 
= i:STr'"'' andr = .oiio65; hence 5X:S = 
L. 27a59, the prefent worth. 

By comparing this with Ex. ift, 47. it appears, 
that an annuity paid every half year or quarter- 
ly is more valuable than when paid yearly. See 
Chiip. VIII. Prob. XX. 

In like manner may ^, /, and i?, be found by 
the other equations of 47th, when the payments, 
are made every half year, quarterly, or monthly. 



3^. 0/ the prefent Worth of an Annuity in rtverfton. 

50. When an annuity is 'to commence after a 
certain number of years, {n) and then to continue 
for a certain time, (/) its prefent value is found 

by 
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by fubp-aaing the prefent \5rortl1 for « years, 

from that for t-\-/t years : thus, ax — ^^ a 



I — 



=/. Or, divide the prefent value of tfae 
aimuity at its commencement by /}«, the quotient 



i-± 



. gives/: Thus, aX -j^=ax f'j^ln^P' ^^^ 
the following 

TABLE, 



I L I L W 



Given. 



P^^>^'tF^'='^^1F^/ P^«"!~^ 




[p, R^ t, a,\n:=: l, 



L.a—-^—L.rp 



Ex. i; There is an yearly annuity of L. 30, 
which, commencing after the expiration of a leafe 
of 10, is to continue 19 years ; it is required to 
find the prefent value thereof, reckoning intereft 
at 5 per cent. Here ^2 = 30, «= lo, /= 19, and R 

= 1.05: Hence / = 30 x.S>=^-"M8> ^^^ 
prefent value, 

Ex. 2. An annuity, which, commencing 12 
years hence, is to continue 20 years, being ex- 

pofed 
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pofed to fale, fold for L. 256. Reckoning ifitereft 
at ,4 per. cent, fought the anniaity. 

Here / = 250, »=i2,/=2o, i?=fi.o4, fought a 
L. rR'p =: 1.2044002 
Equ.2.Li -1^= *2647io2 



i.469iio4=L. 29.451 7, the ann. 

iSx* X. When 12 years of a leafe of 21 years 
were eijHreci, a renewal for the fame term was 
granted for L. 500 ; 8 years are now expired, and 
for what fum muft a correlponding renewal be 
made, reckoning 5 per cent, compound intereft ? 
Here, 

iftjGiven/=:i500j«=i9, /= I2, jR = 1,05, fought a 
Equ.2.iSX"^;=500X^g=L.87-5i the ann. 
2. Given <z= 87.5, «=i3i /=:8, fought/. 
Equ.i.^X^^,=87.5X.if5i5S=^**99-9»ttefine. 

When a,p, «, and / are given, i? may be found 
by approximation : Thus, let r=2»+/4-i, then 

■^v^y =i? = I +r nearly. If greater exaftnefs be 
dcfired, let^^=^, then ^—\/M—2r^ is exceed- 
ing near the value of r. 

Ex, 4th, An annuity of L.40 per annum, being 
in pofTeffionfor the term of 21 years, for L. 80 
paid down can be prolonged for 10 years more, or 
to 31 years ; what is the rate of intereft required? 
Here <7=:4o,/=:8o, «=:2i, and /= 10, fought R, 
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£• at s: 2.6o2o6oo 7*=: 42 4* 1 1 = 55 

CO, L^pzz: 8.o96()ioo 

j= j6.5ja698970o( 0.0265762 = 1. i +r = i/>626i6. 

l = 6r+6 

—^=3.24. 2r=z .125232. 

*— 2rX* = 3-"4768 X 3«H= 10.091848 = ^^—2ri. 

* = 3«4 

V^W— ar^ = 3.176767 

.063233 =:r9 the rate fought. 

£*. 5. Given ^rzL* 87.5,/r=L. 500, nzrQyears, 
/? = 1.05, fought /, the time of the annuity^s con- 
tinuance. 

Ex. 6. Given ^ nL. 20, /nL. 145.836, /=:i2 
years, J? =1.05, fought », the nuijiber of yearii 
prior to the commencement of the annuity. 



Of 
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^tbt Renewing of Leafer for a centain Number of 

Years\ 



A TABLE, fliewing the Fine for renewing of 
any Number of Ye^rs elapfed in a, Leafe of 21 
Years. 



Ycar» 


L.ll:il':8i 






elapfed. 


percent. ^ P« «"^' 


per cent. 


8 per cent. 


10 per cent. 


I 


0.1000 


0.3590 


0.2942 


0.1987 


0.1352 


2 


0.2 1 1 8 


0.73 J9 


0.6060 


C.4122 


0.2848 


3 


0.3364 


1-1317 


0.9365 


C.6489 


0-4473 


4 


0-4754 


M47I 


1.2869 


0.^942 


0.6272 


5 


0.6306 


1.5)834 


1.6583 


i»544 
'•4563 


0.8250 


6 


0.8035 


2.4415 


2.0419 


I.C426 


7 


1. 0000 


2.9226 


2.4691 


1.7726 


1.2820 


8 


I.2I2f 


34276 


2.9114 


2.1 120 


1-5454 


9 


1.4526 


39576 


3-S«03 


2.4807 


1.8350 


10 


I.72IO 


4.514,8 


3-8772 


2.8779 


2.1457 
2.5042 


11 


2.0209 


5.0995 


4.4040 


3.3067 


la 


23446 


5-7 «.H 


4.9624 


3*7699 


2.b897 


13 


2.7275 


6.3580 


5-5543 


4.2702 


3-3038 


"4 


3'435 


7-0349 


6.1817 


4.8104 


3-7803 


'5 

16 • 


. 3-6077 


7-7456 


6.7468 


5-3939 


4-2935 


4.1258 


8.4917 


7-5417 


6.0241 


4.8579 


17 


4-7038 


92752 


8.2990 


6.7047 


5-47^9 


18 


5.5488 


[ 0.0980 


9 091 1 


7*4397 


6.i6ip 


19 


6.06S6 


IC.9618 


,9.9207 


8.2336 


6.913* 


20 


6.8716 


11.8678 


10.8107 


9.0S09 


7-739<S 
8.64S7 


31 


7.7682 


12.8212 


ii.'764i 


f 0.01 68 



fTbtal 
\ valu€. 



of this table, 
or yet to 



let n be the 
run by the 



In the conftrudion 
»umber of years in ejfe^ 

leafe, / the time elapfed fince its commencement ; 
then from the prefent value of L. i annuity for 
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^+f years, at a given rate, fubfradl that of aa 
annuity for n years; the remainder = AT, the ta- 
bular number exprefling; the fine for renewing 
the leafej the yearly rent being L. i. 

Ex. There is a leafe of church-lands, for the 
Ipace of 2 1 years, at L. 70 per annum, whereof 
14 years are expired*. It is required to know what 
fine ought to be paid, tp have the fame renewed, 
reckoning intereft at L. 1 1 : 1 1 : S^J: per cent. 

Let a exprefs the rent, and N the tabular num- 
ber for 14 years j then 

aN=yox 3.i435=L. 220.045, the fine required. 

When the length of the leafe is different from 
a I, fuppofe 31 years, whereof/ years areelapfed: 
In this cafe, from the prefent value of L. i an- 
nuity for ;?-{-/ ( = 31) years, at a given rate, Tab. 
V. fubtracSl that of an annuity for « years yet 
to run ; the remainder will fhew the fine for re- 
newing the leafe, fuppofing the rent to be L. i. 

When the fine for the whole leafe is a given 
fum, for inflance L. 500 ; fee Ex. 3d ; find j, the 
annuity which that fum will purchafe, at a given 
rate,, during the currency of the leafe ; then a 
multiplied by JV*,- correfponding to the years elap- 
fed, will produce the fine. 

4/i&, Of the prefent Worth of the Reverfwn of an An^ 

nuity. 

51. The reverfion of an annuity being the fame 
with a reverfion in fee-fimple, which is to com- 
mence after a certain time, /, = the duration of the 
annuity, its prefent value may be found by fub- 

tra(Jling 
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trailing the value of the annuity from that of the 
perpetuity, the remainder gives the reverfion : Or 
rather thus, Divide the prefent value of the per- 
petuity, viz. f {£6.) by 22', the quotient gives the 

reverfion J thus ;J/=/, the reverfion. 

Ex. ijl^ Sought the reverfion of an yearly an- 
nuity of L. 2o, which is to continue 12 years, 
reckoning intereft at 5 per cenL 

;i=.o897%5" = ^ "*-73?- the reverfion. 

Ex. 2^, Sought, the reverfion of an yearly an- 
nuity of L. 40, which is to commence 2 1 years 
hence, and to continue 10 years, reckoning inte- 
reft at 6 per cent. Here ^=40, ;i4-/=3i, and 
JR = i.o6. 

■ ■ , , rs / o< ==^ !-• 109-5 • the reverfion. 
rie*+' .365286 ^^* 

See reverfions more fully treated of in 5*7. 

52. The feveral particulars refjpeAing annuities 
at compound interieft may more readily be found 
by the help of the three following tables, where- 
in are calculated the amount and prefent value of 
L. I annuity for years, at feveral rates of com- 
pound interelU 



L 2 TABLE 
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TABLE IV. Shewing the Amount of L. i Annuity 

for Years. 



Vr.. 


3 (ler cent. 


3^ per cent. 


4 per cent. 


4§ per. cent. '5 per cent. 


6 per cent. 


I 

a 

3 

, 4 

7 
8 

9 

lO 


X. 

a.03 

3.0909 

4.18363 

5'309i3 


I. 

1.035 
3.10613 
4.11494 
5.36146 


I. 

a.04 
3.1216 
4.14646 
5.41631 


I. 

1.045 

3.13703 

4.17819 

5.4707X 


I. 

1.05 

4.3XCI3 
5.51563 


I. 

1.06 
3x836 
4.37460 
5.637^ 


6.46841 

7.66246 

8.39233 

10.15911 

11.46388 


6.55015 

7.77941 

9.05168 

10.36849 

11.73139 


6.63197 
7.89819 

91x413 
10.58279 
I2«oo6zi 


6.71689 

0.01915 

9.3 8001 

xo.Soiit 

12.18811 


6.80191 

8.14201 

9.54911 

11.01656 

xi.577'89 


6.9753* 

8.39384 

9.89747 

X149X3X 

13x8079 


ri 

12 

i.^ 
14 
X5 

i6 

'7 
i8 

»9 

ftO 


12.80779 
I4.l9a?3 
15.61779 
17.08632 
18.59891 


I3.14I99 
14-60196 
16.11303 
17.67698 
19.29568 


13.48635 

I c. 025 80 

IS.62684 

18.29191 
20.02358 


13.84118 
15.46403 
17.T5991 
1 8.932 II 
20.78405 


14.10678 
15.9x711 
17.71198 
19.59863 
ll^57856 


X4.97164 
16.86994 
18.88114 
H.01506 
43-17597 


20.15688 
21.76158 
23.41443 
15.11687 
16.87037 


IC.97103 

ai.70501 

14-49969 
16.35718 
28.27968 


11.82455 
13.6975 1 

15-64541 
17-67x13 
19.77^10 


11.71933 
14.t4l7X 
16.85508 
19.06356 
31.37x41 


a3-65749 
15.84036 
18.13138 
30.53900 
33.06595 


*5.67*53 
18.11188 
30.90565 
33-75999 
3678559 


21 

22 
«J 
14 
15 

26 

*7 
28 

. i9 
30 

31 
3» 
33 
34 


28.67648 
30.53678 
32.45188 
34-41647 
36.459*6 


30.26947 
31.31890 
34.46041 
36166653 
38.94985 


31.96910 

34.M797 
36.61789 
39.08160 
41.6459X 


33.783x3 
36.30338 
38.93703 
41.62^919 

44.56511 


35.7x9*5 
38.50511 
41.43047 
44.50x99 
47.7a709 


39-99*73 
43.39**9 
46.99583 
50.81557 
54.86451 


3«-55304 
40.70963 
42.93092 
45.11885 
47.57541 


4i.3»3io 
43.75906 
46.29063 
48.91080 
50.62267 


44.3 "74 
4708411 
49.96758 
52.96618 
56^)8494 


47^57o64 
50.7x131. 

57.41303 
61.06707 


5X.X1345 
54.66913 
58.40158 
62.31271 
66.43884 


5915638 
63-70576 
68.51811 

73^63979 
79x558x8 


50.00268 
51.50276 
55.07784 
57.7,30^7 
60.46208 


54.41947 
57.33450 
60.34111 

63.453 '5 
66.67401 


59-3^833 
62.70I47 
66.20953 

69.85791 
73.65211 


64.75238 
68.66624 
71.75623 
77.03025 
8^.49662 


'70.76079 

75-i9^^3 
80.06377 
85.06696 
90.32031 


84.86167 

90.88977 

97.343x6 

104.18375 

XXI.43478 


36 

37 
38 
39 
40 

At 

42 
43 
44 
45 


63.17594 
66.17422 
69.15945 
71.13413 
75.40116 


70.00760 
73.45787 
77.02889 
80.72490 
84.55018 


7 7-5983 X 
81.70114 

85.97033 
90.40915 
95-04551 


86.16396 

91104134 

96.13820 

101.46442 

107.03031 

111.84668 
118.92478 
115.27640 
X31.9X384 
X38.84996 


95.8363^ 
101.62814 

107.70954 
114.09^01 
iao.79977 


119.11086 
117.26811 
135.90410 
145-05845 
154.76x96 


78.66330 
8i.o«320 
85.48390 
89.04841 
92.71986 


88.50954 

92.60737 

96.84863 

101.23816 

105.78167 


99.81654 
104.81959 
C10.01138 
115.41187 
1 11. 02939 


117.83976 
X35.13I75 
X41.99333 
151.14300 
X59.70015 


165.04767 
'75.95053 
187.50756 
199.75801 
212.74349 


46 
47 
48 
49 
' ;o 


96.50146 
100.39650 
C04. 40839 
108.54065 
112.70686 


r 10.48403 
1 15-35097 
120.38815 
115.60184 
130.99791 


116.87056 

13^.94539 
139.^6320 

U5-33373 
CW.66708 


146.09821 
^53.67263 
161.58790 

17^-50303 


(68.68516 
178.11941 
[88.01539 
198.41666 

109.34799 


126.50810 
241.09858 
156.56449 
»74.95836 
X90.33586 
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Table IV. Shews the amount of L. t annuity ; 
and is conftriidled by Equation id, 44; whereby 

JVzr I X -y— • Or thus, feeing 

I =^= amount for i year. 
^+R —b-r: for 2 years. 

^4-^^ =c:=: for 3 years. 

c^R^ =ci^ for 4 years, &A. 

Hence, to L. i, the firft year of this table, add 
the firft year of Tab, 11. their fum is the fecond 
year of this table, to which add the fecond year 
of Tab. IL their fum will be the third year of this 
table, &c. From the nature of the table, i : N:z 
a : Hazns^ the amount of any annuity ^, for the 
time. and at the rate correfponding to N. Hence 
the following 







TABLE. 


Given. 






"» '. r. 


s — Na 


r being given, / is found op« 


h t. Tf 


a — jj- 


pofitc to N, and f being given. 


s, r, d.^ 


a • 


r is found above A^ in the Ta« 
ble. 



Ex. \Ji. Given, ^z=:L.8o, /=:2o years, and the 
rate 4 per cent. ; fought the amount. Here, 

A^j=:29.778ix8o=:L. 2382.248, the amount. 

r 
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Ex. 2d. Given, xz=L. looo, /:;: 15 years, and the 
rate of intereft 5 per cent, j fought, *the annuity. 

/ 1000 T ^ « 

-—= ^--- =L. 40 34239 the annuity, 

iV 21.57856 •» ^-^ J» / 

lEx. ^d. Given, ^j=L,48,ii4, /=L, 1000, and' 
/=:i5 years; fought, the rate of intereft. 
•7 =;j|^ =20.7840 =iV for 15 years, correfpond- 
ing to 4^ per cent. 

Ex. j\tby Given ^ = L. 5.25, / = L. 419.297, 
and the rate 4^ per cent. ; fought, the time of con-? 
tinuance. 

i.=^J-g2Z=79.866!=:i\rfor 44- per cent, corref- 
ponding to 34 years; and for the odd days fay, 

81.49662 79.86610 

77.03025 77-03025 

as 4*46637 21:: 2.83585 : .635 = 232 dayi. 



TABLE 
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TABLE V. Shewing the prefent Worth of 
L. I Annuity for Years'. 



Yrs. 

I 


3 per cent. 


aiproffut. 


4perccm. 


4^ pr cent. 


5 pcT CCDt. 


6 per 4;ent- 


0.97087 


0.966x8 


0.96154 


Xfy 


0.95438 


0.94339 


1 


I.91347 


1.89969 


1.88609 


1.85941 


1.83339 


3 


2.8a86i 


2.80164 


4.77509 


4.74896 


4.74345 


2.67301 


4 


3-71710 


367308 


3.62989 


3.58754 


3.54595 


346510 


5 
6 


4.57971 


4.51505 


4.45184 


4.38997 


4.34947 


4.41436 


5.41719 


5.34855 


5.44414 


5-15787 


5.07569 


4.91734 


7 


6.23018 


6.1 1454 


6x>0205 


589270 


5.78637 


5.58438 


8 


7.01969 


6.87395 


6.73474 


6.59588 


6.46321 


6.20979 


9 


7.78611 


7.60768 


7.43533 


7.26879 


7.10782 


6.80169 


lO 
IX 


8.53010 


8.31660 


8.11089 


7.91274 


7.74173 


7.36008 


9.15462 


9.00155 


8.76047 


8.5489a 


8.30641 


7.88687 


11 


995400 


9.66333 


9.38507 


9.11858 


8.86325 


8.38384 


13 


10.63495 


10.30274 


9.98565 


9.68285 


9.39357 


» 8.85468 


14 


11.29607 


ZO.92052 


10.56312 


10.22282 


9.89864 


9.49498 


15 


11.93793 


11.51741 


IX.11838 


10.73954 


10.37966 


9-71445 


i6 


ia.56110 


12.09412 


ir.65229 


1 1. 23401 


10.83776 


10.10589 


17 


13.16612 


12.65132 


12.16567 


II.7O7I9 


11.27406 


10.47746 


i8 


13.75351 


13.18968 


12.65929 


12.15999 


11.68958 


10.82760 


19 


l4.3»38o 


13.70983 


.13.13394 


12-59349 


12.0853a 


XI.I53X2 


ao 

21 


14-87747 


14.21240 


13.59034 


13-00793 


xa.46221 


11.46992 


154150a 


14.69797 


14.02916 


13-40474 


12.82115 


11.76407 


Z2 


I5.93<^9» 


15.16712 


14.45111 


13.78444 


13.16300 


13.04158 


»3 


16.44360 


X5.62041 


14.85684 


14.14777 


13.48857 


ia.30338 


U 


16.93554I 


16.05836 


15.44696 


14-49548 


13-79864 


12.55036 


*5 


17-41315 


16.48151 


15.62208 


14.82821 


I4-09394 


14.78335 


%6 


17.87684 


16.89035 


15.98276 


15.14661 


14.37518 


13.00316 


47 


18.32703 


17.48536 


16.32958 


15.45130 


14.64303 


13.41053 


a8 


18.76411 


17.6670a 


16.66306 


15-74287 


X4.89813 


13.40616 


49 


19.18845 


18.03576 


16.98371 


16.02189 


15.14107 


13.59074 


30 
31 


J9.60044 


18.39404 


17.29*03 


16.28888 


15.37445 


13-76483 


20.00D43 


18.73627 


17.58849 


16.54439 


15.59281 


13.92910 


3a 


ao.38876 


19.06886 


17.87355 


16.78889 


15.80267 


14.08404 


33 


20.76579 


19.39040 


18.14764 


17.02286 


16.00255 


14'43023 


34 


ax.13183 


19.70068 


18.41119 


17.24676 


16.J9290 


14.36814 


35 


ai.48722 


20.00066 


18.66461 


17.46102 


16.37419 


14.49824 


36 


21.83225 


20.29049 


18.90828 


17.66604 


16J4685 


14.62098 


37 


22.16723 


40.57052 


19.14258 


17.86224 


X6.71128 


14.73678 


38 


22.49246 


20.84108 


19.36786 


i».04999 


16.86789 


14.8460a 


39 


22.80821 


21.10250 


19.58448 


18.22965 


J 7.01 704 


14.94907 


40 


a3-ii477 


41.35507 


19.79477 


18.40158 


I7.i59<^8 


15.04629 


41 


23.41*40 


ar.59910 


^9-99305 


18.56611 


17.49436 


15.1380a 


44 


43.70136 


21.83488 


40.1856a 


18.72355 


17.44340 


15.42454 


43 


23.98x90 


22.06269 


20.37079 


18.S7421 


17.54591 


15.30617 


44 


24.25427 


^2.28279 


20.54884 


19.01838 


17.66277 


15.38318 


45 
46 


44.51871 


44.49545 


20.72004 


19-^5634 


17.77406 


15.45583 


44.77545 


22.70092 


ao.88465 


19.28837 


17.88006 


15.54437 


47 


45.02471 


22.89943 


41.C4293 


19.41471 


17.98101 


155890a 


4« 


25.26671 


23.09144 


21119513 


J9-5SS^o 


18.07715 


15.6500a 


49 


45.50166 


43.47656 


21.34147 


19-65130 


I?<.i6872 


15.70757 


50 


25.72976 


43.4556a 41.48218 1 


19.76'aci I 18.15592 1 


15.76186 



•s 
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Table V. Shews the preferit value of L* i. an- 
nuity, and ia conftruded by Equation id^^y. 

whereby Nzz ixl 5f=the number of years puf-. 

r 

chafe an annuity is worth : Or thus, Seeing 

^=/2±:Prefent worth for i yean 
4l'\~^^=b= for 2 years. 






for 3 years. 



Hence the firft year in this table and in table 
III. are the fame, the fum of the firft year i«i this 
and of the fecond in Table III. makes the fecond 
in this, and the fum of the fecond in this, and of 
the third in Table IIL makes the third year in 
this table, &c. From the nature of the table, 
I : N:: a : Nazzp^ the prefent wortll of any an- 
nuity ^, for the time, and at the rate correfpondn. 
ing to K Hence the following 



TABLE. 



G iven. 



p=Na 



— /L 



a = 



K 



N^t 



Ex. ift, Given ^=L. 50,./= 15 years, and the- 
jrate 5 per cent. ; fought the prefent worth. Here^ 

A^j=io.37966x 50=^.518.9^3=:/, 

Ex. 
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j£^. 2d, Given, / 1=270, tr:;^Qj and the tate 3 
per cent, ; fought, the annuity. Here, 

N-^j^l97-64=^^ 10.493685, the annuity. 

Ex. 3d, Given, a^zL. ioo,/=L* 1037.966, and 
/=I5 years j fought, the rate of intereft. 

^ = !^^:^::io.37966=iiV for 15 years, corre- 
Iponding to 5 per cent. 

Thus, as far as the tables extend, may thele 
difficult equations be refolved, where R is fought 
in Equation 3d, 44. and 47. and where it is in- 
volved to a high powen 



M TABLE 



po 
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TABLE VI. Shewing the Annuity which L. i 

purchafe. 



wiU 



Yr.. 


3 per cent 


5 '.per cent.' 


4 per cent. 


4^ per cent. 


5 per cent 


6 per cent. 


z 

a 
'3 

4 
5 


1^3 

.522610 
•353530 
.269027 
.ai8354 


1.035 
.526400 
.356934 
.272251 
.221481 


1.04 

.530196 
.360348 
.275490 
.224627 


X.045 
•533997 
.363773 
.278743 
•227791 


1.05 
.537805 
.367208 
.282011 
.230974 


1.06 

■ .545437 
.374109 
.288591 
.237396 


6 

7 
8 

9 
lo 


.184597 
.160506 

.142456 
.128434 
.117230 


.187668 
.163544 
.145476 
.131446 
.120241 


.190762 
.166^9 
•148527 
•T34493 
.123291 


.193878 
.169701 
.151609 
.137574 
.126378 


.1970x6 
.X 72810 
.154722 
.140690 
.X29504 


.203362 

•179135 

.16x036 
.147022 
.135868 


IX 
12 
13 
14 
15 


.108077 
.100462 
.094029 
.088526 
.083766 


.111092 
.103484 
.097061 
.091570 
.086825 


.114149 
.10655a 

.100143 
.094669 
.089941 


.117248 
.109666 

.103275 
.097820 
.093114 


.X 20389 
.112825 
.106455 
.101024 

.096342 


•126793 
.119277 
.1x2960 
.107584 
.102962 


I6 

n 

i8 
19 

20 

21 
22 
^3 
24 
»5 


.079611 
•075952 
^72708 
.069813 
.067215 


.082684 

•079043 
.075816 
.072940 
.070361 


.085820 
.082198 

.078993 
.076138 
•073582 


.089015 
.0854x7 
.082237 
.079407 
.076876 


.092269 
.0^8699 
.085546 
.082745 

.080243 


.098952 
•095444 
.092356 
.089620 
.087x84 


.C64871 

.062747 
.060813 
.0^9047 
.0574»7 


.068036 
.065932 
.064018 
.062273 
.060674 


.071280 
.069198 
.067309 
.065586 
.0640x2 


.074600 

.072545 
.0706^2 
.068987 
.067439 


.077996 
•075970 
074x36 

•072471 
X570952 


,085004 
.083045 
.081278 
.079679 
.078226 


26 

a? 

28 
29 

30 


.0559^8 
•054564 
.053193 
.052114 
.051019 


.059205 
.057852 
.056602 
.055445 
.054371 


.062567 
.06x238 
.060013 
.058879 
.057830 


.066021 
.064719 
.063521 
.062414 
.061391 


.069564 
.068292 
.067x22 
.066045 
.065051 


.076904 
.075697 
.074592 
•073579 
.072649 


31 

32 

33 
34 
25 

36 

38 
39 
40 

4* 

43 
44 
45 

46 

47 
4a 

49 
50 


.049999 
P49046 
P48156 
.0473^2 
.046539 


•053372 
.052441 
.051572 
•050759 
.049998 


.0561^55 
.055948 
.055104 
=054315 
.053577 


.060443 
•05 95 63 
.058744 
.057982 
.0572:0 


.064132 

.063280 
.062490 

.061755 

.061072 


•071752 
.07x002 

.070273 
.069598 
.068974 


.045804 

.045 li I 

.04.1459 
.043844 
.043262 


.049284 
.048613 
.047982 
.047387 
.046827 


.05 2X87 
.052239 
.051632 
.051061 
•050523 


'.056606 

.0559^4 
.055402 

'^5 ^^5 7 
•054343 


.060434 

.059840 
.059284 

.058764 
.058278 

.057822 

'057295 
•056993 
.056616 
.056262 


.068395 

.067857 

•067358^ 

.066894 

.066462 

.066059 
.065683 

•065333 
.065006 
.06470X 


.042712 
.042191 
.041698 
.041230 
.040785 


.04 6 29 S 
X43 7y8 
.045325 
.044877 
.044453 


.050017 
.049540 
.049090 
.048664 
.048262 


.053861 
.053408 
.052982 
.052581 
.052202 


.040362 
.039960 

•039577 
.039213 
.038865 


.044051 
.043669 
.043306 
.042962 
.042634 


.047882 
.047522 
.047181 

.046857 
.046550 


.051845 
.051507 
.051188 
.050887 
.050602 


.055928 
.0556x4 
.055318 
.055039 
.054777 


.064415 
.06*4x48 
.663927 
.063664 

.063444 
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Table VI. ' fliews the annuity which L. i will 
purchafe, and is conftrudled by Equation ad, 47. 
whereby JV=— ^-. Or thus, it being the reci- 

procal of Table V. Nof Table VI. = ^ of Table V. 
From the nature of the table, i : N:: p:Np—a^ 
the annuity which / will purchafe, for the time 
and at the rate correfponding to N. Hence the 
following 

TABLE. 



p,t,R, \a=Np. 

M — — 



P 






Ex. I ft, Given, ^=L. 1000, tzz 20 years, and 
the rate 5 per cent. ; fought, the anntiity. Here, 

jy55=.o8o242X iooo=L. 80.242, annuity. 

Ex, 2d, Given, a=L. 30, /= 19 years, and the 
rate 4 per cent. ; fought, the prefent worth. Here, 

^=.^8=L. 394-021, the prefent worth. 

Ex, 3d, Given, a = L. 80.242, /=L. 1000, and 
/= 20 years J fought, the rate of intereft. Here, 

± =?S^» =.080242 =iVfor 20 years, correfpond- 
ing to 5 per cent, the rate fought. 



M 2 



Mart 
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More Examples. 

I ft, A gentleman purchafes an eftate for L. looo, 
and is allowed to retain the purchafe-money in his 
own hands, upon condition of paying to the for- 
mer proprietor 4 per cent, per annum : He fets 
ijie eftate at fucl^ a yearly rent as to have 6 per 
cent for his money ; fought, the time in which 
the eftate will clear itfelf. 

Here the purchafer*s yearly profit-rent is 2 per 
cent, upon the purchafe-money, and the time is 
fought in which this intereft will equal the prin-p 
cipal. ^By Remark 3d, 43, 

.==2/ when /=^^,=-3cio3^^^886 years. 

2d, A puts L. 1500 out at intereft, B hatji an 
annuity of L. 75 to continue 50 years ; which of 
them will amount to the greateft fum at the end 
of the 50 years ; and what is the prefent worth 
of the difference, at the r^te of 44^ per cent, per 
annum ? Here, by Table 11. and IV. 

The amount of L. 1500 for fo years at 4-1- per cent. = L« '3948*94; 
of L.75 annuity for 50 years =: 13357.727 

>A*s amount exceeds that of B by - 161. 218 

The prefent worth of which by Table III. = L. 17.848. 

3d, A hath a term of 7 years in an eftate of 
L. 50 per annum;' B hath a reverlibn of the fame 
eftate of 14 years after A ; and C hath a further 
reverlion of 2 1 years after A and B ; fought, the 
prefent worths of the feveral terms, reckoning 



intereft at 4I- per cent. Here ^x -7]^ — their 

prefpnt worths refpeClively, Or thus, 

By 
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By Table V. 42 yearsn 18.72355x50=936.1775 
21 years =13.40472x50 = 670.236 
7year8= 5.89270x50 = 294.635 

fubtrafting thefe from each preceding term, wc 
have 

A's term = L. 294.635, B*8;=L. 3 75.601 i C% = L. 265.9415. 

4th, A perfon having 7 years to run in a leafe 
of an eftate of L. 80 per annum, it is required 
what fum he ought to pay at prefent to have the 
leafe renewed by having 20 years added thereto, 
reckoning intereft at 6 per cent. ? Here, 

ax — ^ = 8ox7«628i5=L. 610.25=/. Orthus^ 

py ofL. I annuity for 27 years= 13.21053 
fpr 7years= 5.58238 

7.628.1 5 X 80 = 
L. 6 1 0.25,= the fum he ought to pay. 

5th, A leafe of an eftate, to continue 14 years, 
is oflFered for L. 250 fine, and L. 44 yearly rent ; 
but the tenant wants to reduce the rent to L. 20 
per annum ; what ought the fine to be at 6 
per cent ? Here, 

# 
44 — 20 = 24, and Tab.V. 9.^9498 X 24= 223.0795 

+ 250. 



The whole fine=;L. 473.0795 

6th, The proprietor of an eftate, having, 20 
years ago, granted the leafe of a farm for 38 years, 
is defirous of recovering the fame : It is required 
to find what he ought to pay for the recovery of 

laid 
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faid leafe, upon the fuppofition that the farm is 
worth L. 40 of yearly additional rent, and reckon- 
ing intereft at 5 per cent. Here are given, 
£? =: L. 40, t= 1 8, and the rate 5 per cent, fought /• 

By Tab. V. ii.6896x40=L. 467.584=/. 

^^. Of Annuities computed at Compound Intereji^ 
when the jirjl Payment is either due^ or paid per 
Advance. 

I ft. To find the amount of an annuity in ar- 
rears, the firft payment being due per advance, 
at a given rate of compound intereft. Here, as 
the firft year's annuity [a] bears intereft, the laft 
year's annuity will be reprefeiited \yj aR ; and 
deriving a feries from the quantity ^i72, in the ratio 
of I : i?, we fliall have aR-^-aR^ '\'aRK . .+^72'=: 

s; hexicts=aX ^''^l'''^ =aX^—XR=aNx R of 

Table ly. "^ '^ 

Ex. It is required, to find the amount of an 
annuity of L. 5, at the end of 30 years, the firft 
payment being due per advance, and reckoning 
intereft at 4 per cent. Here, 

ax — - — = 5X^—^=1-291.64, the amount. 

If the feries expreffing the amount of an annuity, 
when the firft payment is due at the end of the 
year, (44.) be fubtradled from the above i^ries, 
their difference will be a R* — ^, in favour of the 
latter, which, of confequence, will exceed the 
former, by the accumulated intereft of one year's 
annuity fpr the time of its continuance. Or 
thus : The amount of an annuity for / years, when 
the firft payment is due from the beginning of the 

year, 
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year, will be equal to its amount for /+ 1 years — ^, 
when the firft payment is due at the end of the 
year, 

ad, To find the prefent value of an annuity, 
the firft payment being made per advance, at a 
given rate of compound intereft- Here w^ ftiall 
have, 

^+^-|-jr. . . +-i~7=/, the prefent value of 
the annuity, which gives / = ^ X — - — ' = ^ X 
^Xli=aNx R of Table V. 



i^» 



Ex. It is required, to find the prefent value of 
an annujty of L. 20, to continue 19 yeats, the 
firft payment being made per advance, and rec- 
koning intereft at 4 per cent. Here, 



a X — :^^=2ox^- =L. 273.4, the value. 



If the feries exprefling the prefent value of an 
annuity, when the firft payment is made at the 
end of the year, (47.) be iubtradled from the a- 
bove feries, their diflference will be a — -, in fa- 

vour of the latter, which, of confequence, will 
exceed the former by the differen,ce betwixt the 
annuity and the prefent value of one payment 
thereof due at the end of / years. Or thus : The 
prefent value of an annuity for / years, when the 
firft payment is made per advance, will be equal 
to its prefent value for / — i years^-j, when the 
firft payment is due at the end of the year. 

Remaris 
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Remarks upon Annuities at Compound Inter eft. 

54. I ft, The expreffion — ~y in Equation ift, 

47. is always lefs than -7, except when /, the time, 
is indefinite ; of confequence, the years purchafe 
of an annuity for a certain number of years, at 
compoimd intereft, are always lefs than the years 
purchafe of a perpetuity : Hence compound inte- 
reft, by which the value of a perpetuity is deter- 
mined, is the proper ftandard for afcertaining the 
value of an annuity. 

2d, The time in which the prefent value of an 
annuity is equal to its reverfion may be found by 
the equation 7— ;j7 =7^* which gives .7=^^. 

■=? 

jR' = 2,and 
/ =; ^ r: the time in which a fum of money doubles 
itfelf at a given rate of compound intereft. 

3d, Befides the two methods mentioned in the 
conftrudtion of Tables IV. and V. the amount 
and prefent value of an annuity itiay alfo be cal- 
culated thus: 

ift, To find the amount of L. i annuity for years. 
Let I =^iz=the amount for i year. 
Then ^724-^=^= 2. 

^/e+i=^= 3. 

^^+ 1 =1^= 4years, &c. 

2d, 
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2d, To find the prefent value of L. i annuity for 
years, 

I-et i=:tf =the prefent value for i yean 
Then--±i=3!= 2. 

'-^ — d-zz 4 years, &C« 



Supplement to Chapter VL 
Of a Sinking Fund to extinguijb the National Debti 

SS* VV Hen a debtor's funds are infuflBcient 
to pay the iptereft of his debt, this muft increafe 
yearly by the ^accumulation of the deficient inte- 
reft ; but if he can fpare a little, after paying this 
intereft, that little may, with proper oeconomy, 
become a finking fund to extinguilla his debt in 
time. 

Any part of the national debt is faid to be 
bought at par, when the legal intereft of the pur- 
chafe money, at 5 per cent, is equal to the inte- 
reft of the ftock purchafed, or when the purcha- 
fer hath 5^ per cent for his, money. 

Thus, pr cents, L. 3, 31., 4, 41, 5, 51, 6, 
Pars, L. 60) 70, 80, 90, 100, no, 120* 

As a debtor hath it always in his power to dif- 
charge his debt, by paying the fum borrowed, 
when he is able, and is fo difpofed, Government, it 
is prefumed, is not obliged to pay above the par 
of 5 per cent for each L. 100 of national debt^ — — 

N lu 
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In the following particulars, units are aiSumed 
' in place of millions, when the national debt' is 
concerned ; which debt may confift cither of 
money borrowed at 3, 4, or 5 per cent, or in 
the value of annuities paid by Government, for a 
certain number of years, at 5 or 6 per cent. ; and 
may be in all about L. 262, at 3^ per cent, anno 
1792; at wliich period there was, in the fpace of 
fix years, the fum of L. 8 recovered, and the na- 
tional finking fund was raifed to L. 1.4, which ia 
fuppofed to accumulate tiH it fifes to L. 4. 

I ft, It is required, to find the time in which a 
finking fund of L. 1.4 will extinguifli L. 25-^-8 = 
L. 17 of 3 per cents, the purchafes being made at 
the market-price of 90. 

Here, 100 : 90 : : 17 j 15.3 j and, by Table IV* 

s I c ^' 
— =-^^^= 10.928 =iV, at 3 percent, correfpond- 

ing to 9.59 years, the time required ; "being that 
period at which Government can, if it fhall be 
thought proper, point all the artillery of the fink- 
ing fund againft the 4 and 5 per cents, for the 
redudlion of the fame. 

2d, It is required, to find the time in which 
the national finking fund will rife to L. 4 ; beyond 
which it is fuppofed it needs not to accumulate, 
being then fufficicnt to anfwer all the purpofes of 
its deftination. 

On or before the year 1808, to which period 
the long annuities of 1778 extend, it is prefumed 
that L. 1 2 of annuities, at 5 per cent, will ceafe ; 
whofe intereft=L. .60. 

ThercFore, to the prefent finking funds 1.40 
Add theintcrcft of L. 17 recovered in 9.59 years = 0.51 

Their fum ::; L. i.px 

And 
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And find the capital of 4 per cents, which a finking 
fund of L, 1.91 will recover in 16 — 9.59= 6,41 
years. ^^^=7.152 x 1.91 = L- ^i*^^y whofe in- 
tereft, at 4 per cent. = .546 

to which add 1.91+.60 , = 2.510 

Their fum is the finking fund, an. 1808 = 3«o56 

•Again^ 4— 3.056=;:, 944 ; and '^zzL. 23.6, a 
capital of 4 per cents, which L. 3.056 will reco- 
ver in the fpace of 7 year&. Hence the national 
finJkix^ fund will rife to L. 4 anno 1 8 15. 

^d^ It is required, to find the amount of the 
national debt difcharged when the finking fund 
rifes to L. 4. 

Prior to an, 1 792, there was redeemed* in 6 yrs, a fum =:L. S.oo 
From kence, in ibe fpace of 9.59 years, a fum = 17.00 

During. 6 41 years, prior to anno 18089 =: I3-6<S 

In anno 1808, of annuities, == 12.00 

During feven years, {>rior to anno 18 15, = 23.60 

In all, h. 74.26 

That a fimking fund may ha;ve its proper ef- 
feiSl, it ought to accumulate yearly, with the in- 
tereft of the capital which it hath recovered. But 
when it is limited, for inftance, to L. 4, the na- 
tion may be relieved from taxes to the amount 
of faid intereft. 

4th, It is required, to find the time in which a 
finking fund of L. 4, without accumulation, will 
reduce the national debt to the fame ftate in 
which it was anno 1755, the medium rate of 
intereft being 3^ per cent, and the purchafes made 
at 100. 

Let L. 9.45 be the intereft of the national debt, 
anno 1786, correfponding to a capital of L. 270, 

N 2 • . ' ]Wl at 
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at 3^ per cent. Upon this fuppofition : ' 

To the amo\)nt of debt anno 1755, = L, 72.00 

Add of capital recovered in 29 years 

prior to anno 1 8 1 5, as above, a fum n 74. 26 

And of annuities expiring, = 10.00 

■ 

Their fum = L. i56,26 

Hence 270 — • iy6. 26 ==L. 113.74; the debt to be 
extinguiflied ; ibught, the time. Here, 
.^^^zz 28.43 years, the time required, extending 
to the year 1 844 : at which period the national 
taxes, including one million of a finking fund, 
will be 10,45 — 2.52 = 7.93 millions lefs, yearly, 
than they were anno 1786/ 

5th, It is required, to find the eflFedl which a 
finking fund of L. 1.4 will have upon a debt of 
L. 270, in the fpace 25 years, reckoning interefl; 
at 34. per cent. ; and what will be the amount of 
faid fund at the expiration of that period. 

By Table IV. iVi? — 38.95 X 1.4=1- 54-535 the 
debt difcharged in 25 years ; and 1.4+ 1.9 =:L. ^.^^ 
the finking fund. 

6th, It is required, to find the time in which 
a finking fund of L. 1.4 will extinguifh a debt of 
L. 270, reckoning in tereft at 34^ per cent. Here, 

By Equation 4. 44._£^ = |52g? =59,52 years, 
the time recjuired, 



chAp, 



CHAP. VII. 



Of the Value of a Perpetuity^ or Freehold EJlate^ 



56. JLN treating of a perpetuity or freehold- 
eftate ; let s reprcfent the value, and a the yearly 
rent thereof; then the progreflion indefinitely 
continued, viz. j+jr»+j,+i;, &c. = x. (47.) 
which progreflion, having no laft term, gives 
x=jg^=-^. (40.) from whence all the varieties in 
the buying and felling of eftates in fee-fimple may 
be refolved, as in the following 



/^ 



TABLE. 



Given. 










^f 


R. 


j = 


a 


a 

r 




Sf 


r. 


a =z 


rx. 






SI. 




'' = 


f&«= 


=•+ 


a ' 
s 



Sought s. 

38.1 j = /— ^xA 

s^Rs — a, 

R—ixsz=:a. 

Or thus : 



40. 



1?^ 



R—l. 



Let 



lot 
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Let ^reprefent the number of years purcbafe 
tf is worth, then Na=si and for a fubftituting 
its value, r/, from the fee-fimple equation, we 
fliall have Nrszzs; which gives j^zri, ^—7 & 
rzz^. Or thus: Seeing xziJVJz, and a, the rent, 
may be confidered as the intereft drawn yearly 
for the purchafe-money, hence s : a=Na : a=N 
:.i = I : r, which give s^Na^ rszza^ and Nrzz u 
from whence the following 



E qjJ A T I O N a 



r 



a r 



s 






I 



Ex. I ft, Sought, the value of a freehold eflate, 
whofe yearly rent is L. 150, difcounting intereft 
at 3| per cent. Here 7-c=:~g= L. 4285.7 =:x, the 
value. Had the purchafe been made at 28.57 
years purchafe, correfponding to 34^ per cent, then 
150 X 28.57 zrL, 4^85.5 =/, the value. 

Ex. 2d, A gentleman purchafes an eftate for 
li. 14,000; at what yearly rent muft he let it, to 
have 4 per cent, upon his purchafe-money? Here,. 
rj-=. 04 X i40oo=L.56o=^. 

£a;. 3d, An eftate, wlxich coft L. 8000, is let in 

tack 
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tack at the rent of L. 360 a-year ; fought, at what 
jiunit)er of years purchafe ic is bought, and what 
rate of intereft the pnrchafcr hath for his money ? 
Here^=^=«.2/=JV;and f =^= .045=r = 
j^y per cent* 

Of a Rcvcrfion in Perpetuity^ 

57. A revetfion in perpetuity, or in fee-fioiple, 
being the fame with the.revenion of an annuity 
whed the time prior to its commencement is c- 
qual to the duration of the annuity, its value 
' may be &und thus : Divide the value of the per- 
petuity, viz. -J by jR?, ./ being the time 5)ricff to 
its commencement, the quotient gives the rever- 
fion: Thus ~^, = /, the rcverfion in perpetuity* 
Henee the following 

TABLE. 



Given, 
a, /, /?, 

s, /, a, 

s, i2, a. 



^=r^- 



£qu. I. 



a=rsxR^* 2. 






Ex. I ft. Sought, the prefent value of a reverfion 
in perpetuity, which is to commence 40 years 
hence, and whofe yearly rent is L. 70, difcounting 
intereft at 4 per cent. Here, 

7fe=.7^=^- 364-5, the value fought. 



104 THEORY OF INTEREST, 

Ex. 2d, There is a reverfion in fee-fimple fold 
for L. 500, which is to commence 25 years hence ; 
fought, the yearly rent thereof, difcoxmting intereft 
at 5 per cent. 

r/xiZ'=25X 3-3863 = 84.6^75, the rent fought. 

Ex. 3d, The reverfion of an annuity of L. 20 
a-year is fold for L. 222.735 ; fought, the dura- 
tion of the annuity, reckoning intereft at 5 per 
cent. Here, 

L,a^L.ri .2541716 »^„^«-« 

Ex. 4th, There is an annuity of L. j^^^ to con- 
tinue 19 years, whofe reverfion is fold for L. 256.9 
ready money ; fought, the rate of intereft allowed 
the purchafer. Here, 

-f=j||;j=:.i3624=72^<^— 72'9, found by Table II. 
betwixt 5 and 6 per cent. ; therefore take two po- 
fitions, &c. 

ill Pofit. /?=i.o5 Rcfult 277.6^2 Error+ 20.744 
2d Pofit. -^=1 055 Rcfult 230.09V Error — 26.813 
By the qucftion, Rcfult 256 9 DifF of Rcfult of ift & 2d=47.? J7 
Then 47*557 : .005 2 : 20.744 : .00218 to' be added to the ift po- 
iitioDy making the rate 5.218 per cent, nearly. 

Ex. 5th, Which is mod advantageous, a term 
of 16 years in an eftate of L. 50 per annum j or 
the reverfion of the fame eftate for ever, after the 
expiration of the faid term, reckoning intereft at 
4 per cent. ?. Here, 

By Equ. ilV, the Reverfion = 13.3477 X 50 = 667.385 
By Table V. the Annuity = 11. 1 18:^8 X50 = 555.9it/ 

The Reverfion is better than the Term of 16 years by L. 1 1 1.466 
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Ex. 6th, A and. B purchafe an . eftate for 
L. 6700, which, at the term of Martinmas 1790, 
they agree to divide into two equal parts, 

A fets his part for the yearly rent B*d part is under tack for 1 1 years 

of LtiSoy fndhaSybefidesy tim* to run, at the yearly rent of 

ber, and an old manfion-houfe, L. ja^^ and the timber upon it 

valued at L. 260. is valued at L. 22. 

Sought, firft. At w;hat rate of intereft the pur- 
chafe was made ; fecondly, How 'much A's part 
is better than B's ; thirdly, At what yearly rent 
muft B fet his part, 1 1 years hence, to make it 
equal to A's in its prefent value, reckoning inte- 
reft at 5 per cent. 

7=i5^-'^^^^S=^' 5 : 16 : 6 per cent, 

A'sPart== ^=— =36cx> B's Part = -='-43 = 2860 

r 'QS r .05 

His timber and houfe^ 260 His timber =: 22 

A's valuer - L. 3860 B's. v^luezi; - L.2882 

So that A exceeds B in value L. 978. By 

57, Equ. '2d, ?2^^ ;= L. 83.636 =z BV rife of 

rent at the end of 1 1 years, to make his part e- 
qual in prefent value to that of A, 



Bjtmarks upon the Purchafe of a Perpetuity. 

58. I ft, A freehold-eftate or perpetuity, purcha- 
fed at the rate of intereft r, is bought at a num- 
ber of years purchafe = — , and the rate of intereft 
r, at which the purchafe-money of a freehold e- 
ftate is valued for N years purchafe =j~;: : So that 

N and r are reciprocal of, and difcovcr one ano- 
ther. Thus : 

Q \i 
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If iV= 35, then r =.02857 = 2.857 per ^^^^^ 
Or, If r=. 04, then JV=25 yeara purchafe. 

2d, Ny the number of years purchafe at which 
fi perpetuity is bought or fold at 4 given rate of 
compound intereft, is always equal to the num- 
ber of years iii which money doubles itfelf at 
the fame rate of fimple intereft, feeing either 

of them=-J-, (23. & 56,) Thus ; 



When apurphaf^l 
J|s made at J 



34 

\ per cent, then JVs: 
4^ 



40 



g 



^^ 4 y(^^^ purchafe. 
20 

12.5> and vice ver/b. 



3d, The value of a perpetuity may be exprefled* 
by the area of a right-angled parallelogram AC, 




whofe breadth AB = — , and its length hC=a the 

Tvint of the eftate ; for ABx BC =--=/, the value 
of the perpetuity j and half of the parallelogram. 



Yi?i 



Vii* BD= — z=prefent value, or the reverfioii of 

an annuity a^ whofe duratioit is equal ta the time 
in which a fuja of money will double itfelf at 
the rate r of compound intelreft : For in Equation 
4th, 47, in place of /, put its yaluc in this cafe, 

viz. ^, then /=r ^'7'f'^ =^=the time in which 

a fum of money will double itfelf at the rate r 
of compound interelL 

4th5 The method of buying and felling eftates^ 
at a certain number of years purchafe, is very 
proper, being both fimple, and well adapted td 
calculations upon the principles of compound in^. 
tereftj by which alone tlte value of a perpetuity 
can, be afcertained* 

5th, The purchafer of a perpetuity, if he can 
affbrd itj may venture to give, at leaft, 10 years 
purchafe more for an eftate than what would a- 
rife from the legal intereft of 5 per cent on ac- 
count of the fuperior fecurity^ the chance of the 
rife of ground in its v^lue ; and* betraufe he i^ 
allowed compound intereft upon the purchafe« 
.money, and other advantages* 



O a 
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A TABLE, Shewi 


ng the prefcnt Worth of L. 1 for Ycari. 


Yr8. 3 per cent. 


4 percent. 5 percent.] 


Yrs. 
71 


3 per cent. 4 per cent. 


5 percrnt. 


51 .221463 


•13530' 


.08^051* 


.122619 .061749 


.031301 


52 


.215013 


.130097 


.07^096 


72 


.119047 
.11558? 


•059374 


.029811 


53 


.208750 


.125093 


•075330 


73 


.057091 


.028391 


94 


.202670 


.120282 


•07 "743 


74 


.112214 


.054895 


.027039 


5? 


.196767 


.1 15656 


*o6S326 


75 


.108945 


.052784 


.025751 


56 


.191036 


.111207 


.065073 


76 


.105772 


•050754 


•024525 


SI 


.185472 


.ic693^ 


.061974 


77 


.102691 


,048801 


•0*3357 


tb 


.180070 


.102817 


.059023 


78 


.099700 


.046924 


.022245 


59 


.174825 


.098963 


.056212 


79 


.096796 


.045120 


.021186 


60 


•^69733 


.C9J060 


•0J3>36 


80 


.093977 


•043384 


.020177 


61 


.164789 


.091404' 


.050986 


81 


.091240 


.041716 


•019216 


62 


.15999c 


.087889 


.048858 


82 


.088582 


.040111 


.018301 


63 


•»55330 


.084508 


.046246 


83 


.086002 


•038569 


.017430 


64 


.150806 


.081258 


.044044 


84 


.083497 


.037085 


.016690 


69 


.146413 


.078133 


.041946 


«5 


.081065 


.035659 


.015809 


66 


.142149 


.075128 


•039949 


86 


.o787©4 


.034287 


•015056 


67 


.138009 


.072238 


.038047 


87 


.076412 


032968 


•014339 


68 


•133989 


.069460 


•036235 


88 


.074186 


.031700 


•013657 


69 


.130086 


.066788 


.034509 


89 


,072027 


.030481 


.013006 


70 


.126297 


.064219 


.032866 


90 


•C69928 .029309 


•012387 










9« 


.067891 .02818a 


.011797 



A TABLE Shewing the prefent Worth of L. 1 Annuity for Years. 



\rs.\ 


I per cent. 4 per cent. 


5 per cent. 


Yrs. 3 per cent. 


4 per cent. 


5 per cent. 


«>J 


25.9512 


21.6174 


18.3389 


71 


29.2469 


23.4562 


19-3739 


•>* 


26.1662 


21.7475 


18.4180 


72 


2V-3^5* 


*3-5«56 


19.4037 


V3 


26.3749 


21.8726 


18.4944 


73 


29.4806 


23-5727 


19.4321 


^4 


26.5776 


21.9925 


1R.565I 


74 29.5928 


23 6276 


19.4592 


VS 


26.77.^^4 


22.1086 


i^-^'354 


IS 


29 7018 


23.6804 


19.4849 





26.9654 


22.2198 


1S.6985 


76 


29.8076 


23-73 »' 


19.5094 


57 


27.1509 


22.3267 


18.7605 


77 


29.9102 


'3-7799 


19.5328 


^8 


*7-33'o 


22.4295 


18.8195 


78 


30.CC99 


23.8268 


19-5550 


59 


27.5058 


22.5284 


18.87J7 


79 


30.1067 


23.S720 


19.5762 


60 


27-6755 


22.6234 


18.9292 


80 


30.2007 


23-9*53 


19.5964 


• 61 


27.8403 


22.7148 


18.9802 


81 


30.392c 


23-957« 


19. 6156 


62 


2S.C003 


22.8027 


19.0288 


82 


30.3^05 


23.9972 


'9'6339 


^S 


28.1556 


.228871 


,19.0750 


03 


30.4665 


24-0357 


19.6514 


64 


28.3064 


22.9685 


ig. 1191 


84 


30.5 JOO 


24.0728 


196680 


^- 


2R.4528 


2^.0ifi6 


191610 


^5 


3C.63II 


24.1085 


19.6838 


66 


28.5950 


23.(218 


19.2010 


86 


30.7098 


24.1428 


19.6988 


6-7 


28.7330 


23.1940 


19.2390 


87 


30.7862 


24- » 75 7 


19-7132 


6'S ; 28.8670 1 23-2635 


19-275; 


88 


30*8604 


2 1-2074. 


19.7268 


r.9; 28.9971 1 23.3302 


19.3C98 


89 


30.9324 


24.2379 


19.7398 


70 j 29.1234 123.5945 


19 3426 


9C 


3I.C024 24.2672 


19.7522 


4. 


' 


perpetuity 


33-3335 25.0000 


20.CO00 
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ACTABLE Shewing the Amount of L, i Annuity 

for Years. 



Yn. 3 per cent. 4 per cent. 5 per cent. Yrt. 3 per cent.U per cent.k per cent. 



5« 
5* 
53 
54 
55 
S^ 
57 
58 
59 
60 



117.181 
121.696 
126.347 

I3J-I38 
136.072 
141.154 
146.388 
151.780 

»57-333 
163.053 



159-774 
167.165 
174.851 
182.845 
191. 159 
199.806 
208.798 
218.15P 
227.876 
237.991 



220.815 
232.856 

245.499 
258.774 

273i-7«3 
287.348 
302.716 
318.851 
335-794 
353-584 



71 
7* 
73 
74 
75 
76 

77 
78 

79 
80 



238.512 
246.667 
255.067 
263.719 
272.631 
281.810 
291.264 
301.002 
311.032 
321.363 



379.862 
396.057 
412.899 
430.415 
448,631 

4^7-577 
487.280 

507-771 
529.082 



618.955 

650.903 
684.448 
719.670 

756.654 
795.486 
836.261 
879.074 
924.027 
971.229 



61 
62 

63 
64 

67 
68 
69 

70 



168.945 

> 75-013 
181.264 
187.702 

194.333 
201.163 
208.198 
215.444 
222.907 



248.510 
259.451 

270.829 
282.662 
294.968 
307.767 
321.078 

334-9** 
349-3 '8 
164.290 



nt'26i 
391.876 
412.470 

434-093 
456.789 

480.638 

505.670 

531-953 

559-551 

588.529 



332.004 
342.964 

354-*53 

365.880 

377-857 
390.1^3 
402.898 
415.985 
429.465 
443vU9 



574-'95 
598.267 
623.197 
649.125 
676.090 
704-134 
733-299 
763.631 
795.176 
8*7-983 



1020.790 
1072.830 
1 127.471 
1184.845 
1245.087 
1308.341 

1374-758 
1444.496 
1517.721 
1594.607 



Thefe three Tables are continuations of Tab. IIL 
IV. and V. of compound intereft, and may be i^ecef^ 
fary, befides other purpofes, in the foliition of 
queftions in annuities on hves, when /?, the com- 
plement of life, exceeds $6. 



CHAP. 



CHAP. VIII. 



(y Annuities o» Lives* 



59. Was human life certain of continuing td 
a given period, the fum of the feries 4-+ «2 + 
^ (/g) = ^~ ^^ (47O would exprefs, at a given rate, 

the value of a perfon's life who had yet n years 
to live; but feeing there is much contingency in 
the cafe, as we find by daily experience, Tables 
of the Probabilities of Life,, called alfo Tables of 
Obfervations, have been conftrudled from the bills 
of mortality; from whence the value of life, at a 
given age and rate of intereft, might be dompu-' 
ted. Of thefe take the following Table, conftruc- 
ted by Dr Halley from the bills of mortality a€ 
Breflaw, as an example^ 

TABLfi 



OF ANNUITIES. &c. 



HI 



TABLE I. Shewing the ProbabiUties of Life 
at Brellaw,' Conftruded by Dr Halley from the 
Bills of Mortality in that City. 



Age 


Uving. 


dST 


Age. J 
3» 


Li*iog.Uck<l. 


Age. 
63 


LJYiag. 


Dead. 


O 


H38 


339 


523 


8 


222 


10 




iOAO 


»45 


3> 


5»5 


8 


^J 


2t3 


10 




8S5 


5' 


33 


507 


8 


!♦ 


302 


10 




798 


35 


34 


499 


9 


^A 


iy2 


10 




760 


38 


35 


490 


9 


66 


182 


10 




73« 


23 


36 


481 


9 


67 


172 


lO 


6 


7 to 


18 


37 


47» 


9 


68 


162 


10 


7 


^?' 


12 


38 


463 


9 


69 


152 


10 


8 


63c 


10 


39 


454 


9 


70 


14^ 


JI 


9 


670 


9 


40 


445 


9 


7' 


«3* 


IV 


lO 


661 


8 


4« 


436 


9 


72 


I2Q 


IX 


II 


653 


7 


4« 


4«7 


10 


73 


109 


II 


la 


646 


6 


43 


4'7 


to 


?♦ 


98 


JO 


'3 


640 


6 


.44 


407 


lO 


75 


88 


10 


'4 


634 


6 


45 


397 


10 


76 


78 


10 


«S 


638 


6 


4<5 


387 


10 


77 


68 


10 


i6 


633 


6 


47 


377 


lO 


78 


5« 


9 


'7 


616 


6 


48 


357 


10 


79 


49 


8 


i8 


6io 


6 


49 


357 


II 


80 


41 


7 


>9 


604 


6 


5» 


346 


II 


£1 


34 


6 


so 


598 


6 


5' 


335 


II 


83 


28 


5 


21 


Stl 


6 


5» 


3H 


II 


83 


23 


4 


32 


586 


7 


53 


3>3 


II 


84 


J9 


4 


23 


579 


6 


54 


302 


10 


85 


»5 


4 


H 


573 


6 


55 


292 


le 


86 


11 


3 


*5 


567 


7 


56 


383 


10 


87 


8 


3 


26 


560 


7 


57 


372 


10 


88 


5 


2 


»7 


553 


7 


58 


362 


10 


89 


3 


2 


38 


5*6 


7 


|9 


253 


10 


90 


1 


I 


»9 


539 


8 


60 


342 


10 


9» 








30 


55< 


8 


61 


33« 


10 


1 





Such a table as this of the probabilities of life, 
is formed on the principle, " that the number 
^* dying annually, after every particular age, is 
^* equal to the number living at that age,'* aiid, 
' ' , of 



# 
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*of confequence, is poflefTed of the following pro- ^ 
perties: 

\Jiy The feveral numbers in column 2. or 3. 
from infancy to the utmoft eitent of life, will 
reprefent the perfons hving, or who die yearly, 
at their correfponding ages. 

^d^ The fum of all the perfons alive or dead 
in colunm a. or 3. will exprefs the number of 
inhabitants, or the number of perfons who die 
yearly, and theft laft, it is manifefl, will be e- 
qual to 1238 who are born in any one year; al- 
io the fum of the perfons dying yearly, from a- 
ny one age and upwards, will be equal to the 
number hving at that age, 

3^/, As the 1000 children, i year old, were riot all 
born at the beginning of the year, but fucceffively 
from day to day, they, as well as the perfons living 
at any fucceeding age, are reprefented in the table 
half a year older, at a medium, than they are in 
fadl ; of confequence, in queftions refpedling the 
expedlation of a fingle life, (See Art. 4.) half a 
year ought to be dedu<5led from the anfwers gi- 
ven by the Table. Hence may be derived the 
following Articles : 

Art. I. To find the chance or probability which 
a perfon of a given age hath of living a propofed 
number of years. This is difcovered by the pro- 
portion which the living, at the propofed age, 
have to thofe who have died fince the given one. 
Thus, Suppofi^g a perfon of 30 years of age,^ 
then his chance of living is to that of dying, 

As 523". 8=65 : I, in i year, 
and 472 :,59= 8 : i, in 7 years. 

HenCej 
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Hence, to find how long a perfon of a given age 
hath the chance of living, take half the number 
of perfons living at the given age, and oppofite 
to it in col. I ft, you have the years required. 

Thus, ^^ = 265, which is found in the table be- 
tween 57 and 58 years ; fo that a perfon aged 30 
hath an equal chance of living b(?tween 27 and 
28 years longer. 

Art. 2. To find the probability of life's conti- 
nuing, or of its failing in i, 2, 3, &c. years, in 
a perfon of a given age, when the certainty of 
the prefent moment, or of death, is expffefled by 
unity. Here, fiippofing a perfon of 30 years of 
age, out^of 531 chances, he hath 523 of living 
one year, and eight chances of dying in that time. 
But by the dodlrine of chances, the probability 
for the happening of an event is exprefled by a 
fra(5lion, whofe numerator is the number of chan- 
ces for its happening, and denominator, the fum 
of the chances both of its happening and fail- 
ing. Hence, 

— I I will live I year. 

' — Probability that fueh a pcrfop ' 






I wi 
f wi 



ill die in that time. 



But the fum of thefe fradlions is equal to uni- 
ty J therefore, having one, we can find the other 

by fubtradlion. Hence, ^, ^^ ^, will exprefs 

the probabilities that fuch a perfon will live i, 2, 3 

years longer; and ~, — , -H, thofe of his dy- 
: . , . 531' 531' 53^' ^ 

xng m that time. 

P Art. 
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Art. 3d. Out of a certain number of perfons 
of a given age, to find how many of them have a 
chance of dying yearly. 

As the tabular number, at the given age, is to 
thofe who die out of them, fo is the number- of 
perfons alive, to thofe who die yearly. 

Ex. Out oT 1 7,^ perfons, whofe age, at a me- 
dium, is ^^ years, it is required, to find how 
many have a chance of dying yearly, till the laft 
is extlndl at the age of 9 1 years. 

292 : 10 : : 135 : 4.623 who die the iftyear; 
and 282 : 10 : : 130.377 : 4.623 2d year, &c. 

Or rather thus : As thefe perfons are in life from 
30 years of age and upwards, nearly in the fam)& 
proportion as the tabular numbers from the fame 
age ; hence, 

1503 1 : 531 : : 135 : 4-77 who die the iftyear; 
and 14500 : 523 : : 130.23 : 4.70 2d year, 

&c. 

Art. 4th. To find the exp^dation of life, that 
is, the number of years which mankind enjoy, 
taken one with anotlier, either from birth or any 
age propofed. 

Divide the number of perfons alive at the gi- 
ven age and upwards, by the number alive at the 
given age, the quotient, minus .5, gives the an- 
fwen . Thus, 

^^y (minus .5) = 28, the expcdation of an infant* 

Or thus : The expedlation of life being equal to 
the fum of the probabilities that a perfon fhall live 
from the prcfent inftant, i, 2, 3, &c. years; the 

expe(5latioa 
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cxpcdlation of life in a perfon, for inftance, of 30 
years of age, is expreffed by the fum of the frac- 
tions, viz, 

m+^+^j &c. carried on to the utmoft ex- 
tent of life, (minus .5) = 27,87. 

Art. 5th. To calculate the value of L. i annjii- 
ty upon a life of a given age, and at a given rate 
of intereft. 

By Art. 2d. the probabilities of the continuance 
of life in a perfon, for inftance, of 30 ye^rs of 
age, for i, 2, 3, &c. years, are expreffed by afe- 
ries of fradlions, viz. 

53^^ fn» "^j &c. But independent of chance, 
the terms of the feries, viz. 

It R^ R2* * • *~y fliGw the prefent value of L. i 
due at the end of i, 2, 3, ....;/, years. There- 
fore, combining thefe two feries together, 

JllM^JlL^j^JSL^ &c. carried on to the ut- 

moft extent of life, will exprefs the value of L. i 
annuity, upon the life of a perfon aged 30 years, ^ 
at a given rate of intereft. But as the calculation 
of 60 terms of this feries muft prove a work of la- 
bour, let Nzz 1.44 denote at 4 per cent, the value 
of a life aged 86, which is eaftly foupd by the above 

method, and 7 = 7^,' the probability that a life, 

aged 85, will furvive i year ; then, 

^X 1 -H^v =: 1.72, is the value of a life aged 8^ 

years. Proceeding thus, ftep by ftep, the values 

P 2 of 
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of lives, by any table of obfervations, may be 
found. 

Art. 6th. To find the amount of the population 
in any city or county in the kingdom, from their 
annual births or burials. 

If the annual average of births and burials be 
equal, either of them multiplied by the expedla- 
tion of an infant's life taken from a table adapted 
to that diflriifl, will produce the amount of the 
population thereof- If this annual average be 
unequal, which is moft likely ; in this cafe, as the 
population is as much increafed by the fuperior 
number of births, as it is diminifhed by the com- 
parative defedl in the number of burials ; there- 
fore, the half of their fum, multiplied by an in- 
fant's expedation of life, call it 40, (fee Table 
VIII, ) will produce the number of inhabitants. 
. Ex. By the colle<5lor's accounts of the duty up- 
on baptifms, &c. within the bounds of the fy- 
nod of Fife, anno 1 790, 
The annual average of baptifms = 2484 

of burials = 1536 

Half their fum =z 20 1 o 
Multiplied by 40 



Produces 80400, the num- 
ber of inhabitants within the bounds of the fynod 
of Fife. 



60. Of the Hypotbcfis of Equal Decrements. 

Mr de Moivre hath invented an hypothcfis^ 
whereby the values of annuities on lives may be 

determined 
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determined nearly as accurately a« if they had 
been deduced year by year from a Xable of ob- 
fervations ; namely, " That the probabilities of 
** Hfe, after a certain age, decreafe in arithmeti- 
** cal progreffion." Thus, fuppoling, for inftance, 
36 perfons, each of the age of 50, if, after one 
year expired, there remained but 35, after two 
34, after three 33, &c. it is evident that fuch 
lives would be extindl in 36 years ; and that' the 
probabilities of living i, 2, 3, &c, years from the 
age of 50, would be exprefled by the fracflions, 

36* i6» J6» ^^' ^^^^^ decreafe in arith- 
metical progreflion : And fuppofing further, that 
the age of 86 is the utmoft probable extent of hu- 
man life ; the complement of life of a given age 
will be the number of years which that age wants 
of 86. Thus, 36 will be the complement of a life 
aged 50 years. 

Admitting, then, that the decrements of life, 
after 10 years of age, are nearly equal ; the fol- 
lowing Problems will more eafily be refolved, thaa 
by a table of obfervations. 

Problem I. ^ 

61. Suppofing the decrements of life to be equal, 
it is required, to find the value of L. i annuity upon 
a life of a given age, and at a given rate of com- 
pound intereft. 

Let n reprefent the complement of life. 

p = -^^ = the value of L. I , due at the end of n years. 

i'=^^^= of L. I annuity for n years. 

N= 
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JV^izthe value of L. i annuity upon a life of a 
given age. Now, fince the probabilities of life 
decreafe in arithmetical progreflion, they may be 
reprefented by the terms of the following feries, 
viz. 

-^, ^^^^> ^^^ .... ^^I^, which expreffions 
n n n n ^ 

may alfo be confidered as the values of each pay- 
ment of the annuity in the parts of L. i. But 

the terms of the feries, — , ~j -L . . . . J_^ fliew 

K ft A K" 

the prefent values of L. i, due at the end of i, 2, 

3, .... « years ; therefore combining thefe two 

feries together, 

^-Tli+^^r-f +!!=1^ («)=i\r, will exprefs the va- 

lue of an annuity upon a life, whofe complement ^ 
is /;, at a given rate of intereft. 

Which feries may be divided into two other 
furies, viz. 



-v-^4-— + -(«^ = -X^^=^; (47) and— 1 

>^ A + A^+A^ ^ ^ "" «^ r T ' 

Hence, 



* Sought, the value of n teroii of the feries, ^ + J^ 4. i, 5cc. 

If the terms of the feries -^ "^" ^» + A^' ^^' ^^ multiplied 
by i— i*=/e» + 2/?4.i 

R R 

The produft = /2 + o + o. Hence, .:3r-x = -^ 

It the value of the feries indefinitely continucdt 

Now 
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Hence, '^^iF+P=Ni butiI=^+^=J. 



«r 



Hence, i-—:^= ^1 = JV, the value 

nr J 

Ex. It is required, to find the i)refent value of 
L. 1 annuity upon the life of a perfon aged 36 
years, reckoning intereft at 4 per cent. Here, 

n — ^Oy P = 21.482, iJ = i,04,andrz=.04; hence, 



I— ^P 



~'JJ^ — 13.83, the value fought, 
•04 

Problem II. 

Suppofing the decrements of life to be equal, 
it is required to find the prefent value of L. i an- 

Now the terxnsy which follow the n term, in the given fcries^ 
are — V, H VrT br\9 &c. aJ snfimium* 

* — X— j-4- "^^H — Ri> ^^* aiinfimtmn' 
Which ferics may be divided into two other feries, viz. 

if the fum of thcfc two ferics be fubtrafted from the former, there 
will remain 

R Rp tip i—pXR ftp RP np 

;t — JT^ — ;r» o**, — ^.-^ -Z - _ _ ^ ;^thc value of 

the feries "Jf + j^ + ^i> [")* 

nuity, 



i 

V 
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nuity, to continue during the joint lives of two 
perfons, whofe refpedlive complements of life are 
n and m^ {m being the greater number) at a given 
rate of compound intereft. 

62. Since the probability of the continuance of 
the life, whofe complement is «, for one year, is 
^^^ and that of the life whofe complement is m^ 

I^; and fince thefe two events are independent 
of each other, it follows, that the terms of the 
feries, =r£x^-'' "-^X^*' ^^X"^' &c. will re- 
fpedtively reprefent the probabilities of their con- 
tinuing together, I, 2, 3, &c. years; which pro- 
babilities may be confidered as the values of the 
feveral payments of the annuity, in the parts of 
L. I, which will become due at the end of i, 2, 3, 
&c, years ; and the value of L. i annuity upon 
the two joint lives, will be exprefled by the fol- 
lowing feries. 

nmR ~ nrnR^ • „„ti^d ^C. 

of which feries n terms only will be ufeful, n 
being the complement of the oldefllife. Now if 
the numerators of the f rations in the above feries 
be expanded by multiplication, they will appear 
in this form. 

n — IX^« — I = nm — m-j-nx i + i* 
n — 2XW — 2 = «»^— ;w4-;xX2 4-4. 

^—3X^—3 = ^^—^^+nX3+9j&cc. 
Hence, the above feries maybe cjivided inta 
three other feries, 

viz. 



O N L I V E S. i»i 



"' :-= X i+M^, {')="£x '^ (47.) 

(By note, Prob. i.) 

The ium of which three feries, being properly- 
ranged, may fland thus, 

nm I — p 
— "yC — - 

' tim '^ r nm ^ r^ 

— «m • ^ r nm ^ r? ~nm^~ r* ~^ 

Their fum_-— :;^;o<P^ 7^ Imyy^ — 

=the value of the annuity. 

Ex. 

• If the fcries -^+^ + ^ ^c- ^ multiplied 

the produa = -R*+ R+o^ R + iXR\ therefore, 

^4-' X/^ the value of the above ferics indefinitely continued. 

Now the terms which follow the n term in tlic feries are, 

Which feries may be divided into three others, viz* 

I. 
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Ex. It is required to find the prefent vdue of 
L. I annuity, to continue during the joint hves of 
two perfons, whofe refpcdlive ages are 54 and 43 
years, reckoning interefl at 4 per cent. Here « =: 32, 
^1=43, /zi.285, -R=i*o4 and r=:.o4. Hence, 

~ - - - =25.000 

nmX/-^ 2.^ f 

The value of the annuity rr 8.277 

When the fingle lives are equal, m-^-nzn^n^ m ^ 

y^Rp=o^ nm:^n^y and the negative^ quantity 

Ex. Sought, the value of L. i annuity to con- 
tinue during the joint continuance of two lives, 
each aged 48 years, reckoning intereft at 4 per 
cent. Here, 

■^«r» =34-215. 

The value fought = 8-570, 



In which three ferics, making ^=.^> and fubtraaing their fum 
from throve found value of the whole feries. there will remaia 
V'^ ^ r*- — ^ r= *^c value of n tcrmg thereof. 

PROB- 
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Problem III. 

To find th^ prefent value of ^. i annuity, either 
tipop the joint continuance, or during the longed 
liver, of any number of lives, at a given rate of 
intereft. 

63. I ft. As the value of joint lives enters an in- 
gredient into almoft every queftion refpe<5ling life- 
annuities, this value, at 4 per cent, may be dif- 
covered by the following concife and accurate 
method. Let n^ /w, ^, and /, reprefent -the com- 
plements of life ; Cy the arithmetical mean com- 
plement of all the Uves, excepting the oldeft, whole 
value, at 4 per cent, is iV; and N — ^N^ the va- 

b 

lue of the joint lives. Then, 

In the cafe of 2, 3, 4, equal joint lives, with 
a fmall corredlion, 1^, |, -i-, = the ratio of the 
value of the joint lives to that of the fingle one j 
hence, 

f., with a fmall cor redlion, =^y |, i=:i — the 

ratio of the value of the joint lives to that of the 
fingle one. 

Again, in the cafe of 2 7 1 • • r C «r 
of 3 or 4 5 ^^^^^ J°^^' ^^^^^' « = ^ .; 

But when the lives are unequal, -^ or ^ will 

correal the irregularity arifing from, the inequality 
of the lives. Hence the following 
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TABLE. 


' 






r 


r , 


Corrcdions at 4 per cent. ' | 


n 

OB 


«== 76 


66 


56 


5' 


46 


36 


. 26 


16 


6 


2 


4W 


-7 


-3 


— I 


+ > 


+ 3 


+ 4 


+ 5 


+3 


3 


i^-^'j^ 


+9 


+ 10 


+10 


+10 


+10 


+ 9 


+ 6 


+3 


4- 


^-^^^ 


—3 


1 





+ 1 


+ 2 


+ 3 


+ « 


+' 



Ex. Sought, the value of two joint lives, whofe 
refpedlive ages are 46 and 30 years, at 4 per cent. 
Here //=:4o, m = ^6y and JV — idtllNzz 12.1;^^ 

— 2.286=9.849, the value. 

Or, the prefent value of joint lives, at a given 
rate of intereft, may be found univerfally. Thus : 

Let a reprefent the expe<5lation of their joint 
continuance, (fee fupplement to problem 18.); 
by that of the oldeft; and ^, the number of years^ 
by Table V. of annuities certain, correfponding 
to Ny the value of the oldeft life *• Then, feeing 
b : a :: ji : ±Jy the value by the faid table, an- 

fwering to ^^ years certain f, (or in the cafe of 
two joint lives, the value correfponding to ^ — 
JLji years certain), will be that of their joint con- 
tinuance. 

Ex. Let there be five equal lives, each aged 32 

• Let the a^e be 32, wliofe value, at 4 per cent is 14411 ; the 
next lefs, to which, by Table V. is ^4.029, anfwcring to 21 years | 
their dlfFcrcDce is ,382, and the incrcafc of value for one year is •422 ; 

hence, *-^- = .905, to be annexed to 21, making, in all, 21.905 years. 

f Ltt the number of years certain be 32.S6, the value of 32 years, 
at 4 per cent, is 17.S73, and the incrcafc of value for one year is .274; 
hencc.274X»86=.?35 to be £:ddcd to 17.^73, making their fum 
:= iS.iCu, the value (ought. 

years ; 
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years ;^ it is required to find tke value of their 
joint continuance, at 4 per cent. Here, ^=9, 
3 = 27, and ^=21.9; hencfe, -^ = 7.3 years, 

whofe value, viz. 6.46, is that of the joint conti- 
nuance of thefe five lives. 

Or, the prefent value of L. 1 -annuity upon the 
joint continuance of any number of lives, at a 
given rate, may be found univerfally, thus : 

2d, Let JV=expe<Xation of the oldeft life, whofe 
complement is n ; x =:expe<5tation of the joint con- 
tinuance of all the lives ; and ^= number of years 
certain, correlponding to the value of the oldeft 
■Ufe. Then, 

Seeing N:x ::J: ^^^ the value correfpond- 

ing to ^ years certain, (or in the cafe of two 

lives, the value anfwering to A-^JLA years), will 

be that of their joint continuance. 

Ex. Let there be three lives, whofe refpedive 
ages are 46, 36, and 26 years 5 it is required to 
find the value of their joint continuance, reckon- 
ing intereft at 5 per cent. Here, 

N=20, ^=12, and ^=16.35 ; hence, 

I3X 16.35=9.81 years, whofe value, viz. 7.6, is 
that of the joint continuance of thefe three lives. 

In the cafe of m equal joint lives, r: = -4— • 

23d, To find the value of L. i annuity upon the 
longeft liver of any number of lives, at a given rate. 
Let «= complement of the meanlife, whofe ex- 
peaation is N; A'or »=expeaation of the longeft 
j1^' ^^ of joint continuance of all the lives ; and 
a—N—xhQ number of years certain, correfpond-. 



ing 
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ing to the value of the mean li^c, at a given ratc# 
Then, 

Scting n-'NzzNin^Xzzxiidi^X'd, the 

value correfporiding to X — ^ X ^ years certain^ 
will be that of the longeft liver. 

Ex. Let there be four equal lives, whofe com- 
mon age is ^6 years ; fought, the value of the 
longeft liver, reckoning intereft at 4 per cent. 
Here, 

n = 50, N= 25, JSr= 40, A^ = 10^ and J= 4r45. 
Hence, 

40 — — - X 10 = 38.2 years, whofe value, viz. 

19.4, is that of the longeft liver of thefe 4 lives. 

In the cafe of m equal lives, -Y— ^^~-^=: the 

number of years certain, corresponding to the 
value of the longeft liver. 

Thefe two methods of finding the value of the 
joint continuance, &c. of any number of lives, 
are more accurate than Mr de Moivre's Theorms 
for the fame purpole ; and more concife than thofe 
of Mr Dodfon in his Mathematical Repofitory, ' 
vol. 2. and may be applied in finding the value 
of lives, by a table of obfervations, as well as by 
the hypothefis. 

Ex. It is required to find, by Table VIII. and 
IX. the value of the joint continuance of two lives, 
whofe refpedlive ages are 30 and 25 years, at 4 
per cent. Here, 

;zi=65.o8, m = 6g.gSy and -^=27.244; hence, 

-^ ?-/fz=i8.'8 years, whofe value, viz. 13, 

is that of the joint continuance of thefe two Uves. 

TABLE 
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TABLE II. Shewing the prefent Values of L. i 
Annuity on a fingle Life, according to Mr dfi 
Moivre's Hypothefis of equal Decrements. 



-l!l_ 


3 percent. 


4 per cent. 


5 per cent. 


!Age. 
I48 


3 per cent. 


4 per cent. 


5 per cent. 


9-10 


19.868 


16.882 


14.607 


13.012 


11.748 


10.679 


8-11 


19.736 


16.791 


14.544 


49 


12.764 


11.548 


10.515 


7-12 


19604 


16.698 


14.480 


50 


12.511 


»»-344 


10.348 


^ '5 


19.469 


16.604 


14.412 


5' 


122,-5 


"•135 


10.176 


6-14 


•9-33« 


16.508 


'4342 


52 


1 1.994 


10.921 


9.999 


15 


19.19a 


16.410 


14.271 


53 


II 729 


ia702 


9.817 


16 


19.050 


16.311 


'4.197 


54 


11.45^ 


ia478 


9-630 


5-17 


18.905 


16.209 


14.123 


55 


11-183 


10.248 


9-437 


18 


18.759 


16.105 


14.047 


56 


10.902 


10.014 


9*«39 


19 


i8.6io 


15.999 


13-970 


57 


io-6i6 


9-773 


9.036 


4-20 


18.458 


15.891 


13.891 


58 


10.325 


9.527 


8.826 


ai 


18.305 


15.781 


13.810 


59 


10.029 


9-^75 


8.611 


31 


18.148 


15.669 


'3-727 


60 


9.727 


9.017 


8-389 


23 


17.990 


15-554 


13.642 


61 


9.419 


fi-753 


8.161 


S-H 


17.827 


«5-437 


'3-555 


62 


9.107 


8.482 


7.92(5 


*f 


17.664 


15.318 


13.466 


63 


8.787 


8.205 


7.684 


26 


> 7-497 


15.197 


'3-375 


64 


8.462 


7.921 


7-435 


»7 


•7-327 


15-073 


13.282 


65 


^.132 


7-6.?i 


7.179 


28 


17.154 


14.946 


13.186 


66 


7-794 


7-333 


6.915 


29 


16.979 


14.816 


13.088 


67 


7.450 


7.027 


6.64^ 


30 


16.800 


14.684 


12.988 


68 


7.099 


6.714 


6.362 


2-31 


16.620 


14.549- 


12.885 


69 


^•743 


6-394 


6.073 


3* 


16.436 


14.411 


12.780 


.70 


6.378 


6. 065 


S-775 


33 


16.248 


14.270 


12-673 


7' 


6.C08 


5.728 


5.468 


34 


16.057 


14.126 


12.562 


72 


5-631 


5-38.? 


5.152 


3f 


15.867 


13-97^ 


1 2.449 


73 


5.246 


5.029 


4.826 


36 


15.666 


13.829 


'2.3^3 


74 


4.854 


4.666 


4.489 


37 


15.465 


13.676 


12.214 


75 


4-453 


4-»93 


4- '43 


38 


15.260 


>3-5'9 


12.091 


76 


4.046 


3-912 


3-784 


39 


15.053 


'3-359 


1 1.966 


77 


3-63» 


3-520 


3-415 


40 


14.841 


1 3- 196 


11.837 


78 


3.207 


3.111 


3-034 


41 


14.626 


13.028 


11.705 


79 


2.776 


2.707 


2.641 


4* 


14.407 


12.858 


11.570 


80 


^•334 


2.284 


2-235 


43 


14.185 


12.683 


"-43' 


81 


1.886 


1.850 


1.816 


44 


i3-95'< 


12.504 


11.288 


82 


1.429 


1.40^ 


1.384 


*i 


13.728 


ia.322 


11.142 


83 


0.901 


0.950 


0.937 


4<S. 


'3-493 


"-»35 


10992 


84 


0.484 


0.481 


0.476 


47 


»3-2?4 


11.944 


10.837 


.85 


0*000 


0.0C0 


0.000 
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Table II. is cohftrudled by the theorem — IL 

^v^hich exprefles the value of a finglc life, whofe 
complement is »• 

Or thus^ let the fum of the following leries, viz. 
I 

I , I , I . I 



<cc. 



Thcirfum = «-T-ii. + «— 2-^+»— 3-^ . ..+ 



' = thc 



be divided by » . 

prefent worth of L. i annuity upon a fingle life, 
whofe complement is n^ at. a given rate of intereft, 
and is the fame with the feries of equal decrements. 

Problem 1. wanting the laft term, viz. ^^^iJ^no. 

Hence the fum of /i — i terms, in Table V. of an- 
nuities certain, divided by n^ will give the value 
of a life whofe complement is n^ 

Ex. Let the age be 70, whofe value is fought, 
at 4 per cent. Here, «= 16, and 

15 terms of Table V. = 97^ ^ g ^g C the value 
divided by 16 C 6 • 

This affords an accurate and eafy method of 
finding the value of fingle or conjoint lives, &c. at 
a given rate, not only by the hypothefis, but alfo 

by 



ON LIVES. tip 

by i table of obfervadons, when the expe<5bition 
of life is knowm 

Ex. By Table VIII. 22.42 i:expedation of the 
joint continuance of two lives, whofe refpe(5liVe 
ages are 30 and 25 ; fought, their value at 4 per 
cent. Here, ;? =r 4484 and 43.84 terms of 

Table V. = 582.06 C^^ ^^^^^ ^^ ^^f J?^^^ 
' continuance of theie 






divided by 4484 ^ t^Q ii^e3^ 

Again, let iST denote the value of a fingle life of 

a given age, y— --i-^ the probability that a life 

will continue for one year preceding that corref* 
ponding to N; then, 

y^X I -|--^= t^c value of a fingle life one year 
younger than that correiponding to K 

As the difference of the terms in Table V, of an- 
nuides certain doth conftantly decreafe, and feeing 
»— I terms are divided by ;/, in finding the value 
of a life whofe complement is ft ; hence, the pre- 
fent value of a fingle life will always be lefs than 
that of its expedlation, confidered as fo many years 
certain. 

Whereas the amount of an annuity on a given 
life (fee Table IV.) is greater than that during its 
expectation j yet fuch is the accuracy of calcula-* 
don, Aat the fum of ^x ^^ improven during 
life, will exadtiy balance the n number of life-an<^ 
nuides, each of whofe values is Nj whether they 
be paid regularly as they become due, or are diC» 
charged by fingle paymetits at the cjiofe of each 
life* 

R TABI-E 
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TABLE HI. Shewing the Value of L. i Annuity 
on the Joint Continuance of two Lives, fup- 
poiing the Decrements of life to be equaL 



Age 


|AgT^ 


3prccw 


1 pr cent. 

^341 i 

13.093 

I2.«08 

12.480 

x)fr.ioi 

ir.66j . 

1M56 

xp.564 

9.87X 

9-059 

8.105 

6.980 

5.65*' 
Z2.860 
11J93 

I2.28i 

it.pu 

IIJOX 

II.OI3 

10.440 

9.7^7 

8^75 
8.041 
6.934 
5-623 

12.341 
12.051 
xi.7Jfl 
H.3-I4 
10.847 
10.297 
9.648 

8.«79 
7.967 
6.882 
5J90 


5preejit, 

XX.855 
II.66X 
Il.43<5 
XI.I82 

10.884 

X0.537 

XO.X28 

9.646 

9.<>74 
8.391 
7vJ7i 
6.585 
5-39^ 

11.478 
IX.266 
X 1.022 
10.736 
10.402 
XO.008 
9.541 

I.98J 

8.3IB 
7.515 

6j44 
5.364 . 

XX.067 

10.840 

XO.565 

,10.278 

9.870 

9.420 

'8.880 

8.133 

7.448 

6.495 

5-333 


.30" 


Age. 3 pr ccati 


4 pT'cemi 


l5proant. 


xo 

»5 

ao 
15 


lO 

15 
20 

15 

30 
35 
40 

45 

JO 

55 
60 

6S 

70 

15 
20 

15 
30 
S5 
40 

45 
50 

i^ 
65 
70 

20 
*5 
30 
35 
40 
45 
50 
55 
60 

65 
70 

»5 
30 

35 
40 
45 
50 
55 
60 
65 
70 


15.106 

14.878 

X4..<P3 

14.074 

13J85 

13.025 

I2.38i 

-11.644 

10.796 ^ 

9.822 

8^04 

7.417 

14.574 

14.115 

X3.82» 

13.35^ 

12.824 

12.207 

H.496 

10.675 

9.727 

8.632 

7.377 . 

5.931 * 

13.904 

13-531 
13.C98 
I2J94 
12.C08 

11.315 

10J36 

9.6X7 

8.549 
7.308 
5.868 


30 
35 
40 

.45 
^0 

55 
60 

65 
70 


M-»34 
X2.0I0 

xx.foa 
X0.808 
xo.ri3 

t^l 
8338 

7JlJx 

^ 5.77!^ 


ix:ii2 

10.838 

J0.418 

9.936 

r^ 

7.779 
6.748 
55^5 


xo*33 

9854 
9-5X4 
9.X12 
8.690 
B.018 
7.280 
6.373 
5-054 


35 


35 

40 

45 
50 
55 

60 

65 
70 


XI.631 . 
XI.175 
10.62a ' 

9955 
9.156 
8.202 
7.066 
5.7»« 


I©J3<» 
10.157 

a 


51.600 
9.29X 
8^3 
8.450 

7.171 
6a94 
5.103 


40. 


40 
45 

50 

$5 

60 

(>5 

70 


10.777 
10.283 

Pi 

8.038 
6.95X 
5.646 


9.836 

9-ti8 

8.91X 

8.»8b 

7.510 

6.5^6 « 

5.3«l3 


8.244 
7.710 

■7.039 

J.X4I 


45 


45 

50 
55 
60 

65 

70 


9.863 
9.331 
8.662 
7.831 
i-807 
5.556 


9.063 
84^19 
8xH4 

7.331 . 
6.405 \ 
5.300, 


8^70 
. 7.987 

6J080 
5-063 


50 


50. 

55 

60 

(^5 

70 


8.891 
8.5x2 
7.568 
6.623 
5.441 


8.235 
7.738 
7JD9» 
6.258 

5a«J 


7.660 
7.130 
6.664 
5.916 
4.9^ 


13.191 
XI.791 
11.333 
11.776 
11.130 

9.488 
8.451 
7.141 
5.826 


XX.786 
X 1.468 
xix)95 
10.655 
X0.I3X 

9-509 
8.766 
7.880 
6.826 
5J5I 


10.62X , 
10.367 
10x367 
9.708 
9-178 
8.761 
8.134 
7-371 
6:440 
5.194 


55 


SS 

60 

65 

70 


7.849 
7.220 

i.379 
5.191 


6.>ax 
•.036 

5.053 


6.87J 
tS.386 . 
5.7*4 
4.8^ 


60 


60 
(^5 
70 


6.737 
6.043 
5-081 


6^51 
5.730 
4.858' 


6.001 / 

M44 

4^i3 


(^5 

10 


65 
70 


5.547 
4.773 

4.170 


5.277 
4.57X 


5^1 

4.385 












4.104 


S-951 



In 



ON L I V E S* 1,31 

In the conftrudion of Tabl e IIL Dr Price made 
ufe of the theorem V — '^■^ X m — // — tv — 1 v 

^+zv=zNMj exprefSng the value of tlie joint 
contimiattce of two liyes, whofe coxoplements are 
n and m. Here, 

""X rcprcfcnts |'^^ P^^^^^^^J =7. at a gWcn rate. 

^J Lthe value of L i. annuity for » years certam* 

If only one, or neither of die ages, are to be 
^ found in the table, the valutf of their, joint conti- 
nuance, at a given rate, may be found by the 

theorem, N--^'N. 

Ex. Let there be two lives, whofe refpedllve 
ages are 38 and 2Z years; fought, the value olf 
their joint continuance, at 4 per cent. Here N — 

^^iNr= 13.519 — 2.55= 10.969, the value fought. 

Or tlius, 

I ft, Let there be two lives, aged 35 and 22 
years J fought, the value of their joint continuance, 
at 4 per cent. 

From the value of 20 by 35 = f 1.3 14 
Subtract; that of 25 by 35 = 1 1.095 

The remainder X j= ^X-2i9=.o88; which 

produdl, fubtradled from Ii.3i4> leaves 11.226 = 
the value fought. 

2d, Let there be two lives, aged 38 and 22 
years ; fought, the value of their joint continuance, 
« 4 per cent, 

R 2 From 
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From the value found above =11.226 
Subtract that of 22 by 40=10,770 

The remainder x | = -6 X .456=. 274, which 
product, fubtraded from 11.2269 leaves 10.952, 
the value fought. 



TABLE IV. Shewing the amount of L. i An- 
nmty forebom, during a Life of a given Age, 
at 4 per cent. 



Aget. 


Amonnt. 


(Ag«. 


Amount. 


Aft* 

4t< 


\iiioaBt. 
.1'-5' 


Aget. 

67 


AmooDt. 
11.36 


9-10 


128 81 


'*9 


66. 5h 


8-1 1 


124.54 


30 


64.20 


4v 


30.15 


68 


1.59 


•J-l-Z 


1 20.41 


s« 


61.89 


5c 


2K.89 


69 


.9.84 


>3 


116.4c 


3» 


59-65 


51 


27.61 


70 


9.10 
8.38 


6-14 


.12.52 


^i 


5:-48 


5i 


2637 


7« 


ij 


108.74 


34 


55-37 


53 


2s.i6 


7» 


7-67 


16 


1c5.Ii 


35 


53-3» 


54 


24.00 


73 


6.98 


S-17 


101.66 


36 


51.H 


55 


22.85 


74 


6.31 


18 


9^'>3 


37 


49.41 


56 


21.75 


75 


5.65 


>9 


94.81 


38 


47.55 


37 


aa67 


76 


5.02 


4-20 


9«58 


39 


45-7* 


5S 


19.62 


'Z 


4-39 


21 


8844 


40 


43-95 


59 


18.61 


7» 


3-79 


22 


85.41 


4> 


4a.»4 


6-. 


i-.6a 


79 


3-20 


23 


8J.47 


42 


4C.56 


6, 


16.66 


80 


2.65 


3-»4 


79.61 


43 


38.96 


62 


5-7* 


81 


2.08 


25 


7685 


44 


37-39 


63 


14 «o 


82 


1.54 


26 


74- > 7 


45 


3587 


64 


'3-9» 


83 


t.OI 


»7 


71 56 


•46 


3438 


65 


13.06 


H 


C.50 


28 


6yc4 


.47 


■t J .gi 


66 


-LiiJ. 


85 


0.00 



In the conftrudlion of this table^ which hath 
not been attempted by any author, 

Let the fum of the following feries, vi^ 



ON LIVES- k3J 

i+R 

l + R + R* 

l + R + R^+Ri^ 

l+R + R^^S^^R 

&c. 

Thcirfinn= m—i JTr^iR + n-^sR"^ h R^^^ — ^t^ 

be divided by » 

amount of L. i annuity upon a fingle life, whoie 
complement is n^ at a given rate of interelL 



Hdncc, the fum of ii — i terms, in Table TV. 
of annuities certain, divided by n^ will give the 
amount of L. i annuity upon a fingle life whoie 
complement is n. 

Ex. Sought, the amount of L. i annuity during 

a life aged 80 years, at 4 per cent Here /i =: 6, and 

the five firft terms of Table IV. = 15.8 244 _ ^ _ 

divided by 6 — • ^— 

the amount fought. 

Or thus : Let s denote the amount of L. i an- 
nuity upon a life of a given age, at a given rate, 

^ the probability that a life will continue during 
one year preceding to that correfponding to / ; 
then ^ X'fA+i=the amount of L. i aimuity upon 

a fingle life, one year yoimger than that corre* 
iponding to / ; hence the foregoing table. 

As the diflPerence of the terms in Table IV. of 
annuities certain, doth conftantly increafe ; and 
although the n — i number of terms is divided 
by », in finding the anit^unt of L. i annuity upon 
A )ife whofe complement is /r, yet in all ages be- 
low 
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low 689 that amount, at 4 per cent, will be great* 
er than that of their expectation, confidered as fo 
many years certain. 

By this table, the amount of /, a fum of mo- 
ney, whofe intereft, at 4 per cent, remains unpaid 
during .a fingle life of a given age, = i +rs x/* 



TABLE V. Shewing the true Probabilities of 
Life in London, for all ages, formed by Dr 
Price, from the Bills of Mortality for 10 Years 
preceding Anno 1769. 



Aget. 


Liring. 


I^Kad. 


Age.. 


Living. 

463 


Oe«l. 


Ages.UvUg.Dd.| 


Age*. 


LU. 


DT 





I518 


486 


24 

>5 


8 


48 


»4» 19 


1 7* 


«4 


6 


I 


1031 


200 


45$ 


8 


49 


«3S 


9 


73 


58 




* 


83* 


«5 


36 


447 


8 


50 


334 


9 


1 '♦ 


53 




3 


Itl 


59 


«7 


439 


8 


5' 


3I| 


9 


75 


48 




4 


4* 


z8 


43» 


9 


5» 


306 


8 


76 


43 




5 


646 


«3 


»9 


433 


9 


53 


198 


8 


77 


38 




6 


6»3 


30 


30 


413 


9 


54 


190 


7 


78 


33 




7 


603 


14 


3» 


404 


9 


55 


183 


7 


79 


*9 




8 


589 


13 


32 


395 


9 


56 


176 


7 


80 


«5 




9 


J77 


10 


33 


386 


9 


57 


169 


7 


81 


32 




10 


567 


9 


34 


377 


9 


58 


163 


7 


83 


'9 




II 


558 


1 


3| 


368 


9 


i'^ 


'55, 


8 


l^ 


16 




It 


5A? 


36 


359 


9 


60 


>47 


8 


!♦ 


>3 




n 


54' 


7 


37 


350 


9 


61 


139 


7 


85 


II 




»4 


5*9 


6 


38 


34' 


9 


63 133 


7 


86 


9 




«y 


6 


39 


33a 


10 


63 : 135 


7 


87 


7 




16 


5" 


7 


40 


333 


10 


64 ti8 


7 


88 


5 




«r 


5»5 


7 


4« 


3'» 


10 


6; III 


7 


89 


4 




18 


508 


7 


4» 


303 


10 


66 , 104 


7 


90 


3 




'9 


501 


7 


43 


ir. 


10 


il 


91 


7 


9' 


2 




so 


»5 


7 


44 


10 


68 


^ 


7 


9» 


I 




.it 


8 


4r 


373 


10 


69 


H 


7 


93 







33 


479 


8 


46 


363 


10 


.70 


76 


6 








«3 


471 


8 


+7- 


.*??,. 


10 


1 7« 70 ! 


6 









By 



<3« LlVll 



tjy 



"By Table V. the number of .births or buria]«» 
wbidi' are fuppofed to be equal, is to tbat^ of 
inhabitants as 151^ : a 7935 — 759; that is, as 
I : 17.90; one out of forty who are born in 
London arrives at 80 years of age^ and the ex« 
pedatdoQ of life is aa follows : 



Ago. 


iE^speftat 


Ages 


EKpeAkL 


kffet. 


Ej^peaaf; 


Agcfc 


Expea, 





17.90 


^ — 1 

«5 


26.67 


SO 


15.90 


75 


6.33 


5 


S5'^3 


30 


X^t^ 


'd 


»3-93 , 


80 


4.98 


10 


34-92 


35 


21.77 


11.71 ; 


«5 


3'3'i' 


»5 


32«J2 


40 


1.9.51 


^S 


9.71 


90 


1.50 


20 


^9^.37 


M. 


'7'H. 


?*> 


8.77 







TABLE 
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TABLE VI. Shewing the Value of L. i Anntiity 
upon a fingle Life, according to the true Pro- 
babilities of Life in London. 



Age 


3p.cent. 


4p^ccnt, 


jp.CCDC. 


Agw 


3p.cent. 


4p.ceat. 


5pefc. 


8* 9 


19-13 


16.39. 


I4.X7 


SI 


II 00 


1007 


9.a6 


7-10 


19-05 


16.35 


14-45 


54 


io!83 


9.93 


9-X5 
sla 


II 


18-94 


16.18 


14-11 


53 


1060 


9.75 


la 


18.83 


i6.ai 


1416 


54 


10.40 


9J6 




6-J3 


18^9 


16.10 


14-09 


55 


10.13 


9.34 


8.61 


14 


18,50 


'5-97 


13-99 


56 


9.85 


9.08 
M3 


8.40 


S-^S 


i8.a7 


15.80 


1385 


57 


9J6 


8.19 


l6 


18.04. 


15.6a 


13-71 


^8 


9.*8 


8j8 


7-97 


'7 


17:^3 


ir5.46 


r. 13-59 


5* 


!-9{ 


8.33 


7-75 


4~lg 


17.61 ' 


«5-'3Q, 


.1347 


60 


8.76 


8.13 


7.58 


19 


17-39 ■ 


tS44 


13.34 


H 


I'^i 


7.94 


^7.4i 


ao 


17.17 


14-9^. 


;>3.40 


61 


8.16 


7.69 


l'^ 


ai 


16,94 


14.79 


,13.06 


P 


7.98 


7.45 


6.98 


'a% 


16.74 


14.63 . 


12.94 


64 


7.71 


7.41 


6.76 


^3 


x6^53 


'4.4? , 


^»-.8a 


•67 


7.44 


6.97 


6-55 


3-^ 


16.32 
16.11 


X4.3a: 
14.15 


,11.69 
11.56 


: 7.12: 
- 6.93- 


6.74 
6.54 


6-34 
6.14 


%6 


15.89 


13.98 


1143 


68 


^^? 


6.31 


5.95 


17 


15.66 


13-89 


11.19 


69 


6.48 


6.11 


5.77 


as 


15.43 


13.62 


11.14 


70 


6.19 


5-94 


5.6a 


a9 


15.44 


13-47 


11.01 


71 


6.03 


5.71 


5.40 


a-30 


15.03 


13-31 


X1.89 


7« 


5.79 


5JO 


5.ao 


3< 


14.83 


13.16 


".77 


73 


5J8 


•5.31 


5.04 


3a 


14.6a 


ia-99 


11.64 


74 


5.49 


5.04 


4.79 


33 


X4.41 


xa.83 


11.50 


75 


5.0a 


4.79 


4-56 


34 


i4.ao 


ia.66 


11-37 


76 


4.77 


4.56 


4.34 


35 


13.98 


iaw*9 


11.13 


77 


4.56 


4.37 


4.16 


36 


13.76 


ia.31 


11.08 


78 


4-41 


4.43 


4.03 


37 


^3*54 


ia.13 


10.94 


79 


^•'J 


4.00 


3.8a 


3S 


13.3* 


11.95 


10.79 


80 


3.98 


383 


3-^5 


39 


t$.l% 


11.77. 


10.63 


81 


3.66 


3.54 


3.44 


40 


ia.93 


ii.6a 


10.51 


81 


3-37 


3-46 


3-^5 


41 


ia.75 


11.47 


10.39 


83 


3.14 


30a 


4.93 


4* 


ia.56 


li.3» 


10.17 


84 


4.95 


a.87 


4-79 


43 


ia.38 


11.17 


10.15 


H 


a.6o 


a-53 


a.46 


44 


la.ii 


11-03 


10.04 


86 


4.37 


a-ai 


a.x6 


45 


X2J04 


10.90 


9.93 


'^2 


%JCQ 


It 


III 


46 


11.87 


10.77 


9.81 


88 


1.89 


47 


n.7a 


10.64 


9.7» 


189 


1-43 


1.41 


1.38 


48 


11.57 


10.53 


9.61 


'90 


0.96 


0.95 


O.J4 


49 


11.37 


10.37 


9.50 


91 


04« 


0.48 


048 


50 


11.19 


lo.aa 


9-38 






1 



Tables VI. and IX. are conftrudled by the theo- 
lem 



a 



V i+iV; which expreffes the value of a 
£ngle life, one year younger than that correfpond- 

ine: to iV^ 
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on Lives. 
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•table VII. Shewing the Value of L. i Annuity 
upon two joint Lives, according to the true 
Probabilities of Life in London. 



Age. 


Age. 

lO 


3p.ceDt. 


4p.cent. 


5p.cent. 


Age. 


Age 


3j).cent. 


4^) cent. 
9-97 


5p.ccnt.j 


14.39 


12.79 


ii.2p 




30 


10.98 


9.04 




15 


14.09 


12.54 


II^IO 




35 


IOJ4 


9.58 


8.75 




ao 


13-54 


12.03 


10.79 




40 


10.04 


9-13 


8.40 




35 


12.97 


11.56 


10.44 




45 


9s5^7 


.8.74 


.8.10 




30 


12.32 


11.61 


10.02 


30 


50 


9.11 


8.36 


7.80 




35 


11.68 


lrf.50 


9.60 




55 


8.44 


7-76' 


7-31 


lO 


40 


10.96 


9.91 


9.10 




60 


.7.51 


6.96 


6.59 




45 


10.39 


It 

826 
7*3* 


8.70 




65 


6.58 


6.10 


5.81 




50 
55 
60 


9-^5 
9-OI 
7.91 


8.31 
7.74 
6.90 




70 


_5.65 


5-25 


5.04 
8.38 




35 


10.X4 


^•^Y 




65 


6.86 


6.37 


6*04 




40 


9.70 


8.86 


^ii 




70 


jiL 


sil 


5-w 


35 


45 
50 
55 


9.28 
8.88 
8.26 


8jo 
7.63 


7.88 
7.61 
7.18 




15 


13-71 


12.22 


10.89 




20 


13.06 


11.79 


10.57 




60 


7-38 


6.84 


6.48 




45 


1^-55 


11.34 


10.24 




65 


6.47 


6.00 


5.7a 




30 
35 


ZI.98 
11-38 


10.83 
10.32. 


9-85 
9-44 




70 


5.58 


5-18 


4.97 








^■""^■^ 


7-84 
7.61 


15 


40 
45 


10-7.; 
10.16 


9.76 

8^83 


.8.98 
8.60 




4© 

45 


9.19 
8.86 
8-53 


8.23 




50 


0.60 


8.22 




50 


7.9a 


7.38 




55 


8.84 


8.18 


7.67 


40 


55 


7.96 


7.4« 


6.98 




60 


7.81 


7.26 


6.84 




60 


7.17 


6.69 


6.34 




65 


6.83 


6.32 


6.00 




65 


6.33 


5.89 


5.62 




70 
20 


^81 
I2«76 


5-43 
11.47 


_5.i9 
10.26 




70 


5-50 


509 


4.90 




45 


8.61 


7-94 


7..ir 




»5 


12.27 


11.04 


9-95 




50 


8.30 


7.67 


7-15 




30 
40 


11.76 
11.19 
10.58 


10.58 

10.10 

9-57 


9.6X 
9-44 
8.81 


45 


55 
60 

65 


7 85 
7.05 
6.24 


6.53 

5.78 


6.81 
6.20 
5-3 a 


ao 


45 
50 
55 


10.05 
9.50 
8.75 


9.14 
8.69 
8.06 


8.47 
8.10 

'A 




70 


5-41 


5.00 


4.81 


50 
55 


7.96 

7-53 


7-39 
7.00 


6.87 
6.59 




60 


7.75 


7.17 


6.76 


50 


60 


6.Ss 


6.;6 


6.04 




65 


6.73 


6.25 
_5^3^ 


5.93 




65 


6.09 


5'Os 


5.40 




70 


5.76 


5-^5 




70 


5.»9 


4-90 


472 










«5 


11.87 


10.74 


9.66 
9.36 




55 


7.16 


6.67 


6.2T 




30 


11.40 


10.30 




60 


6.57 


6.11 


5.80 




35 


10.89 


9.86 


2?^ 


55 


6i 


5.88 


5.46 


5.22 




40 


10.33 


9-36 


8.63 




70 


5.12 


4-75 


4.59 




45 


9.82 


8.94 


8.29 


—1 II 










a5 


50 


9-3'-* 


8.53 


7.96 




60 


6.14 


5-7a 


5.44 




55 


8.62 


7-94 


7.46 


60 


65 


5.56 


5.18 


4.97 




60 


7.64 


7.07 


6.68 




70 


4.'i6 


4-5a_ 


4.39 




65 6.66 


6.18 


5-.S8 


- 


U5 


_ __ 








70 S.7L 


5.3a 


1 510 






5." 


4.81 


4.64 


' ' 






65 I 70 


4.5 i 


4.:i3 


4.11 






{ -JO • 70 t 4.\.\ 


. A.ld 


3-')^ 
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TABLE VIII, Shewing the ProbabiUtles of Life, 
according to the Bills of Mortality in Kettle, 
for 20 Years, preceding Anno 1790. 



Ages 



Livicg. 

625 


Dead. 

20 


24 


Living. 
39* 


3(1. 
6 


Age* 


Linog.Ud. 


Ag«». 


LiTtog.D<i.| 


48 


m 


5 


72 


104 


8 


I 


605 


40 


J5 


386 


6 


49 


290 


6 


73 


96 


8 


3 


565 


36 


26 


380 


6 


50 


284 




74 


88 


8 


3 


529 


20 


27 


374 


6 


5« 


277 


7, 


75 


80 


8 


4 


509 


16 


28 


368 


5 


52 


270- 




76 


7» 


8 


5 


493 


12 


29 


36.? 


5 


S3 


a63 




77 


64 


8 


6 


481 


6 


30 


358 


4 


54 


256 




78 


56 


7 


7 


475 


4 


31 


354 


4 


55 


149 




79 


49 


6 


8 


47' 


4 


32 


350 


4 


56 


242 




80 


43 


5 


9 


467 


4 


33 


346 


4 


57 


*35 


8 


81 


38 


4 


10 


463 


4 


34 


34* 


4 


5« 


227 


8 


82 


34 


3 


II 


459 


4 


35 


33« 


4 


59 


219 


8 


83 


3' 


3 


12 


4^5 


4 


36 


334 


4 


60 


211 


9 


84 


28 


3 


13 


*45» 


5 


37 


330 


4 


61 


202 


9 


85 


25 


3 


'4 


446 


5 


3« 


3,26 


3 


62 


193 


9 


86 


32 


3 


15 


441 


5 


39 


3»3 


3 


63 


184 


t) 


87 


»9 


3 


16 


43^ 


5 


40 


320 


3 


64 


>75 


9 


88 


16 


S 


17 


431 


5 


4' 


3«7 


3 


65 


166 


9 


89 


•3 


3 


18 


426 


5 


4* 


S'4 


3 


66 


•57 


9 


90 


10 


3 


19 


421 


5 


43 


31' 


3 


67 


148 


9 


9' 


7 


a 


20 


416 


6 


44 


308 


3 


68 


'39 


9 


9» 


5 


2 


21 


410 


6 


45 


305 


3 


69 


'30 


9 


93 


3 


I 


22 


404 


6 


46 


30» 


3 


70 


121 


8 


94 


2 


I 


23 


39« 


6 ' 4*? 1 2Q0 


4, 


1 71 


112 '8 ' 95 


1 


I 



By Table VIII. the number of births or burials 
is, to that of inhabitants, as 625 : 25368 — 312.5; 
that is, as 1 : 40. 1 ; 2 out of 29 arrive at the age of 
80 years, and the expectation of life is as follows : 



Arcs. 


Expettat. 


25 


34-99 ; 


Ag«R. 


Exptaat. , Ages. 


Kxpea. 





40.10 


50 


18.39 


75 


7-23 


5 


45.21 


30 


32.54 1 


5S 


^5-^3 


80 


6.41 


10 


43.01 


35 


29.31 


60 


12.98 


85 


4.42 


15 


40.03 


40 


^5'H 


65 


10.82 


90 


2.30 


20 


37-29 


■'.AS 


21.98 ! 


70 


8.91 


95 


0.50 



Ex, 
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jEx. Let there be two lives, whofc rcfpedlivc ages 
are 40 and 30 years ; then 

Af= 32.54; 



the double of which 



C5i.66±:;i. 
^ 65.08 =»/. 



j^ i AT— _ I ^^» expedation of their 

^ ^ %m^^^9*^^— I joint continuance. 

N-.m= 6.83=lhecxpeaation.ofphe ^l^cft. 
M — NM= 13.54= KunrivorfliiponthcC the youngeft. 






Lboth. 



And 



? — >,^ ^- ^the expectation of the 
^-39-37> ^ longeft liven 



TABLE IX. Shewing the Value of L. i Annuity 
upon a fingle Life, according to the Probabi- 
lities of Life at Kettle^ computed at 4 per Genu 



^Agc^ 


Values. 


Ages. 


V.lue.. 


,Agefc 


Viluea. 


Ago. 


Valiu!.. 


6-7 


18.40 


so 


16.41 


" 


10-73 


76 


5-19 


^ 


18.29 


3« 


16.26 


'54 


10.49 


77 


5-07 


9 


18.19 


3» 


16.II 


55 


10.21 


78 


5-03 


10 


18.08 


33 


15-94 


56 


9-93 


79 


4-98 


4-1 1 


17.97 


34 


15.78 


57 


9-63 


80 


4-90 


12 


17.8J 


H 


15.60 


58 


9-37 


81 


4-V5 


»3 


«7-73 


36 


15.42 


i^ 


9.10 


82 


4-54 


H 


17.65 


37 


'5»3 


60 


8.82 


83 


4.18 


15 


17.56 


38 


15.03 


61 


8.59 


84 


3.81 


3-16 


'7-47 


39 


14.82 


62 


8.35 


85 


3-44 


17 


17.38 


40 


«4-55 


63 


8.io 


86 


3.05 


18 


1729 


♦' 


14.28 


64 


7.86 


87 


2.68 


J9 


17.15 


4* 


1 3-99 


6,- 


7.6* 


88 


a-32 


ao 


17.05 


43 


13.69 


66 


7-38 


89 


1.96 


21 


17.00 


44 


«3-38 


67 


7.14 


90 


1.65 


32 


16.94 


45 


1 3-05 


68 


6.91 


9« 


1.46 


23 


16.88 


46 


IJ.71 


69 


6.68 


92 


«-'3 


24 


16.82 


+z 


12-35 


70 


6.47 


93 


0.95 


25 


16.77 


48 


12.03 


71 


626 


94 


0:48 


26 


1*^.72 


49 


11.72 


7» 


6.02. 


95 


0.00 


2-27 


1666 


50 


M-45 


73 


5-7.8 






28 


16.61 


5' 


11.21 


74 


5'5S 






99 


16.51 


f»- 


leg's 


7T 


?-^? 







S z 
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TABLE X. Shewing the Value of L. i Annuity 
on the joint Continuance of two Lives, accor- 
ding to the ProbabiKties of Life at Kettle, com- 
puted at 4 per Cent. 



Values at 4 per Cent. 



10 


14.38 
















i 1 






15 


X4.16 


13.86 
























ao 


13.80 


13.67 


13-41 






















a# 


13.53 


13-34 


13.1* 




















30 


13.6a 


I3-4* 


I3.a5 


12.98 


i»-73 


















35 


I3.*6 


13.06 


12.85 


12.60 


"39 


ii;.97 
















40 


ia.54 


"■39 


X2.ai 


12.04 


11.83 


11.49 


11.03 














45 


11.44 


ti.3» 


XI.19 


IIr06 


10.89 


10.62 


10.27 


9,72 












50 


lo.aa 


lO.II 


10.01 


9.91 


9-79 


9.60 


VI 


8.92 


8.38 










55 


9.24 


9.17 
8.04 


9-09 


9.02 


8.91 


8.77 


8,56 


8.25 


7.84 


F^i^ 1 






60 


8.09 


7.98 


7.91 


7.85 


VV^ 


7.60 


7.37 


7.07 


6.75 6.29 






65 


7.07 


7.04 


7.00 


6.95 


6.90 


•6.82 


6.71 


6.55 


6.34 


6.105.75 


Hi 




70 


6.08 


6.05 


-4-o» 


6.00 


5-95 1 5.89 r5-8a 


5.70 

45 


5-55 
50 


5.38J5.15 


4.88,4.5a 


Ages 


10 


>5 1 ao 


»5 


1 30 35 1 40 


55 


1 60 


65 ' 70 



Tables VII. and X. are conftruded by the 
Theorei© -^ ^-^> which exprefTes the number 

of years certain, correfponding to the value of 
the joint continuance of two lives, whofe com-- 
pkments arc ri and m. 



TABLE 
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TABLE XL Shewing the Probabjlities of Life de- 
rived from the Bills of Mortality in Edinburgh, 
Anno 1780. 



Ages. 


Living. 


Dd. 
1 40 


Ages. Living. 


Dd. 


Ages. 


Living. 


Dd. 
6 


Ages. 
73 


Lit. Dd. 1 





753 


»4 


345 


48 


233 


81 


6 


I 


613 


74 


'S 


34' 




49 


227 


6 


73 


P 


6 


2 


539 


40 


26 


337 




so 


221 


6 


74 


69 


6 


3 


499 


iB 


*7 


353 




5> 


215 


6 


75 


<53 


6 


4 


4?« 


20 


28 


3*9 




5» 


209 


6 


76 


57 


6 


5 


45 « 


>4 


29 


3*5 




53 


203 


5 


77 


5' 


6 


6 


437 


IX 


30 


321 




54 


198 


5 


7» 


45 


6 


7 


4*5 


10 


3« 


3'7 




55 


193 


5 


79 


39 


^ 


8 


415 


8 


3* 


3»3 




56 


1 83 


5 


8a 


34 


5 


9 


407 


6 


33 


309 




57 


•83 


6 


81 


»9 


4 


10 


401 




34 


305 




58 


177 


6 


82 


25 


4 


II 


397 




35 


30 « 




59 


»7« 


6 


83, 


21 


3 


12 


393 




36 


297 


4- 


60 


165 




84 


18 


3 


M 


389 




37 


»93 




61 


158 




85 


15 


3 


H 


395 




38 


288 




6i 


'5' 




86 


12 


3 


>5 


39' 




39 


»83 




63 


«4+ 




87 


9 




16 


377 




40 


278 




64 


>37 




88 


7 




17 


373 




4« 


a73 


- 1 


65 


»30 




89 


5 




18 


369 




4* 


268 




66 


•*3 




90 


3 




»9 


36s 




43 


263 


6 


67 


116 




9' 


2 




20' 


361 




44 


*57 


6 


68 


109 




9» 


I 




21 


357 




*i 


*5' 


6 


69 


lOX 




93 








22 


353 




46, 


24s 


6 


70 


9J 










2J 


^49 




47 


2,9 


6 


71 


83 











By Table XI. the number of births or burials 
is to that of inhabitants as 753:21968 — 376.5, 
that is as i : 28.67 ; ^ ^^^ of 22 arrives at 80 years 
of age, and the expectation and value of life (at 4 
per cent.) are as follow. 



jAgej, bzpeolat. 


Values. 


Ages Jtxpcctat. 


Values. 


Ages. 


Ezpea. 


Value. 





28.67 • 


11.58 


35 


26.52 


14.46 


70 


8.38 


6.19 


5 


41.83 


17.26 


40 


23.50 


'3 43 


75 


6.42 


4.85 


10' 


41.79 


1798 


45 


20.74 


»M3 


' 8q 


4.82 


3.66 


15 


38.85 


i7i«4 


50 


18.22 


11.45 


85 


3.10 


2-34 


20 


35-«7 


-16.46 


55 


•5-54 


10.23 


90 


1.50 


0.95 


»5 


32.82 


16.00 


60 


1271 


8.74 


92 


0.50 


0.00 


-3° 


.»?-7.L 


1^.12 


^; 


10.45 J 


. 7-47. 


1 





It 



Mi OF ANNUITIES 

It is required to find the amount of the po- 
pulation in the city of Edinburgh and its en- 
virons, anno 1792; exclufive of Leith. The an- 
nual number of burials = 1800; which, making 
allowance for adventurers, and an increafing po- 
pulation, may be, to the births and fettlers, (at 
15 years of age), as 2 : 3 ; and thefe laft to one 
another, as 3 : i. Hence, 

The annual number of births = 2000 

of burials = 1 800 
of fettlers— 700 

their fum = 4500 

Therefore half this fum - =2 350 

multiplied by the mean expedlation of life, 

viz. .l?'^7X3 + 38.85 . . =31.22 



will produce, with the addition of 755 in 

the caftle, the number of inhabitants = 71,000 

' Table XL is a ftriking evidence of the im- 
provements in favour of life in the city of Edin- 
* burgh, during the period of half a century, from 
.anno 1740, at which time Dr Trice conftrudled a 
table of obfervations adapted to that city, where- 
by he found, agreeable to the London tables, that 
only I in 42 of all who died reached 80 years, and 
that the expedtation of an infant's life did not ex- 
ceed 1 8 ; which difference in favour of human 
life may arife from the encouragement given to 
trade in all its branches fince the year 1745, 
whereby the bulk of the inhabitants are better 
fed, clothed, and lodged, have more elbow-room, 
and frelher air, than at any former period. 

The 



. O N L I V E S. lAi 

The Breflaw tabic, (Table I.), conftruAed by 
Dr Halley, as alfo the Norwich and Northampton 
tables, publilhed by Dr Price, agree, nearly ezadl 
in point of expeftation and value, with the hypo»- 
theiis, and are iuppofed to be adapted to Europe 
in general ; the London table (Table V.) corre- 
fponds to a large and populous capital ; and Table 
VIII. and XL contain probabilities of life, which 
will be found to be adapted, either to Scotland 
in general, or to* Edinburgh in particular. 

As annuities on lives are commonly bought or 
fold at fo many years purchafe, the values affign- 
ed in Tables II. III. &c. may alfo be fo reckoned; 
at the fame time, they who fell annuities have 
generally i^ or 2 years purchafe. of more value 
than fpecified in the tables, from purchafers 
whofe age is 20 years and upwards. 

Ex. A perfon refiding in London, aged ^o 
years, wifhes to purxhafe an annuity for life of 
L. 100 per annum ; what muft he pay for it, rec- 
koning intereft at 4 per cent. ?. 

Here 13.31 xi 00 =L,i33i, the purchafe-money. 

An annuity begins to run from the date of the 
event which intitles it : and in the cafe of a fimple 
annuity paid in money, the annuity ceifes at the 
term prior to the annuitant's death ; but in the 
cafe of an annuity fecured by land, the heirs 
of the annuitant are intitled to payment to 
the laft moment of his life. In this cafe, by 
increafing the numbers in Table II. by .2/ of a 
years purchafe, to 34 years of age, by ..j, froi7i 
54 to 70, and by .4^ from 70 and upwards, v/e 
Ihall obtain the prelent values nearly ot an ?,n- 
nuity (fecured by land) of L. i per annum c>n a 

fj nglc 
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fingle life, fuppofing the decrements of life to he 
equal. 

As the real law, according to which human 
life wades, approaches much nearer to an arith- 
metical than to a geometrical progreflion,, all 
thofe theorems of Mr de Moivre ,are rejedled 
which are built upon the* principle, " That the 
" decrements of life are in a conftant Ratio^^ fee- 
ing they give the value of life too finall. 



P ft o B L £ M IV. 

Suppofing the decrements of life to be equal, it 
is required, to find the value of L. i annuity upon 
the longeft of two lives, whofe refpedlive comple- 
ments ate n and w, [tn being the greater number), 
at a given rate of interelL 



64. !!ll! is the probability that a life, whofe 
complement is ;/, will exift one year, and -1 the 

chance of its failing in that time ; but the fiim 
of thcfe two fradlions is equal to unity : Therefore 
having one of them given, we may, by fubtrac- 
tion, find the other. Now the probabilities of 
the continuance of thofe lives for one year, are 
refpedtively !Lii± and —"iJ- ; and the probabilities 

of their feverally failing are i— ""' ■! and i — Z:^^i 

confequently the probability of their both failing 

in that time, will be i — ^-^=-!-X i — 2zzl, which, 

n tn 

fubtracflcd from unity, leaves the probability of 

there 



ON LIVES* X4S 

there being one of them, at leaft, exifting at the 
year's end. But, 

n m n ' w * . 

g — iX^— 1 3 which, takeix from unity, leaves 



»— 1 I »»— T »jzLl2<J^irJL, the firft payment of 

the annuity in the parts of L. i. 



In like manner, "Jni + 



n — a I «r — 2 » — 3X« — 2 



IS 



« • w »«i 



the, fecond payment of the annuity, &c. ; hence, 
the required annuity may be expreffed in thefoU 
lowing manner ; 

n — I , wf-'i n — TX^ — ^ 
"i^R'y mR nmR » 

But the feries in the firft and fecond columns, 
are the values of annuities on the fingle lives, 
whofe complements are n and m ; and the third 
column is the v^lue of an annuity upon the joint 
lives of the two perfons ; therefore, 

If, from the fum of the yalues of the fingle lives 
of two perfons, the value of their joint lives be 
taken, the remainder will be the value of an an- 
nuity on the longeft of them. 



Or thus : Let x and y reprefent the relpective pro- 
babilities of the two Uvcs continuing for one year ; 

then, 

I xy, i^= I — x—y-^-^y^ ^^ probability of the 

two lives tailing in that time, fubtracled from 

T unity 
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unity, leaves x+y — xy^ the probability of one, 
at leaft, of the two fives furviving the 'year; and 
by-fubftituting the values of the fives in place of 
the probabilities thereof, (JVand Jlf being the va- 
lues of the fingle lives, and JVM , that of the two 
joint ones,) then JV-f-Af — NM will be the value 
of an annuity upon the longeft of them. 

Ex. It is required, to find the value of an annu- 
ity of L. I on the longeft life of two perfons, whofe 
refpedlive ages are 35 and 25 years, allowing in- 
tereft at 4 per cent. Here, 

iV-|-Afn 29.297 

— NM=z I i.og^ 
their dijfferqncerzL. 18.202 is the value re- 
quired. 

If the two lives are equal, [N " being the value 
of the two joint ones,) then 2 iV^ — N^^ will be ,the 
value of an annuity on the longeft of them. 

Probi-pm V. 

Suppofing the decrements of fife • to be equal, 
it is required to find the value of L. i annuity up- 
on the longeft of three lives, (the values of the 
fingle ones being given), at a given rate of com- 
pound inter eft. 

65. By following a procefs fimilar to that ob- 
ferved in the laft problem, it might be fliewn, that 
the value of an annuity upon the longeft of three 
lives is equal to 

-|- the values of the three fingle ones, 

— the three values of the joint lives, taken two 
and two, 

r|-the value of the thn» joint lives. Or thus : 

Let 
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Let Xj y^ and a reprefent the refpcdtive proba- 
bilities of the continuance of the three lives for 
one year ; then, ' 

I — x% I — yyC'i — zzzi'^X'^y — z-^-xy+xz+yz 
'^xyz^ will reprefent the probability of the three 
lives failing in one year, which fubtradled from 
unity, leaves, 

x+jf-j-^ — ^y — xz^--yz'\^xyzjt\ie probability of one, 
at leaft, of the three lives outliving the year ; and 
by fubftituting the values of the lives in place of 
the probabilities thereof, [NMF being the value 
of the three joint lives,) then iV+Af+jF — NM— 

NF—.MF+NMFz::yb1\ic of the annuity^ 

Ex. Let the three fingle lives be worth 13, 14, 
and 15 years purchafe ; fought, the value of an 
annuity upon the longeft of them. Here, 
13+14+15+8.7=50.7 
— 10. 1 — 10.5 — 10.9 = 31.5 

the value required = 19.2 

P R O B L E M VI. 

To determine the value of an annuity of L. i, 
granted for a given term of years, denoted by ;/, 
on the contingency of its ceaiing upon the extinc- 
tion of an afligned life, whofe complement is w, 
at a given rate of compound intereft. 

66. Since every payment of the annuity depends 
upon the continuance of the afligned life, whofe 
complement is m^ it will be worth n terms of the 
leries Vi z 

'S+3+3 C"; whi«h may be dmded 
into two other feries, viz. 

. T2 
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(47) 



-ixi+^.r«;=ix^-f Prob. xft. 
HenceP— ^- ^ = P—^^^=^ is the value required. 

ffif f//r tnr ^ 

Ex. A^ aged 40 yearsj engages to pay to B or 
his heirs, an annuity of L. i for 15 years, if he 
{A) fhall live fo long. Sought, the value of jBV an- 
nuity, reckoning intereft at four per cent. Here, 
;j=i5,w=46,P=:ii.ii8,and/=:.55526. Hence, 
1 1. 1 1 8— 2^= 9.36, is the value of J5V annuity. 

TABLE XII. Shewing the Value of L. i Annuity 
for a certain Number of Years, , depending up- 
on the contingency of a given Life, 









Agesy computing i 


ntcrcft at 4 per cent. 








\l%. 


10 


'5 


ao 


25 


30 


35 


40 


45 


50 


ss 


60 


65 


70 


5 


4.28 


4.27 


4.25 


4.24 


4.22 


4.20 


4-17 


4.14 


4.09 


4-03 


l^^!i 


3.83 


3.64 


10 


7n56 


7-52 


7.47 


7.42 


7.36- 


7.29 


7.20 


7-09 


6.94 


6.76 


6.50 


6^1 


5-49 


15 


I0.G5 


9-'>7 


9.89 


9-79 


9.67 


9'Sl 


936 


9.14 


8.87 


8.50 


8.00 


7-»7 




ao 


"•9.5 


ii.83 


11.70 


11-54 


11.36 


II. 14 


10.87 


10.54 


10.12 


9.56 


8.78 






25 


13-36 


I3-2C 


13-02 


I2.gj 


12.56 


12.26 


11.89 


IM3 


10.85 


10.08 








.50 


14-42 


14.22 


13-98 


13.71 


13-39 


1301 


^'^'SS 


ir.97 


11.23 










35 


15.20 


i4-9i 


14-66 


14.34 


1396 


13-50 


"•93 


I2.Z4 












40 


15-76 


15-4^ 


"iS'^S 


14.77 


14.3a 


13-79 


1313 














45 


16.27 


i5-«.' 


15-56 


15.05 


14.54 


13.9a 
















50 


16.45^ 


l6wc» 


X5.68I 15.21 


14.65 



















Mr Simpfon, in his feledl exercifes, p. 262, is 
very defedlive in the conftrudtion of this table ; 
which yet may eafily be calculated fi;oni the rela- 
tion which the above theorem hath to F — 

— — ^rriV, the value of the fingle life, whofe 

conipleixient is //, Prob. I. Thus, for 

Ex. 



ON LIVES* 149 

' Ex. A, aged 25, enjoys an annuity for the 
ijpace of 20 years, if he fhall live fo 'long ; it is 
required, to find the prefent value of faid annuity, 
reckoning intereft at 4 per cent, Here;^ = 20, 
and ^=61, the complement of the life; therefore. 

From tbel value of an annuity for 20 year6 = 13*590 
Subtrad the value of a life aged 66 years = 7-333 

their difference =: 6.257 

multiplied by n =s 20 

/1 3.59 

125.140 \ 2.05 



There remains the anfwer fought =: 1 1.54 

-^ ^(fi^^ oflnfufance on Lives. 

A, aged i6 years, is aflufed of the fum of 
L. 500, in cafe he fliall live to be 21 years of age 
complete j it is required, to find what premium 
he ought to pay to infiire his life during thefe 5 
= f? years, upon that fum. 

Let — = —") C living 5 years. 

^ 70 («A»s chance of| 
b ""70 J (^dying in that time. 

But A's intereft in L. 5001=-^ x 500 =£.464.3, 

their difference, viz. L. 35.7, is the premi- 
um of infurance j or A may lay his account 

to lofe — X 500=:L. 35.7, the fame premium. 

If this premium be paid per advance, at a gi- 
ven rate ; then-^ =:L. 29.34, ks prefent value at 

4 per cent. 

If A fells his intereft in this L. 500, at a gi- 
ven 
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venrate; then ^-^ =^1.382.45, the value at 4 
per cent. See Prob. XV. Ex. ift and 2d 

Supplement to Problem I. If. III. IV. V. VI. Chap. VIIL 

Art. I. To find, by a geometrical figure^ the 
value or' amount of L. i, or of L. 1 annuity, up- 
on a firigle life, whofe compkilxent is », at a gi- 
ven rate of intereft. 



■si- 
1 

lb 

H 


6 


f 


M»^ 




fe|H 
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VJi^ 


1 




teh 
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J^M 


»l 
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tbh . 
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>5m >,|n 


lb 


% s« « 1 




hj • M 
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J^ M .^ 
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>tt HO 




H 1' 




' 
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i^, Seeing, that out of n perfons alive, at a 
given age, whofe complement is «, one is fup- 
pofed to fail yearly, till they are all exhaufted at 
the age of 86; the two triangles V and Z, which 
contain the v^ilue or amount of L. i annuity for 
14-2+3 • • •+^ — I years, will reprefent the va- 
lue or amount of L. i annuity upon n lives, 
whofe common complement is riy at a given rate; 
and the two bottom columns P and M, which con- 
tain the value or amount of L. \ for i +2 +3 • • • 
+» years, will £how the value or amount or L. i 
annuity for n years, at the fame rate ; hence, 

let ^or 2^ :=ya]. or am. of L. i annuity for 1+2+3 . . . +» — 1 year8> 

i* or AT = — or — of -— — — — for n years ; then, 
For Z ") fval. or ^m. of L. i annuity fupon a fingle life* 

P or Mj I — or -^ of L, I (. wh9fe complet. Is iu 

zdfyy But feeing th^t *-^^— is alfozr value, and i 

+r/= amount of L, i upon a fingle life, whofe 
complement is », at a given rate : 

Hence i\r=^^=^ = value fofL. i annuity up- 
j^^^ / on a life, whofe 

Szz -^:^= amount I complement is t/* 

Ex. It is required, to find the value or amount 
of L. I, or of L. I annuity, upon a life aged 36 
years, at 4 per cent. Here ^==50, P=: 2 1.482, 
Afr: 152,667, i2 = 1.04, and r=.o4. Hence, 



n-^P') ^^ _ C i3.829=:JVi the va. C of L. i an- 
■> _^ _ 5 '"^^9 ^ va. f dfL.i,uponalife, 



P 

M 



Art. 
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Art. 2. To find the value or amount of L. i 
orL. I annuity, upon the joint continuance of 
2, 3, 4. ... »i lives, at a given rate of intereft. 
Here, 

I ft, Let n reprefent the mean complement of all 

the lives, 

X ' the expedlation of their joint 

continuance, 

X — the expectation of the longeft 

liver, 

PorM the value or amount of L. i 

annuity for x years, , 
^or A — ^ — the value or amount of L. i 
annuity upon a life whofe 
complement is x^ and 

for a the value or amount of L% i 

for ;v years J thien^ 




P, P, P, or M,M,M. 



C p, p, P, or a^ a^ a^ 



K 



In Fig. 2. put AB—n^ AC ox CD=x^ of con- 
fequence CB or DKzzn — Ar = Z, and coifaplete 
the redangle BD, and triangle ^ Now, feeing 
that out of n lives, whofe mean complement is /?, 
one will fail yearly during x years, DB + ^= 

^ P^^ P-|- value of a life whofe complement is :3c 

multiplied 
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multiplieci by x, will reprefent the value of L. i 
annuity upon n lives for oc years ; and the bottom 

column, viz. n — xXp+Py will fhew the vjtlue 
of L. I onn lives for x years } hence, 



n — 



X/or^+Por M 



-« = 



L. I annuity. 
Val. or am. of 



L. I during the joint continuance of the lives. 

Ex. It is required, to find the value or amount 
of Li I, or of L. I annuity, upon the joint conti- 
nuance of three lives, whofe refpeClive ages are 
40, ^6^ and 26 years, reckoning intereft at 4 per 
cent. Here, 

fi = S2, x= 12.58, Jr=39.i2, P=g.gi^ M— 
16.434, ^=5j ^=6-9, / =.6035, and a= 1.657. 
Hence, / 



387.796-1-64.4 8.696 irval.JofL.t 

^42.8984-.88.87 L.i-^2=:< '4*^7^ =am.3 ann. 
23.609+ Q-Qi^f I .6446 = val ^ of L. I 

64.822-1- 1 6.434 J L ^•S^i =:am.5 du- 

ring the joint continuance of thefe three lives. 

24) In the cafe of iw equal lives, whole common com- 
plement is ;x,;v= -5—, and the co-efiicients of P 

aifd ^, viz..«nf4.iLz3-.21. . _J!^, Hence, 

tnycP or M-f--^or A'^ rval.oram.of L.i ann. 

— X/ ov a + tllJH ("^^+^==^ Rvalue or amount 
of L. I upon the joint continuance of thefe lives. 

In the cafe of 4, 5, . . . 771 unequal lives, find 
their mean age, and confider it as the age of fo 
many equal lives. 

U Art. 
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Art. ^d, To find the prefeht value or amwint 
ofL.i, or of L.I annuity, during the longeftU- 
ver of two or more lives, at a given rate ot itt- 
tereft. 

I ft, Let n reprefentthe mean complement of all 

the lives, ... 

X the expeaation of their joint 

continuance, and 

_ X - the expedation of the longeft 

liver ; then ^ 

In Fig. 3. make AB or BD-.2X, AC ov CH^ 

apc, ofcoi4quence, CB ov I£K=z.2X''2xzztmcc 
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the cxpedlation of furvivorfhip, and corftplete the 
triangle DAB. Here, • 

j2JSr=:val. or am. 



The triangle DAB 

I Tal. or am 
I of a life 



. of longeft liver. 



^ 



whofe com- 
plement is 



<\ 



r2^=;:vaL or am. of 



t joint contmuance. 



H 



\iX — 2;^= value ar 



1^1 amount of furvi- 
Torfhip, computed at the difTolution of tlie joint 
lives, which value, x i-=-^, and added to that 
of ^, will alfo give the value of the longeft liver, 
nearly exacft. And the amount of^, x i+^-^j 
, and .added to that of Z, will- likewife ihewthe a- 
mount of the longeft liver, nearly. 

Ex. It is required, to find the value and amount 
of L. I annuity upon the longeft liver of three lives, 
whofe refpedHve ages are 40, 36, and 26 years, 
at 4 per cent. Here, 

» = 52, ;«•= 12.88, X~39.i2; hence. 

The triangle DABl zz 1 7.076 = val. C of L. i an- 
by Art, i. 5 =^3^-9 =am. (^nuityupou 

the longeft liver of thefe. lives. 

, ad. To the value of ^ == - 8.962 

addthatofZ,x'~;^ =^ - 8.813 

Their fum= value of the longeft liver = 17.775 



56.4a 
56.78 



And to the amount of,Z=;j = - 
add tliat of ^, x i +rj = 

Their fum = amount of the longc ft li ver =: 1 1 3. 2 o 

U a The 



■MMIM 
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The value or amount of L. i annuity upon the 
longeft liver, found thus, would be exa(5l, were it 
not for this circumftance, that the triangle V^B 
llretcheth with its vertex into the regions of im- 
probability, where human life cannot reach, and 
of confequence gives a value rather fmall^ and an 
amount too great j to remedy this, obferve the 
following Method. 

3d, Let », X, and JTreprefent as above, 
Put P or Jlf= value or amount of an annuity for 
n years, 
^or ji = value or amount of a life whofe 

complement is ;?, and 
p or a = value or amount of L, i for«year$; 

thw I 
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In Fig. 4. put^5 = 2«, EB or BD = 2X, FB 
or BC=n^ and complete the fquare HB^ the recfl- 
,?uigle JTS, and the triangles DEBy and CFiS, and | 

join-i^J?*. Now it is evident, that the value or a- 
mount of L. i annuity upon the longeft liver of 
any number of lives, where the mean comple-r i 

ment of all the lives is «, will vibrate betwixt 
the triangle ^ and fquare HB ; and that the line j 

KFj and point Jf, will limit thefe valuer ; hencci 



S^x} ><^^^^+{^x'^}^ ^"^^ 



or am* of 
.1 annuity^ 

Xfova+^XPovM 1 j/vaLoramof 

^'^ * n J • tL.i upon the 

longeft liver of thefe JWci. 






Ex. In the example to this article, »=52, x 
= 12.88, Z=39.i2,P=2i. 748, ^=167.165, ^ 
= 14.126, Azzss^37^ / = .i3oi and tf= 7.687, 
Hence, 



J63.686') r 17.08 =val fof L. I anriiU' 

10.774 \ ) .2728=val. fof L. I, du- 

82.811 J C 5-47' =ana lringthclongt:It 



570.667+ 363J 
38/^.41 +1426.; 

201707+ 82.811 J L 5-47' =ana Iringthclongt: 

liver of three liycs, whofe refpcftive ages are 40, 36, and 26 fears, 
at 4 per cent. 



4th, In the cafe of m equal lives, whofe com- 
mon complement is ;7; ^ =^» ^=5^, 

P= value of L. i annuity for n years, &c, and 
the co-efficients of P and 4 viz. l^L^ + ilzilJf 

Vf ft * n 



: — : — h — — ♦ Hence, 

fftfhf-fi ffm + ft 



'iXPor M+2 X ^or yi^ fyalue or amount of L. I 

. X/ora + lXPoril/K^+^=j .«"""'V ^ ^^ 

^ » J (.value or amount of L, i 

upon the longed Jivcr of theft equal Jives. 
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Ex. Sought, the value of the longeft liver of 4 
equal lives, whofe common age is 30 years, at 4 
per cent. Here, 

ni=^ P=z 22.2198, and ^ = I4.684, Hence, 

5x22.2108 + 2x14-684 ^ I . J 

^ ^— ^ = 1 9. 2 05 z= value reqmred. 

In the cafe of 4, 5 . . . m unequal lives, find 
their mean age, and confider it as the age of fo 
many equal lives. 

5th, Jf the value, &c. of an annuity be requi- 
red, which fhall continue during the longeft liver 
of q out of m lives of a given age and at a given 

rate j here X=^^ rrexpeft." of the longeft liven 
P=r value of an annuity for n years, &c. and 



,^^X P or M+.n+,^,X €or ^7 . ^j^ Jl^l 



' 2 1 ?vali 

' Imo 



or am. 

L. I ann^ 

,_— X/>or a+!!±l:^9xPorM\ ' ^ J /value or a- 

n "^ ' Imount ofL.i 

during the longeft liver of y out of ;« lives. 

"" Ex. It is required to find the value of L. i an^ 
j nuity upon the longeft liver gf lo^ out of 15^ 
equal lives, Avhole commoA age is 22 years, at 
4 per cent. Here, 

»/=:i5,5r=io, P=22.968and ^=^5.669; hence, 
.X22.o68 + 6Xiy.669 ^^^^^^^^ the value required. 

When q is lefs than — '^-^* the firft term is negative. 

Art. 4. To find the value or amount of L. i, 
or of L. I annuity, for a teriii of years denoted 
by Tty but f\\bje6l to failure on the contingency 
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t>( in affigned life, whofe complement is fw, at a 
given rate of intereft. . 

In fig. 2. fuppofe -^5=iw, ^C or CD =n^ and 
let the redlangle DB and triangle ^be completed; 
Aow, feeing that out of m lives, whofe comple- 
ment is m^ one is fuppofed to fail yearly during «. 
years, let 

P or. Af=i value or amount of L. i annuity for n 

yearsi 

^or -4 = ' ■ • ■ or ■■ of an annuity upon a 

life whofe comple- 
ment is ^. 

t or a = or — — of L. i for n years j 

then 

w»— « xPoT M + n\ ^or yf 1 , _ f val or am, of L. i annuity* 
xf or a + P or M J ^^■"|--or — of L. i for a 

term of years denoted by ;/, on the contingency 
of an afligncd life whofe complement is /w. 

£x. tt is required, to find the value or amount 
of L. I, or of L. I annuity, during the term of 
15 years, yet liable to be demanded, or fubje<5l to 
failure, on the contingency of a life aged 36 
years, at 4 pet cent. 

Here « 1^15, m=z^o^ P=. 11. 11 84, Af= 20.0236, 
^= 5.728, A — 8*38, p = .SSSZ^ and a = i.8- 
Hence^ 

389.144+ 85.^2 "^ r 5.501 = value \ rx 

^^^ft«< if 1 V Vof L. I annuity* 

700.826+125,70 I^ -J '^'JB =aniount J ^ 

19435 + 1 1 ^i 1 8 / • 5^-^ .611 = value fof L 1 during the 

63.000+ 20.024 J ^^ 1.66 = amount \ term of 15 years, 

on the contingency of a life aged 36. 

REMARKS. 
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REMARKS. 

ijl^ The values^ &c. acquirecj by Art. i. and 
4-. are perfedlly accunite, and agree exadlly with 
the algebraic inveftigations, Prob. 1. and VI. 

2dj The value^ &c. of the longeft liver, found 
by Art. 3. is difcovered with much lefs labour, 
and is nearly as accurate as the refults of Prob. 
IV. and V. 

3^, The value, &c. of ' 3, 4 . i . w joint lives. 
Art. 2. is as perfed as the nature of the fcience 
will admit. The value of 2 joint lives is nearly 
corre(5l at the early periods of life j but it declines 
as life advances, in fuch a manner, that, at the 
mean age of 40, it would require i year's pur- 
chafe to be added to ^ at 4 per cent, to make it 
correfpond with Prob. II. and III. 

4/i&, The theorems contained in thefe articles, 
(excepting cafe 2dj Art. i.), may with equal pro- 
priety be applied to life-annUities at fimplc inte- 
reft, by making ufe of tables of fimple, in place 
of thofe of compound intereft. They may alfb be 
ufed in finding the value of life from a table of 
obfervations* 

Ex. I ft. To find, from the Fife Table of Obfer- 
vations, the value of the joint continuance of 
two lives, whofe refpe(5live ages arc 30 and 25 
years, at 4 per cent. Here, 



ON LIVES. 



t6i 



J\r=i 32.54 jf=N° failing in NMjezrs = 15.84 

Sumz=tt = 6y.s^ P=val.ofann.foi'JVMyrs= 14.63 

iVAf = 22.45 ^=val. of a life = 8.05 and 

51.69 x»463 + i;-84X. 8.0; ^ Tj r^Q value fought; 

which agrees nearly exa<5t with the refult of the 
theorm !~j4, 

* 

Ex. id. To find the value of the longeft liver 

of two lives, whofe refpedive ages are 40 and 30 

years, at 4 per cent, from the fame table. Here, 

2X — « =20.37 

2« 2X =38.00 

P = val. of ann. for n years = 22.466 
^=val. of a life aged ^S =^$'60 
Hence,. 



JV=25.83 

Sum=»=58.37 

JVM= 19.00 

Diff.=A'=39.37 



30.37 X ^•♦eg + its X I f'6 _^ g ^^lyg which is the 
58.37 ' 

fame with the refult of the theorem X — j/X ^1 
Prob. III. Caft 2. 



.^/ 
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Of REVERSIONS. 

Problem VII. 

67. X O find the value of the reverfion of an eftate 
in fee (imple, after one or more lives of given ages, 
•jtt a given rate of compound intereft. Here, 

=the reverfion, in per- 
petuity, of L. 1 per an- 
num, after a life whofe 
value is N^ at a given 
rate of intereft. 






Or, i--i._5i = 



RP^ RP 



Ex. Sought, the value of a reverfion, in per- 
petuity, of L. I per annum, after the life of a per- 
fon aged 43 years, allowing intereft at 4 per cent. 
Here, 

t R'P 

N=z — = 25 — 1 2,683 = ^ ^*3^7t ^^ reverfion. 

In like manner, 

1 2iM 1 pjointlives. 

___^ /^^* reverfion in perpetuity aftcr^ 

7 NMF^ 1.3 joint lives. 

If the purchafe is difi:harged in yearly pay- 
ments during the continuance of the life or lives in 
queftion ; in this cafe, the reverfion, divided by 
the value of the life or lives, will quot the an- 
^ixlfal payments. 

Ex. 



ON LIVES. 163 y 

Ex. A and B, whofe relpedlive ages are 35 and 
25 years, fell the reverfion of an eftate whofe rent 
is L. 150 per annum^ for^ yearly payments during 
the longeft of their lives ; fought, thefe payments, 
reckoning intereft at 4 per cent. Here, - 

25 — 18.202 =6.798 
multiplied by 150 

And the produdl dividedby 1 8. 2) 10 1 9. 7 ( L. 56, the 
annual payment. 

If the firft of the annual payments be made per 
advance, the above divifor, viz. 18.2, increafed 
by unity, will quote L.52.I, the annual pay- 
ments. 

Cor. I ft, To find the preient value of L. i, due 
at the deceafe of a perfon of a given age^ at a gi-* 
ven ratQ of intereft. 

L. I, or any other fum of money, may be con- 
ceived to be the prefent worth of a perpetuity, 
whofe rent is equal to the intereft of that fum for 
one year; hence, the reverfion of a fee-fimple 
equal to that intereft, after the given life, will be 
the value required. Thus, 



— — i\rxr=i — rN= — X^ = — would be 

r nr n ' 

the value required, were it not for one circum- 
ftance, viz. that, ifrom the nature of the calcula- 
tion, the time in which the firft yearly payment 
of a reverfionary annuity becomes due, is the epid 
of the year in which the event happens that en- 
titles it. This is alfo the time when a reverfionary 
fum becomes due. But an annuity, the firft pay- 
ment of which is to be made at the fame time with 

X 2 another 



S-r- 
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another payment of a fum in hand fnfficient to 
buy an equal annuity, is worth ojie year*s purchafc 
more than the fum. Hence, 

— - — = — = the value of L. i due at the de- 

ceafe of a perfon whofe complement of life is n. 
Or thus : 



— = the prefent probability, that a life whofe 

complement is n will fail in any one aflign- 
able year of its duration j (fee Prob. XIX. cafe i.) 
Hence, 

— H h— («) =— = the prefent value of 

nR ,1 nR^ ^ nR"^ ^ ' n ^ 

L. I, payable at the failure of a life whofe com- 
plement is n ; which, multiplied by s^ a fum due 
at the clofe of a given life, will produce the pre- 
fent value thereof* 

JEx. Let there be a legacy of L. loo:;:/, due at 
the deceafe of a perfon aged 60 years ; fought^ its 
prefent value, at 4 per cent. Here, 

JX— — iooX*6i47=:L.6 1.47, the value required* 

Cor. 2d, To find what fuiii ought to be paid, on 
the deceale of a perfon of a given age, in con- 
fideration of L. i now received. It is evident, 
that the reciprocal of the former corollary will 
be the anfwcr in this. Thus, 

-;=: — = the fum which ought to be paid at 

I — rN p or 

the deceafe of a perfon whofe complement of life 
i^ ;;, for L. i now received, which, multiplied by 
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py any prefent fum, will produce /, tlie amount 

thereof at the clofe of a given life. Or thus : '' 

Seeing— H \ — , {«) =^, the amount of * 

n ft n n 

L. I annuity for n years certain divided by », and 
expreflcs the amount pf L. i, payable at the fail- t 

ure of a life whofe complement is n j therefore, ' ' ' 

\ M ! / 

Ex. Let/rrL. loo, the age 60 years, and the V \ 

rate of intereft 4 per cent.: Here, «=26, Jlf= > 

44.31 17, and/x - = 100 x'i.7043r=L» I7a43= /• :/ 

J, which is the fame , with the rcfult from the • ^ 

theorem ^X i +^'^ o£ Table IV. * 



Problem VIII. 



J , &c. are the probabilities that the expec- 
tant 






68. Suppofing the decrements of life to be equal, ; 

it is required, to find the value of the reverfion of 
an annuity, which is to continue during the life of 
a perfon whofe complement is w, after the de- .'/, 

ceafe of the prefent pofleilbr, whofe complement V-' 

of life is fij at a given rate of intereft. *- • 

*. • 

1 ■ — , I — . , &c. are the probabilities. ^'^ 

of the poffeffor's dying in the firft; fecond, &c. */%' 
years j and — ^, ^^, &c are the probabilities of . .^ 
the expedlant's living to the end of the firft, fe- 
cond, &c. years. Hence -^X i ?*""', ^^x 
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tant wHl receive the firft, fecond, &c- yearly 
payment, which probabilities being expanded by 
multiplication, and their prefent values founds 
Yfill give the value of the reverfion, viz, 

TH — I m — rx^ — I 

mR mnR 



m — 2 m-^2X«— 2 . 

——— — — r-^ — , &c. 

mR^ mnR* 

But the fcries in the firft column is the value 
of the expedlant's life, whofe complement is m \ 
and the fecond column contains the value of the 
joint lives of the poffeflbr and expedlant. There- 
fore, if, from the value of the expe^Slant's life, 
the value of the joint lives be taken, the remain- 
der will be the value of the reverfion. 

Or thus : Let i — xX>=/ — ^y be the probability 
that the expeAant will outlive the pofleflbr , the 
firft year ; then, by flibftituting the values of the . 
lives in place of the probabilities thereof, M — 
^ NM will be the prefent value of the expedlant's 
life after the death of the poffefTor, or the value 
of the reverfion required. 

Ex. Let the refpe(5live ages of the expedlant 
and pofFeflbr be 25 and 30 years, and the rate of 
iQtpreft 4 per cent, then M= 15,318, A^ir 14.684 
and 77m— 11.468; hence, M — NM^^^SSy the 
value of the reverfion. 



Of 
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Of a Widows Scheme. 

69. 1 HE refolution of the feveral queftions 
re(pe<Sting a reverfionary annuity tq one life after 
tw o, is derived from the above theorem, viz, M 
— iVM=:the value of the reverfion. There are 
two cafes of fuch an annuity, which differ from 
or agree with one another in a few particulars* 

Cafe I. A and B, whofe refpedlive ages arc 30 
and 25 years, agree to pay a certain fum in hand, 
or a certain annual rate during the continuance 
of their joint lives, in order to purchafe an an- 
nuity to B after A's deceafe. Sought theft» rec- 
koning interefl at 4 per cent. 
Jlf-^A^Mc: 3.85= fum in h«ad, or prefent value* 

^- = L. 0.3357 = annual rate payable during 

their joint lives to fecure L. i annuity to R 
In this cafe, the payment of the rate« ceales at 

the clofe of the joint lives, whether A be alive or 

not, and B is fuppofed to be the furvivon ' 

Had this cafe been conditional, viz. « if B fhall 

fiirvive A,'* the fum in hand and annual rate muft 

be diminiflied by ^•iL=.68i, the probability of 

B's furvlving the diffolution of itoarriage. • .jj 

Had part of the prefeat value of the apnuity, *!^', 

fuch as L. 1.5 been paid^ i-eady money, the lyi 

remainder, divided by NMy quots the annual '^^ 
rate; and were the rates payable per advancfe, 
yVAf + 1 win be the divifor. 



Cafe 2d,' Is that of a widows icheme,' where 

either 



v-; 



I 



'i 
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, cither a certain futn in hand, or an annual rate 
during the life of A, is paid, in order to fecure a 
provifion for B, after A's deceafe, or, failing B, 
fo many years purchafe of her annuity to their 
children. 

This cafe differs in toto from the. conditional 
one mentioned above ; and in part from Cafe ift, 
in this,, that the annual rate is paid during the 
life of A; but agrees with it in fuppofing that 
either a widow or children are left a burden 
upon the fcheme. Therefore, 

Let the refpedlive ages of A and B be 30 and 
25 years, and the rate of intereft 4 per cent ; then, 
M — NAi— L. 3.85'=:fum in hand, or prefent va- 
lue, 

^^r^^ = L. 0,262 2 =1 annual rate, exclufive of 

the expence of managehient, payable during the 
life ctf A, \to fecure L. i annuity, to B, after A's 
deceafe, or, failing B, 10 years purchafe of her 
annuity to their children. 

This, I acknowledge, is different from the u- 
fual method of conftrudling a widows fcheme, 
and in particular from that recommended by Dr 
Price, whereby, to find the annual rate, the pre- 
fent value of the annuity mufl be divided by 
that of the joint lives, as in Cafe ift; making 
the full value of the annuity, in the prefent in- 
ilance, to be paid in 19, whereas A hath^ chance 
of living 28 years: Befides, 

L. 3. 85 val. r ^^^^^^j^^ed during' ? ^' ^'74, 
L..2622ann.H^ ..yr v^t.ktv^ ^ I- *6-83 






^••""^^^""•l A'sUfe,byTab.IV. = C ;^- ^"'"-^ 
L..3357ann.X ^ 3 L. 2 1.55 and 

val of B'sann; atwidowity, perfaidtab. =L. 14.20 

Thfe above rate or value, multiplied by any 

annuity 
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Exp. 


jimu Rate. 


Valuer 


Exp. 


.i5 + 


10 = 2.872 


L.38.5 


L.25p.an* 


'375-^ 


15=4-308 


57-75 , 


'Z7S. 


.5 +.2622 X 


20 = 5.744 


77.0 with 


•5 


.625+ 


25 = 7.180 


96.25 


.625 


*75 + 


30 = 8.616 


^^5^5 


-75 



annuity, willj with the additipn of the. expence 
o£ management, fhew the rate or value correfpond- 
ing td that annuity, the ages being 30 and 25. 
Thus, 

■5 + 

75+ 

+ 

25+ 

5 + 

AgaiUj let the refpedlive ages of A and B be 
40 and 30 years, the annuity L. 20, apd the rate 
ofintereft 4 per cent; then 4. 256x^0 zzL^Sj. 12 
= value of the annuity; and, -5 +-3225x20 
=L, 6.95= annual rate. But the number at the 
former ages may be to that at the latter, as 3 : ij 

thence /'7^^^ "^^'^^ raL. 6. 05, the mean annual rate 

correfpohding to L. 20 annuity. 

Had thefe rates been conftrucSled upon the prin- 
ciples of the expedlation of hfe, as in. the Churches 
Scheme; in this cafe, the prefent value of an 
annuity for 20 years, at 4 per cent. = 13,590 



dlvidfed by the amount thereof for 30 years = 56.085 
quots the annual rate=:L..2423, which is lefi 
than the above. In fuch a fcheme,* in order to 
aflift their operation, and to balance the advan- 
tage of the marriage- tax in the Church*? Scheme, 
the rates might be paid per advance ; — the wi- 
dow's annuity may begin to run from the firft 
term of Whitfunday or Martinmas after the de- 
ceafe of the contributor ; — ^where there is no wi- 
dow, 10 years purchafe of her annuity might 
be granted to the children of a contributor, wich- 

y ia 



i;o OF ANNtTlTlES 

in a twelvemonth after his deceafe ; — if a contri- 
butor, before his death, hath not paid lo annual 
fates, a dedudlion might be made put of the pro- 
vifion of the widow or children, till the balance 
b« recovered;^ — and for each 500 contributors, 
the annual expence of management ought not to 
exceed L. no. 

Suppofing then, that there were 500 married 

contributors in this fcheme, of 30 years of age 

,and upwards,' whofe number being conftantly 

the fame, 

. ^ Their cxpccflation of life =: 32.5 years 

The number dying yearly = 15.0 
of whom, 1 1 will leave widows, 3 of them, fa- 
milies of children without a widow, andi, neither 
a widow liM children. 
The annual number of marriage taxes, each 

at L. 9, =r 3.0 

The expedlation of widowity, = 19.5 

The maximum of annuitants, = 2 14.0 

of whom 203 will draw full, and 11, including 
heirs, half annuities; and the families of chil- 
dren, = 3.0 
Dedudlions out of the provifion of wi- 
dows or children, = L. 82.6 
The medium of annuities L. 20, and 

of rates, L. 6.05 

The annual expence of management = L. no 
And the capital neceflary to fupport the 
fcheme, when the annuitants fliall arrive 
at a maximum, = L. 41,390 

Of a Marriage-Tax. 

70. A marriage-tax may be confidercd as the dif^ 

ferencc 
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ferenceinpoint of value, of the two Widows An- 
nuities, computed at the commencement of the 
fecoud marriage : Thus, 

Suppofing the above contributor becomes a 
widower, and at the age of 40 marries a fecond 
wife, whofe age is 30 years ; fought, his marriage- 
tax, at 4 per cent. 
From the value of two joint lives aged 40 

and 30 years, = L. 4.256 

SubtraiSl that of two joint lives aged 40 

and 35 years, = 3»822 

The remainder, ir .434 

Multiplied by 20, will produce the tax for 
that annuity, =:: L. 8.68 

Queft. A and B, whofe refpedive ages are 60 
and 40 years, are fubjedled to the burdens and 
enjoy the advantages of a widows fcheme, where- 
in B's annuity, fliould fhe furvive A, is L. 25 ; 
B, defigning to fell her annuity, defires to know 
the prefent value thereof, reckoning intereft at 
,4 per cent. 

The expedlation of the joint continuance of 

thefe two lives, = ^^*5S 

And B's probability of Surviving the difTolu- 

tion of marriage is ofconfequence, ^^ = .77 

But Af---yViVi = 5.686 would be the years pur- 
chafe of the annuity, were it certain that B would 
, be the fuvivor. Hence, 

. 77 X 5-686 X 25 =L* 1 09.455, is the value required^ 
Or thus, A's expedlation of life =13, and B's 



fTf — -rfJ 



probability of furviving A = — ^ = ^5 =: .717; 

Y 2 hence^ 
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hence, B's age at A's death would be ^^ years, 
whofe value, viz. 10.702, reduced for 13 years, 
at 4 per cent, gives 6.43, the years purchafe of the 
annuity, were it certain that flie would furvive 
A ; hence, .71 7 x 6.43 X 25 2= L. 1 15,25, is the 
value required. 



Problem IX. 

It is required, to find the value of the reverfion 
of an annuity, which is to continue during the 
joint lives of two perfons, after the deceafe of the 
prefent poflefTor, at a given rate of compound in- 
tereft. 

71. Let a:,^, and 2f be the refpedlive probabili- 
ties of the continuance of the three lives for one 
year; then i — z will be the probability of the 
pofTefTor's life failing the firft year ; which, mul- 
tiplied by xyy gives xy — xyz, the probability that 
the two cxpedlants will outlive the poflelfor the 
firft year. Hence, by fubftituting the values of 
the lives in place of the j)robabiUties thereof. 



ImM — iVivy/^=:the value of the reverfion. 

Therefore, if, from the value of the two joint 
lives in expe(5lation, the value of the three joint 
lives be fubtra(5led, the remainder wiU be the 
reverfion of two joint live^ after .one. 

Ex. Let the refpedlive ages of the two expec- 
tants and pofleflbr be 43, 54, arid -66 years, and 
the rate of intereft 4 per cent, then, 

Fronoi 
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From the value of the two joint lives 

in expedlation = 8.364 

Subtradl that of the three joint lives = 5.15^ 

The remainder = 3.212 is 
the value of the reverfion of two joint lives after 
one. 

Problem X. 

To find the value of the reverfion of an annui- 
ty, which is to continue during one life, after 
two joint ones, at a given rate of compound in- 
tereft* 

72. Let xy reprefent the probability of the 
two lives in pofleflion outliving the firft year ; 
then i.^xyX«=^ — xy% will be the probability of 
the life in expedlation outliving the two lives in 
pofleflion the firfl year ; hence, 

F — NMF will be the value of the reverfion; 
Therefore, 

If, from the value of the expedlant's life, the 
value of the three joint lives be taken, the re- 
mainder will be the value of the reverfion of one 
life\ after two joint lives. 

Ex. Let the age of the Ufe in expedlation be 43 
years, and the ages of the two fives in pofTeffion 
54 and 66 years, allowing compound interefl at 
4 per cent. Then, 

From the value of the expedlant's life = 12.683 
Subtract the value of the three joint fives == j. 152 

There remains the value of the reverfion = T*SZ^ 

Problem 
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Problem XL 



To find the value of the reverfion of an annu- 
ity, which is to continue during the Ufe of a gi- 
ven age, after the longeft of two Uves, whofe a- 
ges are alfo given, at a given rate of compound 
intereft. 

73. Let Xj y^ and % reprefent the refpec^ive pro- 
babilities of the three Uves continuing one^ year. 
Then zxT— ^Xi— v=is — ^^ — y^-^^^y^ will be 
the probability of the life in expedation outliving 
the other two the firft year; and F — /vTT — TTf 
^NMF will be the value of the reverfion of the 
life in expeftation after the other two. 

But if the refpedtive values of the longeft of 
two and three lives, Prob. IV. and V. be compa- 
red with this, it will appear to be their difference; 
Therefore, 

If, from the value of an annuity on the long- 
eft of three lives, the value of an annuity on the 
longeft of the two in pofleflion be taken, the re* 
mainder will be the value of the reverfion on the 
third life, after the other two. 

Ex. A, who is 43 years of age, is intitled to 
the reverfion of an eftate for his life, after the 
deceafe of his father and of his mother-in-law, 
whofe refpedlive ages are 66 and 54 years; 
fought, the value of A*s intereft in the eftate, al- 
lowing 4 per cent. 

From 
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From the value of the longeft of the 

three lives = 15*19^ 

Subtraft the value of the longeft of 

the two poffeffors lives = i "1.904 

Remains the value of the reverfion, = 3.286 



Problem XII. 

-To find the value of the reverfion of an an- 
nuity, which is to continue during the longeft of 
two lives after one, at a given rate of compound 
intereft. 

74. Let I — xXi— 5^=1 — ^ — -j^+xy reprefent 
the probability of the two lives failing in one 
year, which, being fiibtradled from unity, leaves 
x^y — xy, the probability of one, at leaft, of the 
two lives outliving the year ; and this laft exprel^ 
fion, being multiplied by i — Zj gives x+y — xy 
— xz-—j'25-f-xyjz, the probability that the longeft 
of the two lives will f urviv e the third th e firft 
year. Hence N-^M^NM—ITf^— MF+77mF 
will be the value of the reverfion. of an annuity 
upon the longeft of fWo [lives after one ; but this 
value is the difi'erence of the refults of Prob. I. 
and V. Therefore, 

If, from the longeft of the three lives of a pof- 
for and two expedlants, be taken the value of the 
pofleflbr's life, the remainder will be the rever- 
fion of the longeft of two lives after one. 

Ex. Let the refpedlive ages of the two expec- 
tants be 43 and 54, and that of the pofiefibr 66 
years, and die rate 4 per cent, , 

From 
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From the value of the longed of the 

• three lives = 1 5* J 9<5 

Take the value of the pofrefTor's life ir 7.333 

Remains the value of the reverfion = 1*^S7 



Problem XIII. 

To find the value of the reverfion of an an- 
nuity, where a given term of years is concernecL 

A 

75. I ft, To find the value of the reverfion of 
an afilgned life after a given term of years. 

Ex. A, aged 15 years, expeds to enter upon, 
an eftate of L. 100 per annum, after the expira- 
tiqn of 10 years, which he is to hold during life ; 
{bught, the value of his expecflation, reckoning in- 
tereft at 4 per cent. Here, 

From the value of the propofed life = 16.410 
Subtrad the value of an annuity for the 
given term of years, on the contingen- 
cy of its ceafing upon the extin<5lion 
of the propofed life, found by Prob. 
VI. = 7.540 



The remainder multiplied by 100 rrl 

L. 887, is the value of A's expedla- > 8.870 
tion, J 

2d, To find the value of the reverfion of an 
annuity, for the remainder of a given term of 
years after an afiigned life. 

Ex. A, aged 25 years, who has the right of an 

annuity 
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annility for 3 1 years certain, makes over the re- 
verlion thereof to B and his heirs, to enjoy the. 
lame after his deceafe for the remainder of the 
laid term ; fought, the value of B's expectation, 
reckoning intereft at 4 per cent. 

From the value of the annuity certain 

for 31 years, = 17.588 

Subtradl the value of the annuity for 
the fame term, on the contingency of 
its failing on the extin<flion of A's 
life, found by Prob. VL = 13^858 

Remains the value of B's expedation, = 3.730 

3d, To find the value of the reverfion of an 
annuity for a certain nvunber of years, after an 
afligned life. 

Ex. Let the given age be 50, the term of years 
12, and the rate of intereft 4 per cent. Then, 

The value of the life is 1 1.344, the ncareft to 
which in Tab. V. of annuities certain is 11. 11 8, 
correfponding to 15 years ; 

But 12 + 15 = 27 z= 16.496 the value 

of the life and reverfion ; 
Subtradl the value of the life = 1 1.344 



There remains, 5.152== the value 

of the reverfion of 12 years, after a life of 50. 

4th, A perfon, 35 years of age, wants to buy 
an annuity for what may happen to remain Sf 
his life after 50* years of age ; fought tlie value 
of flich an annuity in ready money, and iilfb in 
annual payments for 15 years, till he attains to 

. Z ' " ' tlic 
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the faid age, fubjedl in the mean time to failure^ 
fliould his life fail. 

The prefent value of fuch an annuity is equal 
to the value of a life at 50, multiplied by the 
prefent value of L. i to be received at the end of 
15 years, and alfo by the probability that the gi- 
ven life will continue fo long. That is, 

1 1.344 X '5553 X ~^=4-44» ^^^ number of years 

4.90 

purchafe that ought to be given for the annuity, 
reckoning intereft at 4 per cent. 

Now, fuppofing the annuity L. 50, its value in 
prefent mohey is L. 222, 

Or thus : From the value of a life of ^5 

years, = 13-979 

Subtract its value for 15 years, fubjedl 

to failure, = 9.533 

Remains the years purchafe of the annuity, =4.446 

And L. 222, the value of the annuity in ready 
money, divided by 9.53, it3 value for 15 years, 
gives L. 23.3, the annual payments till the life 
attains to jo years. 

5th, To find the prefent value of an annuity 
to be enjoyed by one life, for what may happen 
to remain of it beyond another life of equal age, 
after a given term ; tliat is, provided both lives 
continue to the end of a given term of years. 
Here, 

Multiply the value of the annuity for the twa 
joint lives, plus the given term of years, difcoun- 
ted for the given term, by the probability that 
the two given lives QxaM both continue the givea 
tcrrxi J the producl will be the aaiVer. 

Ex. 
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Ex. Let the two lives be each 30, the term 7 
years, the annuity L, 10, and the intereft 4 per 
cent. 

From the value of a fingle life at 30+7 = 13-67 
Subtradl the value of two joint lives, each 37 = 10.25 

Remains, the value of an annuity for thc^ 

life of a perfon of 37 years of age, after ( ^ . ^ 
another of the fame age, which, being ( *^*''"' 
difcounted for 7 years, = 2.6. J 

The probability that two lives at 30 fhall con- 
tinue 7 years is (by Mr De Moivre's - hypothefis) 

^X^ = *765; and 2.6 X •765 = 1.989, the num- 
ber of years purchafe which ought to be given for 
an annuity, to be enjoyed by a life now 30, aftei- 
a life of the fame age, provided both continue 7 
years; and the annuity being L. 10, its prefent 
value is L. 19.89. 

In like manner, -fuppofing the term one year, 
and the ages and the rate of intereft the fame, the 
prefent value of the fame reverfionary annuity is 
L. 32.4 ; and if the term is 15 years, the value is 
L. 9.7. 

Hence, fuppofing the fcheme of a fociety for 
granting annuities to widows to be, that if a 
member lives i, 7, or 15 years after admiffion, 
his widow, of the fame age with himfelf, fliall be 
intitled to an annuity of L. 20, L. 30, or L. 40 ; 
we may find what ought to be the annual pay- 
ment of each member of a given age, and at a 
given rate of compound in tore It. 

By the above, the value of L. 10 per annum, to 
a life of 30 after another of 30, provided the joint 
lives do not fail in one year, is L. 32.4, at 4 per 
cent. 

Z 2 The 
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The value of L, 20 per annum, in the fame 
circumftances, is, therefore, = 64.80 

^ * The value of L. 10, after 7 years, is = 19.89 

And of L. 10, after 15 years, is =: 9.70 

Their fiim r= 94.39 

is the value of the expedlation in a fingle prefent 
payment; which, being divided by 11.182, (the 
, value of two joint lives at 30), gives L. 8.44, the 
j^nnual payment during the joint lives. In like 
manner, were the ages 40 and 50, the annu^ 
payments would be L. 8.69 and L. 9.05. 



P R O B 3^ E M XIV. 

To find the value of an annuity, or the rever- 
fion thereof, depending on furvivorfliip, and the 
expectation of life, 

76. I ft, A and B, whofe refpedlive ages are 25 
and 40 years, enjoy an annuity equally betwixt 
them ; which, after the dcceafe of either of them, 
is to belong to the furvivor for life ; fought, the 
value of the right of each in that annuity, reckon- 
ing intcreft at 4 per cent. 

From the value of A's life = i5-3^8 

Subtracl half the value of the joint lives = 5.327 

Remains, the value of the right of A :^ 9-991 
In like manner B's right = 7-869 

2d, An annuity, after the deceafe of A, aged 66, 
is to be divided equally between B and C, whofe 
vcfpcdive ages are 43 and 54 years, during their 

joint 
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joint lives, and then is to go entirely to the laft 
furvivor for life ; fought, the value of B's expec- 
tation, reckoning intereft at 4 per cent, ♦ 

From the value of the reverfioh of the life B 
after the life A, found by Problem VIII. = 6.433 

Subtradl half the value of the reverfion of the 
joint lives of B and C, after the life A, 
Problem IX. = i»582 



Remains, the value of B's expedlation = 4*851 

3d, A,, aged 40, expeds to come to the pofleC- 
fion of an eftate, fhould he furvive B, aged like- 
wife 40, and offers to give fecurity for L. 40 per 
annum out of the eftate at his death, provided he 
Ihould get into poffeflion : What fum ought now 
to be advanced to him, in confideration of fuch 
fecurity, reckoning intereft at 4 per cent, ? 

From the value of the perpetuity = ^ 25.000 

Subtradl the value of the longeft of two 

lives, each 40 = 16.566 

Remains, the value of the reverfion of ditto = 8.434 

which, multiplied by 40, gives L. 337.36, the 
value of the given eftate, were it certainly to be 
enjoyed, after the extindlion of the longeft of two 
hves, both 40 ; but that A's life, in particular, 
fliould fail laft, rather than B's, is an even chance: 
The true value of the reverfion, therefore, is half 
the laft value, or L. 1 68.68, 

4th, B, aged 40, will, if he lives till the de- 
ceafe of A, whofe age is 30, become pofleflTcd of 
an eftate of L. 40 a-year j fought, the worth of 

his 
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his expe(5lation in prefent money, reckoning Inte- 
reft at 4 per cent. Here afllime two lives, whofe 
common age is equal to that of the older of the 
two propofed lives, A and B, and find the expec- 
tations of life in A and B, viz. 28 and 23. Then, 

From the value of the perpetuity = 25.000 

Subtract the value of two joint lives, each 

40 = 9.826 



Remains, the reverfion of the two joint 

lives = 1 5- 1 74 

the half of which, viz. 7.587 would be the value 
of B's expedlation, were their lives each 40: 
Therefore fay, \ 

As 28 : 23 : : 7.587: 6.232, which, multiplied 
by 40, gives L. 249.28, the value of B's expecSla- 
tion. 

If B's age be 30,' and that of A 40 years ; then. 

From the value of the perpetuity = 25.00 

Subtra(5l the value of the joint ^ves B and A, 
viz. 10.428 + 6.232, found above, = 16.66 

Remains, the value of B's expedlation = 8.34 

5th, C and his heirs are intitled to an eftate of 
L. 200 per annum, upon the deceafe of B, aged 
40, provided B furvives A, whof^ age is 30 years ; 
fought, the value of their expe6lation in prefent 
money^ reckoning intereft at 4 per cent. Aifume 
two equal lives, whofe common age is that of the 
older of the two propofed lives, B and A ; then, 

FrQn\ 
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From the value of the perpetuity = 2^.000 

Subtrad that of the longeft of two equal 

lives, each 40 = 16.566 

Remains, the reverfion of ditto = 8.434 

the half of which, viz. 4.217, would be the years 
purchafe required, if the ages of A and B were 
each 40 years : Therefore, 

28 : 23 : : 4.217 : 3.464, the number of years 
purchafe required, anfwering to L. 692.8. 

If B's age had been 30, and A's 40 years, in 
this cafe. 

From the value of the perpetuity =: 25.000 

Subtrad that of the longeft of the two lives 
B and A, viz. 1 7.452 -f- 3*464, found a- 
bove 1= 20.916 

Remains, the value of C's expedlation = 4.084 

Hence, in a widows fcheme, when the relpec- 
tive ages of hufband and wife are 30 and 25 years^ 
and the provifion for a famiJy of children, where 
there is no widow, L. 200 ; we may find the pre- 
fent value of faid provifion, reckoning intereft at 
4 per cent. 

By the above, the years purchafe of the chil- 
dren's provifion would be 3.128 ; but the interefl 
of L. 200, for one year, at 4 per cent, is L. 8 : 
Therefore 3.128 X 8 =L. 25.024, is the expeda- 
tion of a family of children, without a widow. 

P R O- 
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Problem XV. 

Of Infurance on Lives. 

77. 1 ft, Af A, aged 30 years, is willing to advance 
money in hand, or to pay a certain fum yearly du- 
ring life, to fecure L. 100 to his heirs ; or, in other 
words, to infure his life upon L. 100, allowing 
intereft at 4 per cent. In this cafe, JVTzr 14.684, 

and (Problem VII. con i.) — =40 X 100= L. 40, 

the fum payable in hand ; which, divided by 
14.684, gives L. 2.73, the annual payments du- 
ring life, 

2d, A, aged 40 years, agrees to advance a cer- 
tain fum in hand, or to make annual payments 
during the fpace of 15 years, in cafe he lives fo 
long, in order to fecure L. 300 to him or his heirs ; 
fought, the prefent value of faid fum, or annual 
payments during thefe 15 years, reckoning interefl 
at 4 per cent. Here, (Problem VI.), Nzn 8.8 1 7, and 

■ =.6224 X 300= L. 186.7, ^^ prefent value ; 

which, divided by 8.817, gives L. 21.20, the an- 
nual payments during 15 years, in cafe A lives 
fo long, 

3d, A, aged 40 years, wants to make provifion 
for B, aged 30, in cafe the latter Ihould happen 
to furvive : What ought the former to give in a 
lingle payment, and alfo in annual payments du- 
ring their joint lives, to fecure L. 500, payable at 
his death to the latter, reckoning intereft at 4 per 
cent. ? 

In 
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in this Cafe, the value of the jdyit lives of A 
and B=: 10.428, L. 500, at 4 per cent, is equal to 
Bn eftate of L. 20 per .annum, and (Problem XIV. 
4.) the value of B's expedlation of furviving A is 
8.34 ; therefore, 8.34 X 20 = L. 166.8, is the fingle 
payment, and 166.8, divided by 10.428, gives 
L. 16, the annual payments during the joint lives 
of A and B. 

4th, An efUte of L. 20 p6r annum will be loft 
to the heirs of a perfbn now 40, ihould his life 
fail in 1 2 years : What ought he to give for the 
afTurance of it for that term, reckoning intereft 
at 4 per cent. ? Or, What is the prefent value of 
the eftate, to be entered upon at the failure of inch 
a life, fliould that happen iii 1 2 years ? 

From the value of an annuity certain for 1 2 
years = . 9.38^ 

Subtract the value of the life fubjecSl to fail- 
ure in 12 years = 8^154 

Remains, the value of the eftate for I2*|) — 

years, upon the chance of the life's. > 1.23 1 
failing in that time. j 

Again, 25, the perpetuity, X .6246, the value 
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of L.I, difcounted for 12 years x — j the chance 

of the life's failing in that time, gives. 4.246, the 
value of the eftate after 1 2 years, upon the chance 
of the life's failing in that time ; and thefe two 
values, added together, give 5.477, the value of 
infurance, correfponding to L. 109.54, which, di- 
vided by 8.154, the value of the life, quots 
L. 13.43, the annual payments. 

A a 5th, 
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5th, There k an eftate, which, if A^ aged 7 

years, happens to die before hie attains to the age 

of 21, is, after his deceafe, to go to B and his 

, heirs for ever; fought, the value of B's expe<5la- 

tion, reckoning intereft at 4 per cent. . 

If the reverfion of the eftate, after A's life had 
belonged to B and his heirs ; then, in this cafe. 

From the perpetuity == 25.000 

Subtract che value of a life 7 years old = 16.698 

There would remain B's expedbtion = 8.301 

But B's expedation is limited to 14 years of A's 
life ; therefore. 

From the perpetuity = 35.000 

Subtradl the value of a life 21 years old = 15.781 

• Remains, the reverfion of a life of that age = 9. a 1 9 
and 9.2 19 X -57759 ^^^ value of L. i, difcounted 
for 14 years x 4^» the chance of A's living 14 

years, gives 4.554 ; which, being fubtradled from 
the former value, leaves 3.748, the value of B's 
cxpedlation. 

Again, had the reverfion of the eftate been li- 
mited to B, aged, for inftance, 30 years ; in this 

oafe, 3.748 X— 5 the chance of B's living 14 years, 

gives 2.873, the value of B's expq(5lation ; which, 
multiplied by 4, the intereft of L. 100 for one 
year, produces L. 1 1.6, the prefent value of L. 100 
to be paid by B, in cafe the furvivorftiip Ihould 

take place. 

, Pro- 
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Problem XVI. 



7o find the Value of SucceJJive Lives* 



78. i-<ET N and M reprefent ^e values of 
aa anntiity of L. i, to continue « and m years, at 
a given rate of compound intereft ; 



then Nz^l "^ (47) 



and M—^ ««• 



f 



which gives 



-L = i--ri\r, 



— =1— rJlf. 
l^ 

Hence, ••^;;|7^ = i — rNx i — rMzz i — rN — rM-^ 
r^NM. Now, 

let V be the value of an annuity, wliich is to con- 
tinue «+!» years ; then, -jj^j;^ =: i — rV-=: i — riV'x 
I — rM; which gives. 



ir«-H-' 



r- '~ "^'^^ '~'^ =:^+M— rJNTM, the value 

of an annuity to continue during two fucceffivc 
hves, whofe fingle values are N and M, 

Ex. \Jly A, aged • 40 years, enjoys an annuity 
for his life ; an4, at his deceafe, has the nomina- 
tion of a fucceffor, aged 1 8 years, who is alfo to 
enjoy the annuity during his. life j fought, the 

A a a prefent 
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prefent value of the two fucceflive lives, reckon-^ 
ing intereft at 4 per cent. Here N=z 13.196, and 
jM= 16.105. 

Hence, iV-|-ilf— rJVM=29.3oi — 8.5 zr 20.810, 
the value required. 

In like manner, if there be three fucceffive 
lives, whofe fingle values are iV, Af, and Fy then, 

*^ = : — ' — --. — the value of three luc- 

r 

ceffive lives. 

Again, if the two fucceflive lives are of the 
fame age, which is moft likely, then »+»i = 2«, 
and 

^ = I— rr= I— riV; which givesi 

I— I— rlv 

V= the value of twp equal fucceflive lives, 

I - 1 — .oT^ 

and F= the value of three equal fuccef- 
five lives. 

Ex. 2d. It is reqilired, to find the value of four 
equal lives, following one another in fucceflion, 
whofe coirimon age, at admiflion, is 24 years, 
reckoning interefl at /^ per cent. Here N= 15.437 
and 

l—l'-riy .9786 /: 1 

— 7 =—— = 24.465, the value. 

Univerfally, if N flands for the value of an 
annuity to continue a certain number of year«,^ 

then 
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then -^ will reprefent the value of an an- 
nuity to continue n times as long. If n is inde-* 
finite, then i — r^z=zoy and t; = — , the value of 
the perpetuity* 

Problem XVIL 
Of a Copy-hold^ and the renewing ofJUafes^ 

79. OnPFOSiNG any number of equal lives 
of a given age, and that* upon the failing of any 
one, or all of them, they fliall be immediately re- 
placed, and I fliall then receive a fum of money 
5, agreed upon ; fought, the value of that expec- 
tation, ajjd at what intervals of time I may ex* 
pedl to receive the faid fum. 

JLet n denote the number of years during the 
intervals betwixt the payments of the fum S; and 
let N reprefent the value of the hfe or lives dr- 
ying thefe intervals j then, 

WZ*(47.) which gives «-=-i^ 

Now feeing a fum of money, 5, is to be received, 
ad infinitum^ at the equal intervals of time denoted 
by n ; its prefent value may be foimd from the 

following feries, viz. |.+A.^^^^&c. =5;^ 

(40.) the prefent value of all the payments. 

But 
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But in place of R"^ fubftitute its Talue found 
abote, viz. -. 

rN 

then R^ — I tz — --, and confequently 

- — ^ =s -~— X 5, the value required. 

Again, let— ^=$, then /2«=$, and 

» = -^-^ the intervals of time at which I may ex- 
pedl the fum S. 

Ex. ift. Let there be three perfbns, each 20 
years of age, at the deceafe of any one of which, 
I fhall receive L. 250, which life is to be imme- 
diately replaced, and whenever a life becomes va- 
cant, lor my heirs are to^ receive a like fum; 
fought, the value of that expedlation, and at what 
equal intervals of time I may expert the fsdd Vom^ 
allowing intereft at 4 per cent. 

Here, -^=9.192 by Prob. III. and 
-^^ X ^= I •y^ X 250 irL. 409, the value required 
Again, nzz *^^^ ■ ^' == 1 1.68 years erf* interval. 

o •0170333 ' 

Ex. 2d. A purchafes a leafe-hold eftate, upon 
three equal lives, aged 15 years, for the fum of 
L. 2000, on condition that his heirs fill up the 
leafe continually, whenever all the lives become 
vacant, paying a fine of L. 1000 ; fought, the pre- 
fent value of the whole purchafe allowed' for the 
eftate, with the annualrent anfwering thereto, 
and at what equal intervals of time the heirs cf 

A 
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A may expeA to pay the faid fine^ allowing in^' 
tereft at 4 per cent. 

Here ^=20.25, by Prob, III. and 

^^^^X'f= •2346X 1000 =:L. 234.6 the value of 

the fines ; 

To which add, 2000.0 



Their fum is, 2234.6the value of the 

the purchafe, whofe annualrent, at 4 per ceat« 
is £.89.384; and 

« = ^2^— =42.1 years of interval. 
.0170333 ^ -^ ' 

If only one life is concerned, which, at the de- 

mife of the incumbent, is to be replaced with a 

fucceiibr, as in the cafe of a benefice, or of a 

copy-hold; in which, let iV" denote the value of 

the life, and / the fine, if there is any, to be paid 

on admiffion ; then, 

-^^^X^= value of the copyAold or right of pa- 
tronage, to which add the fum j*, if the purchafe 
is made during the vacancy : then — = the; value 
of the patronage. 

Ex. 3d, Let an intrant's age be 30 years, the 
fine on admiffion L. 150; fought, the value of 
the patronage at 4 per cent. Here iV= 14.684, 
and s = 1 50. Hence, 

~J-XJ=-7025X 150 = ^.105,375, the value 

fought. Or, if the purchafe be made during the 
vacancy, then, 

j^=L. 25^5.375, the value of the patronage. 
■ • Pro- 
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Problem XVIII* 



Of the ExpeSation of Lifts 

80. X HE expcdlation of life is that period of 
tiine, during which a perfon of a given age may 
julily eXpecS to continue in being, and is always 
equal to the years purchafe of an annuity of L. i 
during life, upon the fuppofition that money 
bears no intereft. 

Cafe I ft, It is required, to find the eipedbition 
of a fingle life of a given age, fuppofing the de- 
crements of life to be equal. 

In eftimating the expedition of life, we mxift 
reckon from the prefent inflant, and fuppofing n 

to be the complement of life, make JL = i, the 
firft termoftheferies, -14"^^+^^—^' &c. exptet 

n n n 

fing the expeiftation of life ; which being a feries 
decreafing every inftant, the laft term thereof 

viz. !!lii^zzo, and the number of terms, though in- 

n 

definite, is exprefTedby n ; therefore ^ ^ x — = — (8 ) 

ft 2 z 
the fum of the feries is equal to the expe<5lation of 
that fingle life whofe complement is n. 



Ex. A perfon of 24 years of age, may expedl 

2d. 



to live — =-! = 31 years longer. 
2 2 
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^dy it is required, to find the expedtation o^ 
two joint lives, of given ages. • 

Let the complement of the-elder life be », and 
that of the younger m; then the fum of the 

fenes -x- + "T" X --- + ^T" X -— - («) wiU 

be the expectation of the joint lives. Now, th6 
terms of this £eries are the produdls of the two 
arithmetical progreflions, which exprefs the ex- 
pedlations of the fingle lives, carried on to a niun-^ 
ber of terms equal to n ; but the /um of thd 

firft IS - , and, fince the greateft term of the fe- 
cond is — , the leaft , and the number of 

m m 

terms «, the fiim thereof will be 

«i . ;!^ — » n 2ftt' n n fin i ^ i « 

— H — x-= — x-=«— -. (7> Eq^- 3^0 

mm 2 m 2 imy ' x sj t 

hence, the fum of n terms of the feries of products 
will be = 



'J »>» I » + 'X»X^— 1 X JL X — ' which beinff 

n ' 2.2.3 n tn 



nn nri'^ i 



reduced, becomes y- — H , and, negledling 

^, It will become-^ — 6^'^^^ expedlation required, 

Ex. Two perfbns, whofe refpedlive ages are 30 
and 25 years, may expeA to live together 28— « 
8.568 = 1 9.43 years* 

If the two ages are equal, the expedlation of 

«•••,. •!! 1 * nn n , n n 

their jomt lives will be —-^^ — — =— 

"^ a 6« a 6 3 - 

3d, It is required, to find the expedation of any 
number of equal joint lives, of a given age. 

Let there be, for inftance^ two equal lives j 
B b tiien 
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then the £rft term of the feries^ expre0ing the 
expeAation of their joint continuance^ will be 

iL X — r= I * ; and the other term^ will alfo be fquares, 

M n 

fo that the whole will be a ieries of fquares (whofe 
roots are in arithmetical progreffion) beginning 
with I, and ending in a cypher, and n the 
number of terms j therrfore, calling m the index 

of the power in the feveral terms, —7-^=— will be 

the lum of the ferics, or expectation required : 
See the following note *. Or let there be diree e- 
qual lives : then the firft term of the feries expreA 
ling the expedation of their joint continuance 



willbe— XvX-=^' J 

n H n 



and 



»Xi 



pedtation required; and univerially calling any 
number of equal lives m^ and their complement of 

life n^ then^jr;^ will exprefs the expedation of 

their joint continuance in being ; fee the follow- 
ing note *. j^ 



* The AaiTHMSTIG of iNFINITlEt. 

If there be an j feries of quantities^ all of the fame power, whoCe 
roots are in arithmetical progreffion, o, i» 2» 3» 4, &c. and let fit 
denote the index of the power; N the number of terms ; Lthe 1^ 

NL 
term ; and S the fum of the feries ; then, —7*= S. Thus« 

»* I* 2, 3, 4, 



o», i», 2», 3'. 4^ 

o*, i», a', 3', 4'. 

o*. I*, i*» 3*» 4*> 
\/or ^^r y/iT y/zT 
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Ex. Fifty pcrfons, whofe age at a medium is 30 

56 
years, may expedt to cpntinue all in being — n i 

year 36 days. 

4th, It is required to find the expedlation of 
three joint lives, whofe ages are given. Let the 
complements of the eldeft, fecond, and youngeft, 
be feverally denoted by «, w, and / ; then by fol- 
lowing a procefs fimilar to that obferved in cafe 
ad, the expedlation of their joint continuance 
would be found to be, 



± l.\c — 4-— 4— ^* See the note in cafe oth. 

' Ex. Three perfons, whofe refpedtive ages are 
50, 45, and ^^ years, may expedl to continue all 
in being, 18 — 9.594-i-86= 10.27 years. 

5th, It is required, to find the expedlation of 
the longeft of two lives, of given ages. Here, by 
reafoning as in Prob. IV, and calling i Vand M the 
expedations of the fingle lives, and NM that of 
their join t con tinuance ; then, 
N'\-M^--^NM will be the expectation of the long- 
eft of thefe two lives. 

jB>:. Sought, the expedation of the longeft of 



This may be proTen by induftion, whereby it if (hcwof that the 
greater the inMnber of term* is, the nearer ^11 the exprcflSou 

NL 

approach to the-fum of the ferles, and ii only equal to it whea 

the number of the terms U indefinite. 

B b 12 two 
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two lives, whofe refpe(5live ages are 30 and 2^ 
years. Here, 

284-30.5 — 19.43 = 39, the expedation of the long- 
pft liver. 

6th, It is required, to find the expedlation of the 
longeft of three lives of given ages. Let iV, M, 
and F reprefent the expectations of the three iingle 
lives, and NMF that of their joint continuance ; 
then , by reafonin g as in Prob. V. N-^M-^F — 
NM — WF — MF-^NMF will be the expedation 
®f the longeft of thefe three lives. 

yth. If the ages are equal, then the fum of the 



feries i + 1 — — &c. will be the expedlation 

of the longeft liver : but this feries is equal to a 
number of units whofe fum is ;/, minus a feries 
of m powers, whofe roots are in arithmetical pro- 
greffion, beginning with i, and ending in o j 

therefore n T' = ~r is ^^^ ^^^a of the feries. 

Hence, 



2n 
3 

4 
11 

TTin 



=:The expedl. of the longeft of 



equal lives 
^ i whofe com- 
1 plement of 
' life is //. 



m 



Ex. Let there be 100 perfons, whofe age, at a 
medium, is 30 years, fome of them may expert 



toliye ^ = 55-44 years^ 



8th, 
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8th/ It is required, to find the expedation of 
widowhood in married perfons, whofe ages are 

given, 

From the cxpcftation of the longcft liver := N^ M — NM 
Subtraft that of their joint continuaoce =: -f-AW 

Remains the cxpeftation of widowhood = 7V-|- Mr^^NM 

Ex. In married perfons whofe refpedlive ages 
are 30 and 25 years, the expedlation of widow- 
hood is 58.5 — 38.86=19.64- 

In married perfons of eqnal ages, the expedla- 
tion of widowhood is equal to that of marriage, 

feeing =— * which expreflcs either of them. 

9th, If the expedlation of life, for any number 
of years not exceeding n the complement thereof, 
be required ; in this cafe calling x the number of 

years, the fum of the feries — | • • • + 

will exprefs this expe<ftation ; but the fum of the 
firft and laft terms = , and x thg munber of 



terms ; hence, X x (7. Equ. 3.) is the expedla-. 

tipn required. When xzzn^ the ' expreffion be- 
comes — , and gives the expecSlation of the aflign- 

2 

ed life for its whole poflible duration. 

Ex. The expedlation of life for 15 years, in a 

97 

perfon aged 30, is — X 15= 12.99 years. 

1 iz 

Here it may be obferved, that the above expref^ 
fion alfo difcovers the number of perfons alive, to 
which one perfon added annually to a fociety, or 
left annually in witiowhood, at a given age, will 

increafe 
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increafe in k years. Thus, calling JV^=:~ the expec- 
tation of a widow's life; and fuppofing one to come 
upon afbciety every year, the number of annuitants 
aUye, deduced from hence, will, in x years, be 

le$t annually, at the fame age, then "TJ7-X Wx 

will be the number of annuitants alive at the end 
of X years. The maximum, therefore, is WN^ 
which will always happen when x^n^ the com- 
plement of the widow's life. 

Em. Let there come yearly upon a fund, 19.3 
widows, whofe expectation of life is 19.64, fca& 
8th ;) it is required, to find the number to which 
they will increafe in 15 years ; and what will be 
their maximum. Here, 

x=:i5, »^=I9.3, i\r= 19.64, and, 

1^X»^^= ^X 289.5 = 234.2, the number of 

widows at the end of 15 years. And their maxi- 
mum is IVNzz^yg. In like manner, the fum of 



» ., ' 



thfi fcncs -,+—" .+-;;-=—-—- X- - 

+— ;^ not only exprefles the expedation of two e- 

qual joint lives, for the time x, buf alfo gives the 
number of marriages in being together, that will, 
in X years, grow out of one yearly marriage be- 
tween perfons, of equal ages, whofe complement of 
life is », which expreilion, when xrrif, becomes 

— , the expedtation of two equal joint lives ; or, 

calling M the number of -yearly marriages, their 

maximum 
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maximum will be — • at the end of J9 years. If the 

3 

perfons are of unequal ages, lei the complement of 
the oldeft life be n^ and that of the youngeft m^ 

the expreflion will be x— H— ; and the num-» 

*" 2ntn 3^^ 

ber of marriages will come to. a maximum when 

Ex. Let there be a fociety, wherein there arc 
32 yearly marriages, between perfons whofe re- 
fpedtive ages are 33 and 25 years $ it is required^ to 
find the greateft poflible number of married per- 
fons, as alfo the maximum of widows and widow-- 
crs in fuch a fbciety. Here, x=»=53, i»r:6i 
andM=32 ; hence, 53— 49*5+3-5= ^9 J which, 
multiplied by 32, gives 608, the greateft number 
of married perfons ; which number being equal 
to all the widows and widowers in life at one time, 
and the proportion of thefe to one another being 
as 5 to 3 ; hence, 8:5:: 608 : 380, the maximum 
of widows, and 228, the greateft number of wi- 
dowers. 



Tie Expectation ^Lifb dijc^vcrtd ty Flvzioni. 
iftf Let — reprcfciit the probabflity tluit a life, whofe comple* 

ttX' ■ " X7S 

meat it 9h viB continue to^the end of x time. Then — — wiQ be 

n 

the fluxion of the fum of the probabilirfesy whofe fluent, (to find 
which, feeing the fluxion of x* Ii xx-|-kx=j«x, difide the whole by 
jr, add unity to the exponent of the power of x in each term, and di- 
▼ide by the exponent fo increafed), vis* x— — =s...-~ Xx» is the 

fum itfelf for the time x; tbisi when xzztgf becomes -2, and gtres 

a 

the cxpeftation of the aiSgaedtife for its while, poflible duration. 

. •* a/, Let 
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Supplement to Prob. XVIII. 

Let Ny M, P, and T reprefent the refpedive eX- 
pedlations of 4 lives, whole complements are ^r, 
w, /, and / ; and r, the arithmetical mean com- 
plement 



» — X X ff — * 

zdj Let be the probability tbat two unequal joint 

ftfft — ~" ■■• ' 

n — xXf»" X • .,, , - 
liws will continue to the end of x time ; — X *?» will be the 

fluxion of the fum of the probabilities; the fluent of this expreflion, 

n+mx* , *' , , " ^* *i. 

Yiz. jc 1- » when xzzxr, becomes -— , the expce- 

znm $nm 2 6m 

tation of two unequal joint live8> whofe complements are n and m* 

^df Since is the probability that two equal joint lives wiU 

continue to the end of x time, — X * will be the fluxion of the 

« . *» x^ 
fum of the probabilities, whofe fluent, viz. x 1 ^, when x=« 

becomes — the expeftatipn of two equal joint lives. Univcrfally lot 

the number of equal lives be », then — -- will be the expedlation of 

their joint continuance* 

n — xy^m — *X^— * 
4/i&, Let — be the probability that three unequal 

joint lives will continue to the end of x time ; then this expreflion, 

multiplied by x, produces 

„pax — ntxx + «w** — *'* 

'j. =* 

. : • r= the fluxion of the fum of the proba- 

bilities ; the fluent of which expreflion, being reduced and x put = n^ 

becomes ---X P — r = 'be cxpettation of three joint 

2 6 m t I2mt 

lives whofe refpeftive oomplem«nt9 are, p, m, and /# 

irf. Let 
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element of all the Eves wantu^ ti, the cottipW 
ment of the oldeft ; then, ^a 

Sit, Let — X— =;-^ be the proUhflity tliat two eqiud lifct^ 

ft M ft ^^m^hhI* 

whoTe conifrfeflMDC ti »» wiB fiiul in tke time Xi then i — . -. X ' wiU 
ke the iliuuoo of the fam of the profaihdities that one rf thcni at Icat^ 
^r411 Turrive the titte x i the iocnt of thi» czpreflbn, tis. x — -^ 

ji zx y 

when »=:«, becomes «<^— =:«-, ihc expeftttion of the longef It* 
Tcr. Univer&Ily let the nmfiber of eqoM livet be «(^ then ^r-- if tb« 
expeAation of the loflgeft liter. 



6ti, Let -^-^X — be the probability that there wiU be a {\xhhoi 

fi X mmmma»^^m^m 

•f two equal Mnt livei at the end of « time i then — — -^^ X « li 

X »* 
the ilinion of the fiuB of the probabilitiet» whofe fluent, iriS; 
M* 3Jr' i# • if 

— '—» — 9 when xssii, becomes if — — s:-^ the e&pe&ation of for* 
« 3«' $3 

Tivorihip between two equal lives, and is the lamt with that of theif 

joint continuance. 

X X 

7/iH Let t •*— X --'be the probabiltty that the oldeft of twoEvev 

XX* • .11 

will funrive the other at the end of * timei theof -*—-:.- X « w** 

tx ftfX 

be die fluxion of the film of the probabih'ties, whofe fluent 
X* jr> n* 

— — — -t whcttjr = ff, becomes-—. Hence the eipefiatioD of 

3JW pirn 6» .. ii« 

furrivorfliiponthepartoftbeddeft =a ' -r-** 

Add - 'H.^^ 

2 2 



<tft].e7««ig«ft » 7"7 + ^' 

Add * +~* 



SkptSknAm o{ mdomtj SB — — — |--^ 
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\Jiy Theexpeoatioaof die joint continuance of ^ 



n «* 



unequal lives =-— --=J\r— — iV = JM. 



««' 



-I ' 



n being the 
mean comple. 
of all the lives. 



n 



xi£ m equal lives rr , 

of «, unequalUves =;;^-,s+Tx«^/ 



Expe^tfttion of widowity, as on p. 2oi. =; —— 1. — 

2 « • jat. 



Add * " 



2 6m 



J9K ■ 

— — — — of the longeft Jivcr =: 1. — , 

2 6iv 

8/^t Let there be three jdiiit liTes, whofe refpedive .complementi 
are n^ m, and / ; the expedlation of funrivorfliip on'the part of 

the ddeft = -^^ 

izmt 

the fecond ^ ^ 

tZKt 

/I 

the youngefl ^ . . 

tznm 

* To abridge the kbour of calculating the expedation either of 
the joint continuance^ or of the longed liver of m unequal ltTet» ^^ho& 
mean complement is » ; 

In the fluent -==r-*—» which exprcflcs the fum of the pro- 

babilities that all the lives will fail in the time, x; let xzi^n^ the 
mean complement of all the lives, and fdbtra&ing that fluent ftam 

rxTf we (hall have zxr*^ — i — ^^ = iwpeaation of tkcir 

Jfiiint continuance ; and « -— expe&ation of their joint continuance = 
thai of fhe longcft liver. 

2d, 
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ftd, The expedladon of the longeft livei* 
of 2 unequal lives = J\r+ M — NM =M+ -^ N. 
of3 ^.JLJ^^j^Mp^ 

of 4 = ^ ^'^ -.ISIMPT. 

of m equal lives —Zlir 

o£m unequal lives =«— Expei^ationl ^^^^ ^^^ 
of their joint contmuancelpi^j^^j^^ 

of a lives out o{m= — t" P^ ^^ 

^ , />ir+l I 

Or in the cafe of 4, 5, 6... m unequal lives, find 
their mean age, and confider it as the age of Hb 
many equal lives. 

Ex. Sought, the expeftation of the joint continu- 
ance and of die longed liver of three lives, whofe 
refpe<Slive complements are 40, 50, and 60. Here, 
20—9.7/+ i,7y = 12, Expedl. of their joint contin. 
50— 12 = 38, of the longeft liver. 

3d, If tj the time, be fought, in which/, a part of ot 
equal lives, will fail, whofe complement hn ; here, 

-r^ =/, the time fought. 

— X'=/i and making /= I, 

=/, the number which fail in one year j hence, 

In any number of lives, their expedation of life, 
and the number which die yearly, are reciprocal rf, 
and difcover one another. 

4th, Let there be any confiderable number of 
.livesi in their natural order, extending from a 

C c 2 given 
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given »ge, whofe compleniient U n, to the utmoft 
period of humaii life ; then, 

ifi^ r^s their mean complement of life. 

The given age-| — cs the mean age; and, — = 

their mean expe£Ution of lif e« 

Thus in a table of equal decrements^ where the 
complements of life form a ieries of fquares, 

--then^an complementt &c. 

9 






Ex. jfty In^any approved table of obiervationst 
fuch as that of Pr Hallej, whefe 90 is the utmoft 
extent of human life, 30 will be the mean age of 
alltheperfonsinthetable, and its ezpe^tion, viz. 
aSf will be that of human life^ or of infancy by 
the table. 

Moreover, a8x»+3o?=:86, is with propriety 
pi^t as the utmoft extent of h\mian life by Mr I>; 
Moivre, in his Hypothefis oif equal decrementSi 
which is adapted to Halley^s table. | 

Ex. id, The marriages of minifters wives, in 
the eftabliihed Church, take place from the age 

of 18 to 45 years; hence, +18=37, the 

mean age of marriage, which is alio the mean age 

86— 27 

of the youngeft widows j hence, «— — +27 = 46I 

the mean age of widowity, whote expedation of 
]ife, viz. 19I, multiplied by 19.3, the ntimber 
eft yearly, will produce 379*5^ 3ic Tnnyiwinm of 
JMinuitants. 

3^, In fuch ?t number of lives, the expc^noo 
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of the loageil liver is nearly equal to the complex 
ment of life in the youngeft. 

4th9 In fiich a number of lives, which are con- 
ftantly the fame, being kept up by the addition 
of new lives as the old drop off, their expeda- 
don of life is the fame with that of the youngefU 

5th^ To find the period of doubling the number 
of inhabitants in any province. When the num- 
ber of births, with the addition of the annual 
fettlers, does fo far exceed the burials, that their 
difference bears a confiderable proportion to the 
whole number of inhabitants^ and is equal, fup- 
pofe, to a 36di part thereof; the number of inha* 
bitants^ if this part continues conftantly the fame, 
will be doubled in ^6 years. But, as eveqgr ad- 
dition to the number of inhabitants^ from the 
births and , fettlers^ producea||a proportionably 
greater niunber of births ; if we fuppo!fe die excdk 
to increafe annually in proportion to the number 
of inhabitants, fo as toprelerve the rado of thefe 
to one another always the fame ; upon this fuppo*^ 
fidon^ the population of a province, till it doubles 
itfelf, will exa^y refemble the accumuladdn of 
money at compound interefl: therefore, calling 
this rado of the excefs of the births and fettlers 

above the burials, to the inhabitants, — ; 
in thepopuladonl r. 



I 



r 






m the population r, "J 

of a province, is Mn compound interelU 

equivalent to | *J 



hence^ 
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hence, by remark 2d upon compound intereft, 

j^ . ^ =tne pcnod of doubling. 



£jr. Let 7=^1 then -^=25.3 years, the 

period of doubling. 

If My the amount of the population P, in the 
time /, be fought, when the ratio of the excefs of 
the births iibove the burials to the inhabitants is 

— J in this cafe, P X —4= M^ the ai^ount. 

Problem XIX. 
Of the Probability of Survivorjbip. 

Cafe I ft, J[ wo lives being given, to find the 
probability of oig| of them fixed upon furviving 
the other. 

82. A\\ \ f ^ S 



Let ASy the complement of life, be divided in- 
to an indefinite number of equal parts, AB^ BCy 
CDy &c. reprefenting moments of time^ then 
will the probabilities of living from A to J?, from 
A to C, from A to 2), &c. be reprefcnted by the 

BS C% DS 

fradlions -^^ ^* -^^ &c. and the probability 

of life's failing in any interval of time AF is mea- 

, AF 
fured by the fraction ^* Again, when the in- 
terval AF is once paft, the probability of life's 
continuing from F toG, is — , and of its failing 

FG 

' in that interval, is y^^ Hence, 

Tli« 



O N L I V E S. ao7 

The probability of life's continuing ffom -^ toF^ 

FS FG FG 

and then failing from F to C?^ ^?25^H~^ * 
confequence, the probabilities of life's failing in 
any two or more equal intervals of time betwixt 
ji and S^ are exadlly the fame^ the eflimation being 
made at ji confidered as the prefent time. 

Thefe things being premifed, let the comple- 
ments of the two 

^— U s 

B ^ S 

lives be jlS—n^ and BSz=:m; upon which take the 
two intervals jIC^ BD=Xy as alfo the two mo- 
ments C!r, Di/=x ; then = i is the pro* 

bability of the firft life's continuing to the en4 of 

the time x, or beyond it; and ~ is that of the fe- 

cond's continuing from B to 2>, and then failing 

' • • • 

in the interval D^/; hence^ i — —x—^- — —is 

ft fti fft Wft 

the probability of thefe two events happening to- 
gether at the end of the dme x, or it is the fluxion 
of the fvim of the probabilities, whofe fluent, viz. 

X X* 

is the fum itfelf for the time ;c. Let now n 

m tnm 

beput=:x, then the probability of the firft life's 

n 

furviving the iecond will be — , whif h fubtrac-? 

ted from unity, leaves the probability that the fe- 
cond Hfe will furvive the firft. 

Hence the probability of furvivorflxip on the part 

of the oldeft life, whofe complement is « = — • 



pf the youngeft, ' i um =1 — -^ 
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Ex» Let«=s46andffi=: s^i ^^i 

JL=-4«") ftheoUeft. 

"* >The dnnce of fttrrivor. on the part off 

t— ^jrs.jpl (^the yonngeft. 

When the lives are equal, — is this probability on 

the part of either of them. 

jif aged 60, whilft in health, bequeaths to S, aged 
30 years, the fum of. L. 500, in cafe he (5) (hall 
DC the furvivor ; fought, Ae prefent value o££*s Or 
pedtauon, at 4 per ceHt. Here, 

« = a6, jw=56, and P= 15.983. Hence, 

joox- = L. 307-365 

muldplicd by X— — = -767 



inroduces 5*xexpe«ftation =L. 235.75 

Cafe 2d, Let there be three lives, uf, .fi, and C, 
whoie refpedive complements are » , m, and / ; it is 
required, co find the probabiUty that any one of 
them fixed upon will furvive the ot her t wo. 

The fluent of the expreiHon, i — — X — X — 

ft 0i if 

being taken, ^'^^'Imt^'^ir ^^^ * ptit=«, we fhall 

have — -=:the probability that the oldeft life J 

will furvive B and C. Again, the probability, 
that the fecond life B will furvive the other two, 

is, ~ — ~ ; and th^ two, fubtraAed from unity, 

leave the probability of the youngeft life C iurvi- 
iring j4 and B. Hence the probability of furvivor- 
Ihip on the part of 

A 
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A, after B and C = 






B, AandC = 




it ""^ 6tnt* 


C, A and B =: 


1 — 


2/ ""* 6atf « 



to9 



Ex. Let XT =40, m zz 50, and / =: 60. Then, 

r B and C. 

chance of furviving } A and C 

C A and B. 



.17^ = A's^ 
.31^ =z B's > 
,49# = Cs > 



When the lives are equal, -|- will be the probabi- 
lity that any one of them fixed npoa will furvive 
the other two. 

Cafe 3d, Let there be three lives, A, B, aiid C. 
It is required, to find the probability of iurvivor- 
fhip on the part of any two of them after the 
third 

T^e fluent of the exprefHon i — . i. x 1 — ^ X -> 

being taken, and 9c put = w, will give the proba- 
bility that the two oldeft will furvive the young- 

n n* 

eft, = Tt~^emt* ^^^^^ ^^ probability of furvi- 
vorihip on the part of 



n 



A and B after C = 

2/ 6mt 

AandC B = - — -?-• 

BandC A = i — -* — i + A 

im a/ inft 

Ex. Let » =40, »i=5o, and/=6o. Then, 

.244 = A and B's ") CC. 

^31/ ?= A and Cs > chance of furviviog ^B. 
.44^ = B and C« 3 CA. 

When the lives are equal, i will ^e the probabi- 

D d lity 



-,- *>*.-• -» — 
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lity that any two of them fixed upon will lurvivc 
the third. 

Cafe 4th, It is required, to find the order of 
furvivorfhip betwixt the three lives, A, B, and C, 
whofe relpeiflive complements are //, m^ and / ; or 
the probabiUty that A ihall furvive B, and B fur- 
rive G, &c. 



i/, A, B, C, = 

2dj A, C, B, = 

3^9 B, A, C, = 

4/i&, B, C, A, == 

5'^> C, A, B, ^ 



6mt* 
n_ n^ 

2/ It 6tfa 
n »» 



2m ynt 

6tb, C, B, A, = i-^^:L+^^ 

2f zm 6mt 

JHLere it is inanifeft, that thefe fix orders, taken 
two and two, fuch as the ift and 2d^ or the id an4 
3d, are refpedlively equal to the firft equations in 
^he two foregoing c^es, &c. 

Ex. Let n =: 40, m = 50, and / = 60. Then, 

When the lives are equal, ^ will exprefs the pro-^ 
bability of furvivorfhip betwixt any order of the 
three fixed upon, 

A, 2^ged 70 years, whilfl: in health, makes a 
will, whereby he bequeaths h. 300 to B, aged 45^ 
and L. 500 to C, aged 36 years, with this condH- 
f ion, that if either of them die before him, the 
whole is to go to the furvivor of the two : Sought^ 
the values of the expedations of B and C^ eftima- 



OiAfx \Jl, s .08 1 
id, = .o8f 


Order 4<A, = 


Stb,= 


3</. = -'5/ 


6th, z= 
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ted from the time that the will was Writ, and rec- 
koning intereft at 5 per cent. Here, 
11=16, w=4i, /=50, and P, correfponding w 
», =10.838. 
Was it certain that A would die before eithef 

of them, 

p 
B*s expectation would be 300X— =L. 203.21 

Cs ioox^^L. 338.69 

Which expe<5lation of p, multi- 
plied by the probability that 
he and B ihall furvive A, = «686^ 

Produces Cs expedlation, arifing 

from the profpedl of A's dying 

before either qf them. 
But C hath a further expectation, 
arifing from the profpedt that he 
ihall furvive A, and that A (hall 
furvive B, in which cafe he fhall 
obtain 203. i I 

Which expedlatioA, multiplied by 

the 5th order, = •''^Si^ 



= L. 216.916 



Produces his chance of B's legacy, = 3i*i93 
To which add 2 1 6.9 1 6 



Their fum is the whole of Cs exp. ±:L. 248. 1 1 

In like manner, B's expectation, ariiing from the! 
profped that they will both fur- 
vive A, z= L. < 39.^04 

To which add his chance of C's le*- 

gacy, sf 40. 1 6i 

Their fum is the whole of B*8 ex- 7 t £^^ 

peaation, | = L. 179.605 

D d a P ft o- 

/ 
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Problem XX. 
Of Half-yearly and Sluarterly Payments of an Annuity 4 

8 3, I ft, IN cafe of an annuity ^, paid every 
half-year, d-uring « years, at a given rate, let P be 
the value of the annuity a for n years, T, the va- 
lue of the half-yearly annuity for the fame num- 
ber of years, and^=i2* — i, the intereft of L, i 
for half a year, (Table in 46th) j then 

a a 

P^—^y (47.) i^=— 3 — y (49.) divide both by 
a——, hence -P : T: : — : — , which gives ^ = F. 
If quarterly, d-rzR^ — i, and ^=^. 

Ex. Let there be an annuity of L. 30 per annum, 
paid every half-year, by equal portions, for the 
{pace of 20 years ; fought, the value thereof, at 4 per 
cent. Here ^^=15, P = L. 407. 7, and d— .0 1 984. 

rP 

Hence —=£.410.96=^, the value fought. 

Or thus : The annuitant, in cafe of half-yearly 
payments, has the advantage above the annual 
payments of the intereft of ^a for half a year, that 
is, of ^ yearly, during the continuance of the 
annuity ; \vhich intereft, at 4 or 5 per cent, is e- 
qual to T-i^ or ^V P^t of the annuity; therefore 
to the value of the annuity paid yearly, add its 
09th or 79th part, the fums will be the values of 
the half-years payments. 

id. 
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ad^ If an annuity is paid for life^ in this cafe^ 
half-yearly payments are ^ of a year's purchafe 
better than yearly ones* 

The annuitant, by the laft, hath the advantage 
of the intereft of ^ of the annuity during life, be- 
fides an equal chance of receiving one half-yearns 
value more than if he had been paid yearly; 
which chance is therefore, at his death, worth ^ 
part of the yearly annuity. Now thefe two ad- 
vantages, it is manifeft, will always amoimt to i 
of a year's purchafe in prefent value. 

Again, half-yearly payments, which begin im- 
mediately, are half a year's purchafe better than 
thofe that begin at the end of half a year ; that is^ 
by the above, they are ^ of a year's purchafe bet- 
ter than yearly payments which begin at the end 
of the year. But yearly payments which begin 
immediately 'are a whole year's purchafe better 
than the fame payments to begin at the end ot the 
year: therefore the difference of value between 
yearly and half-yearly payments, fuppoiing both 
to begin immediately, is ^ of a year's purchafe in 
favour of the former. 

3d, To find how many years pofTefHon will re- 
imburfe an annuitant for the price paid for his 
annuity. 

Calling fi the number of years required, a pur- 
chafer will be reimburfed for his money, when the 
years-purchafe of his annuity for n years certain 
is equal to the value of his life j that is, when 



I 



> r- ^ iir t «. 1 , ^' 1-rN- 



• zrATj hence -R* = — -r;, and n zz 



r ' i-^N^ L. R 

which J^ always leis thaa dbe »pe^adon of Uf<$ 



914 THE BRITISH 

confidered as £b many y^ars certaiii. (Conftruc* 
t&cmofTabkIL) 

Ex. A perfon, aged 30 years, purchafes ai^ an- 
nuity for life : Sought, how long he muft live be- 
fore he C3Xi be reimburfed for the purchafe-xno- 

jiey, at 4 per cent. 

' .1 

Here N = 14.684, and — ^ = — = 23.23 
^ ^' L. * -017 ^ ^ . 

years. 

When an annuity is bou^t at a number of 

'vears 'puFchafe, zr — , in this cafe, n=2, and 

ii25r^ the time In whi^h money doubles itfelf 

at a given rate. 

When the Aoniber of yeai^s purchaie=— , n be- 

comes indefinite, and die poileflion mufl be a per- 
petuity. 



Problem XXI. 
Of the Britijh State LotUry. 

84. The State-Lottery is a fpecies of gambling 
permitted by the legiflature, for the purpofe ot fe- 
curing a certain yearly revenue to government. 

The Lottery anno 1 79 1 contains 50,000 tickets ; 
and the number and value of the prizes, begun 
drawing February 20. 1792, are reprefented in the 
following fcheme. 



SCHEME 
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SCHEME of Britijb State Lottery lygt. 

Number. Prizes. Sum. . 

2 of 30,000 = 60,000 

2 of 20,000 1= 40,000 

3 of 10/DG6 ::= 3^,000 
5 of 5,600 = 25^000 

10 of 2,000 =af 20,000 

15 of 1,000 = 15,000 

30 of 500 =± 15,000 

50 of 100 = 5,00a 

1 00 of 50 tz 5,000 

14,15c 6f 20 ir 283,000 

ift & laft 2 of 1,600 = 2,000 

In this Scheme let 

a 1= 14,369 ^e{)rd€ht the numbet of Prizes. 

* ^- 35,631 — Blanks. 

a+bzz 50,000 Tickets. 

s =L. 500,000 ' the fum of the Prizes. 

From thefe data the following p^^ulars a«e 
inferred. 

I ft, To find the value of each Ticket, &c. 
— =L. 10 =t;, the value of each Ticket 

^ =L. 34.79 =r, ^ ■ Prize. 

put/ =L. 1 6. 8, th e market-price of each Ticket, 
then/— vxa+^ = L. 340,000, = equal Profit of 
government, including the expence of manaee- 
ment, &c. * 

2d, To 
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2d, To find the chance or probability of draw- 
ing a Prize or a Blank. Here, 

Seeing a-\-6 : a a i . ^, Hence the following 
ratios. 



'^ i=l^='^3-48H 



the probability 
of I Ticket 
drawing 



a Prize, 
a Blank. 



3d, ---=-1- =1:2.48— ; that is, to each 

Prize there are 2.48 — Blanks. 

Thefe rarios may be called the indices of the 
Lottery, which, being pointed to, or multiplied 
by any number of tickets, fhow the probable 
number of prizes or blanks in thefe tickets* 

Ex. — rX3-48 = i : i, and fhows that 3.48 

tickets have an equal chance of drawing i prize 
and 2.48 blanks; but the market-price ot the 
tickets being L. 58.36, there is therefore a lofe of 
58.36 — ^=1.23.57. 

Again, — X i«4 = i : i, and fhews that 1.4 

tickets ha\^ an equal chance of drawing i blanks 
and .4 of a prize : there is therefore a lofs of 
23.52 — i3.92=L. 9.6. 

3d, To find how many Blanks or Prizes there 
are in n Tickets. 

In « tickets f 1^ P""»» ^^ "--^ ^1*^^ 
there are J JL_ blanks, and » 1- prizes. 






1.4 1.4 



£x. Let »=2o, there will be -^^^.y^ ju-izes, 

asd. 
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and^ ao — 5.75 = j 4.25 bla^ks. - A^ the fapie time, 
the greater the number of ticl^ets, the,g|:eatqr a^ 
the probability of obtaining the proportional ^ 
number oif prizes: Thus, 3.48 tickets- have only 
an equal chance of drawing i prize ; wherea?^ 
a-\-i tickets g^re certain, pf drawing .^;.. prizes : 
therpfoi|e . jVhe chance, of drawing a',.pip,pqrtional^ 

number of prizes varies frow probability. to, cier- 
tainty in proportion to the number of tickets, 

4th, :To find the probability which//; tickets 
have of drawing a certain npmber 0/ prizes, not 
exceeding, pi, J^r^=the prizes e!xpe<fled in n tick- 
ets ; then— X zsthc probability required. 

Ex. XjBt /!=?, and ^zrr; then -1— r=-4- = 

I : 2 z= the probability of 5 tickets drawing 3 
prizes. 

5th, To find the probability which n tickets 
have of drawing any one particular prize in thp 
fcheme. 

That I ticket will draw a prize 



of L, 20, 



better than L, 20, Y "- babi 

lity = 
of L. 1000 and upwards. 

That n tickets will draw a prize 

better 

the probability 



04.150 _ 1 
the pro- 



er than L. 2o,l 

0f L. 20,000, 1 



E e 
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6th, To find the probability which any 2 

tickets fixed upon have of drawing 2 capital 

prizes, for inftancc, of L, 10,000 each. Here, 



3 _ I 



— ^^^^ ^ ^ probability that i ticket fixed 

50,000 16666.^- ^ ^ 

upon, wifl draw a prize of L. io,ooo. But in 
the prefent cafe of 2 tickets drawing equal prizes, 
as thefe events ari independent of one another, 

^''^^'^7^ X T6:k^= ' '- 277,777,777^y = 
the probability required. Hence th^ vaft diikd* 
vantage attending ihares of tickets drawing ca- 
pital prizes. Thus the probability that 2 half 
tickets will draw the half of two L, 10,909 pri-» 
?:es, is as i : 277, &a as above, 

7th, To find the number of prizes and blanks 
drawn daily, during the continuance of the lot- 
tery, being 38 lawful days. 

Each law- C Prizes = 378, with 5 interfperfed, 
fuldaythe< Blanks = 937, — ^—^S 

N® of (^ Tickets = 1315, 30 

N° of L. 20 Prizes zt 372, 14 

8th^ Infurance in the Lottery is not only ex- 
prefsly prohibited by adls of parliament^ on ac-!* 
count of the bad elle<5ls it may have upou tlie 
morals and fortunes of adventurers; but it is alio, 
upon a fair calculation^ fo high, that it is not to 
be fuppofed any perfbn will ri£k incurring the le- 
gal penalty by fuch a praclige. Thus^ 

ly?, Should aa adventurer infure, upon his tic- 
ket, the fum P, not exceeding the lead prize^ lap- 
eii condition that the qffice fhc^ll rnake good that 

fuin, 
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fum, in dafc of a blanks while he refcrves to hmi^ 
felf the chance of drawing a prize ; fought^ the 
premium of infurance. 

It is evident, that here only the blaiiks need to 
be infured j therefore Px^ will be the infurance 

upon the whole, a^b number of tickets, and — -- 
s: PX — -—the infurance upon each ticket* 

Ex. Let P=:L* 16.8, then -i-l-s=L. 12 premiudl' 
of infurance. 

Let P=:L. 20, the lead prize, whilft the hold*' 
cr retains the chance of a higher one, then, — « 
=L. i4.28jf, the premium of infurance. 

Hence any fum P, not exceediiig the leift 
prize, multiplied by the chance of drawing a 
blank, in any lottery, will give the premium of* 
infurance upon that fum. 

2^/, Should an adventurer infure upon his tick-* 
et the fum of L. 50, whilft he retains the chancel 
of a higher prize ; fought, the premium of infi^ 
ranee. Here jo^+the number of L. 20 prizes 
multiplied by 30= the infurance upon the whok 
number of tickets j therefore, 

50*4-14150X30 - - ,. /♦ t>. 
— — ^z=L« 44. 1 2, the premmm fought 



Zei , k £- 
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R E M A R KS. 

' ijfj Iii fuch- a Lottery, the true value of esr 
ticket, exclnlive oif the eXpeace of managcmeni. 
is L. 10 ; ancl it is owing to the coafidence which 
the credulity of the pu'blic tiath in the powers of 
fortune, that the market-price rifes to i6 guineas 
or upwards. 

i//. The feheftie of this Lottery is conftrudled 
with great art : There is a valuable, bait of 
L, 100,000 in four prizes, hung out to catch the . 
•dtteiitioh of the public ; and the number of L. 20 
prizes being fo great, there are not 2.5 blanks to 
I prize; whereas the chance of obtaining a 
L, 20 priie being fcatcc diftinguifhable frpm that 
of obtaining a prize, at all, the number of the 
former ought in all juftice to be diminiftied, 
and the z prizes of L. 30,000 each reje6led, fo 
as to increale the number of the intermediate 
prizes. 

Problem XXIL 

Of a Tontine. 

85. J\^ Tontine is a kind of lottery on lives, where 
the capital, divided into a number of fhares, is 
formica by th^^ voluntary fubfcriptions of thofc 
who chufe to ri(k their money, in fuch a fchenae, 
upon the continuance of their lives. There arc 
feveral particulars reff/cdling a tontine which need 
to be determined. 

xft, 
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ift, In a tontine, where loo perfons, for in- 
fiance, whofe mean age is 20 years, fubfcribe 
each of them L. 100, forming a capital ofL. 10,000, 
which is funk to the heirs of the fubfcribers, it is 
required to find the number of furvivors at the 
end of 10, 20, 30, &c. years, and what premium 
will then be due to each furvivor, reckoning in- 
terefl at 5 per cent. Here, « = 66, /w=ioo, and 
/=io; hence, (fupplement to problem XVIII.) 

JS+lX/ 1010 1. iT M • U -.^l. 

—"66" ^ ^5-3»^"^ *^" m 10 years ; but the 

intereft of the capital being L. 500, - — =: L. 5.9, 

the intereft due to each furvivor at the end of 

that period; hence, 

living 84.7, per cent 5.90, at the end of 10 years, 

69.4, ^ — 7.20, 20. 

-i — 54-^- [ — 9-^4> 30, &c- 

2d, In a tontine, where the fhares are in pro- 
portion to the value of life, with a view to make 
a dividend of the capital when the furvivors can 
receive each of them L. looo; in this cafe, if 
the fhare of a ftibfcriber aged 10 or 12 years be 
L. 100, that of a child one year old will be L. 79, 
reckoning the value of Hfe at 4 per cent j thus 
16.88 : 13.36: : 100 : 79. In like manner, 

the fhares are from 79 to 95 
> 95 to 100 

100 to 95 

18 to 27 — 95 to 90 

27 to 39 90 to 79 

In mch a tontine, let there be 100 fubfcribers 
whofe mean age is 20 years, and the (hares at 
a ' medium L. 90 each, forming a capital of 
L. 9,000 J it is required, to find the thne in which 

they 
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they will be fb far reduced, that each furvivor 
can receive L. looo. Here, m= ibo, n = 66y and 
/=9i. Hence, 

—-^ = -^=59.46=:/, the time fought. 

3d, In a tontine to continue a limited time, it 
18 required, to find the capital of each lurvivor 
having a fingle fhare, at the expiration of that 
period 

Ex. In the equitable and univerfal tontine, 
Briflol, commencing on the i6th day of January 
1792, and continuing 7 years, wherein each 
jQiare is 6 s. 6 d. per quarter, with 5 d. per quarter 
for agency, it is required to find, 

I ft, Out of 100 fubfcribers, whofe mean age is 
25 years, the number of lives failing in 7 years, 
H€rei«=:ioo, ;7=:6i, and/=7} hence, 

^!^— =:— = 1 1.6, the number required. 
» 61 

2d, The amount of each Iharc at the end of 7 
years, reckoning intereft at 4 per cent. Here, 
4i2r.325, jR' — i=.3i59, andr=.oo985; hence, 

7?/— f 
^X zzL. 10.425, the amount of each fliare. 

But it is evident, that, as the lives fail from year 
to year, the ii.6 dying out of each 100 fubfcri- 
bers will only have contributed the half of their 
quota, viz. 1 1.6x5-2125=1.60.465, to be divi- 
ded among 88.4 furvivors ; hence, 

^^^rr.684. to which add L. 10.425, their fum, 
S8.4 ^ . 

viz. L. 1 1. 1 1, is the capital of each furviyor, ha- 
ying a fingle Ihare, at the end of J^ years. 

Thefe quarterly payments, viz.'6s,iid. laid 

out 
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out at 4 pef cent* fimplc intereft, where there as 
no riik, would, at the end of yi- years, amount 
to L.I 1.42. 



^Supplement to Chap^ VIII. 

Of Infurance from Fire. 

8 6. J[n the city of Edinburgh and its environs 
there are about 50,000 inhabitants ; and of con- 
fequence, by allowing 5 perfons to each family, 
there will be 10,000 families in that city and it» 
neighbourhood : Now fuppofing that L, 100 was 
infured upon each of thefe at 2 s, 6 d. per annum, 
this, for each 1000 families, would produce an 
annual revenue to the infurance-ofBce of Lu 125. 

Again, admit that i family out of 1600^ or 10 
out of the whole city, were expofed to the accident 
of fuflfering lofs by fire yearly, which is a high 
proportion, and, we truft, feldom verified by ex- 
perience ; this would occafjon an amnual lofs to 
theoflice of L, 100 upon each 1000 families; of 
confequence there would be a faving of L. 25 
yearly, befides intereft, to defray the expence of 
management, upon each 1000 polices at 2 s. 6d. 
a-piece. Were the rilks in large and finall pro- 
perties the fame, being in proportion to their va- 
lues, their polices would be equal ; but from the 
number of hands, fires, and lights, &c* employed, 
and from the conne<5lion of the parts of a build- 
ing, the rilk attending L. 1 000 capital is great- 
er than 10 times that attending L* 100 value. 
Therefore, to find this rilk when the policy is, 
for inftance, 4s. =:L. .2 per cent,; here, as 
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.125X1000 ^ 1. -n • ' ,^ 

= 625, the rilk IS as i to 025. 

And when the policy is 4 s.nL. .2 per cent, upoa 
625 capitals of L. 500 each ; 

The annual revenue to the office^r^X.s X625=L.6i9 
The annual lofs would )>e =: 500 

And the yearly advantage := L. 1 25 

In like manner, when 

The policy is 2 s. 6d=. 125" 

3 s. =.15 

4 s. =2 

6 s. =.3 



the riik is as i to 




The number of polices =; 3375 

Policy. Capital. M. Revenue. 

28. 6 d. L* lop, 12; 

3 s, from L. 100 to L. 50O9 312.5 

4 s. from L. 500 to L. 1003, 875 

5 s. from L. 1000 to L. 20oo> 1875 
^9. L. 2000 and upwards. 2500 

5687.5 "36.5 

Add the interefl: upon the mean revenue at 4 per cen(. s= 237.5 

IJcncc 3375 polices produce of yearly gain ;=; L 1374 
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CHAP. IX. 



Of the Wldoijos Scheme in the Church of Scotldndi 



87. X HE fund eftablifhed by law^ for a prcH 
vifion to the widows and children of the minifters 
of the eftablifhed church, and of the profefTors in 
the univerfitieS) of Scotland, is a noble monument 
of the knowledge, moderation, and perfeverance of 
the late Reverend Dr Alexander Webfter, one of 
the miniflers of Edinburgh, the principal contri-^ 
ver and promoter of this fcheme ; at the fame 
time it is a ftriking evidence of the experience 
which the minifters of the church then had, of 
the flraitened circumftances of many widows and 
orphans of minifters, who, from a competency^ 
were reduced, at once, to a ftate of indigence ; 
feeing that, out oF 962 minifters and profefTors, 
only 135 declined contributing to this fund; a 
fund, by which, when it is complete, above 370 
widows will be fupported, and a fum not lefa 

than L. 1360 diftributed yearly among the or- 

. phans of contributors. 

F f ft-cvioM 
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Previous to the eftablifliment of the fcheme, fe- 
veral attempts had been made, by the different 
fynods in Scotland, to provide for the widows 
and orphans of miniftcrs ; all which proving in- 
cffeiflual, from their limited nature, and for want 
ofva common rule and proper authority to enforce 
it, Dr Webftet and others, about the year 1 742, 
prepared the plan of a fcheme, which fhould com- 
prehend the whole minifters of the church, and 
be enforced by the authority of law. For this pur- 
pofe they had propofed a fet of queries to the dif- 
ferent prefbyteries; and from the lifts tranfmitted 
by them, anno 1742, in anfwer to thefe queries, 
founded upon an inquiry for 20 years back, the 
following faiSs were difcovered : 

i^. That the number of benefices in the church, 
independent of the offices in the four univerfities. 
Was 970. 

ad J That, taking one year with another, 27 
minifters died yearly. That 18 of them left wi- 
dows, whofe mean age was fuppqfed to be 5 2 
years j' 5 of them children without a widow ; and 
4 of them neither widows nor -children : Hence 
the e35pedation, of a widow's life, by Dr Halley's 
table, viz. i(5,66, multiplied by 18, produces 300^ 
the greateft number of minifters widows fuppored 
to be alive at one time, 

3^/, That 3 families of children, under i6 years 
of age, were left annually by widows of mixxi- 
fters who died or married. 

Thefe fa<5ls being difcovered, the falaries of tKc 
general* collector and elerk were eflimated a.c 
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L, 200 yearly, which, together with a fiim Hot 
exceeding L, 39 allotted to defray the incidental 
expences of the trufteei, made the annual ^xpence 
of management, in all L. 239 ; which afterwards, 
upon admiflion of the profeflbrs in the four uni- 
verfities to the privilege of the fcheme, was in- 
cnafed to L.250. And in order to ' deprefs the 
annual rates as much as poflible, fo as to leave 
room for taxes and dedudlions, a high rate of in- 
tereft w^s affumed in the calculation of the rates, 
namely 4^ per cent. Upon thefe principles and 
data, a fcheme was prepared and laid before the 
General Aflembly 1743, which approved thereof; 
and the. parliament, upon the humble application 
of "the Aflembly, were pleafed to eftabhfli the 
fame by law, and enacted that the fcheme fliould 
commence on the 25th day of March 1744, ma- 
king the firft year thereof, which ended on the 
2 2d day of November thereafter, to confift of 8 
months wanting 3 days. From the lifts tranfmit- 
ted by prefbyteries at Candlemas 1745, it appear- 
ed that the number of benefices and offices in the 
church and univerfities, namely ibii; and con- 
fequently the annual produce for the fupport of 
the fund, was confiderably lefs, andthat.the num- 
ber of widows to be provided for, viz. 364, was 
confiderably greater than had been fuppofed in 
the calculadron of the rates previous to the afore- ^ 
faid a<5t of parliament ; and upon inftituting a 
new. calculation, founded upon Dr Halley-s Ta- 
ble of Obfervations, it further appeared, that by 
reafon of thefe difadva^ntages, the free ftock would 
become f^atiouary againft the 177 1, and that 
Iri 10,000 w^uld then be wanting to raife tljie ne- 
ceflary capital of L. 8o,coo. The truilees, for 
preventing this and other difagreeable confequen- 

F f 2 ces. 
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ces, did, purfuant to the order of the General 
Aflembly 1 748, petition the paj-liaioient to order 
certain lums, out of the firft and readieft of the 
annual produce, to be applied from time to time 
towards raifing the capital ; and to authorife de^ 
dudlions, in certain cafes, from the annuities of 
widows and the proviiiotis of children. The par- 
liament were pleaied to enadt accordingly. 

During the fpacc of 30 years, from the year 
1748, the aflPairs of the fcheme continued, as 
they ftill continue, to profper. The truftees, how- 
ever, about the year X773, with the acjvice of Dp 
Webfter, propofed a number of alterations and 
improvements refpedting the fcheme to the Gene- 
ral Aflembly. In confequence of which, after ta- 
king the fenfe of the church upon thefe altera- 
tions, the Aflembly 1778 did again petition par- 
liament to confirm the fame by law ; the parlia- 
meQt were pleafed to comply with their requeft, 
by a new ftatute, 19 Geo. III. cap. 20. 

The feveral particulars refpedlLag the perfbns 
who are liable m payment to, or receive benefit 
from the fund, together with the terms of pay-* 
ment, the rife of the capital, till it amounts to 
L. 100,000, and the duty of the truflees, who are 
appointed to fuperintend the whole, are all accu- 
rately expreflfed in the late adl of parliament, 
which is- in force from the 29th day of September 
1 778, a copy of which is fuppofed to be in the 
pofleflion of every contributor. In the prefen^ 
ftate of the fund, in the year 1 790, it is propofed 
|o inveftigate the 1 2 following articles ; 

Art. I. To find the connedtion betwixt the fe- 
veral clafles of annual rates and their correfpond- 
ing jinnuitics in the widows fcheme. 

88, 
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88. According to lifts tranfmitted by prefby- 
leries previous to the commencement of the 
fcheme, the benefices in the church appeared to 
be, as above, 970 ; minifters were fuppofed to be 
admitted to their benefices at the mean age of 27 
years, which, by Dr Halley's table, makes their 
expedlation of life 30 years. The widows of mi- 
nifters were fuppofed to live, at a medium, about 
20 years ; and the expence of management was 
eftimated at L, 239, which being divided by 970, 
quots .2464L for each contributor's annual inare 
of expence. Now fuppofing an annuity of L.,5 
was granted to each widow, or to years purchafe 
of her ' annuity to a minifter's children where 
there is no widow, it is required to find* the an- 
nual rate which each contributor o\ight to pay, 
reckoning intereft at 4^ per cent. ' Here, ^ 

The prefent value of L. i an- 
nuity for 20 years, = i3'S?o793 
Multiplied by the annuity, = 5 

Produces, 65,03965, which 
being divided by 61.00707, the amount of L. i 
annuity for 30 years quots, 1.0661 

To which add the yearly expence of 

management, .2464 

Their fum is, £.1.3125 = 

L. I : 6 : 3, the annual rate of each contributor, 
including his expence of management, and fup» 
pofing the annuity to be L. 5. Hence, by doubling, 
&c. dhie annual rate and annuity, when 



L. X, 


J. L. L. 


die rate b 2 12 


6, the annuity = 10, and loyears-parchafe^ioo. 
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From the conflni<aion of thefc four claffes of 
annual rates, it appears that, beiides bearing the 
burden of its corrcfponding annuity and yearly 
expence of management, 
the firft clafs is taxed with 5 s. 
the fecond with 10 s. 

the third, with 15 s. 

and the fourth, wjth 20 s. of annual expence 

nearly. 
• Thcfe four claffes of annual rates are admirable 
for the fimplicity of their conftrudlion ; and be- 
ing built upon the principles of the expedtation 
of Ijfe and a high rate of intereft, are as mode- 
rate as poflible, and leave full room for taxes 
which are juft, and dedu<fUons which are not op- 
preffive, in order to their anfwering the purpofes 
intended by the adl of parliament. Thus, 

i^, The rates themfelves are taxed as above, 
and the higher the rate the greater is the tax. 

2^/, Contributors at their marriage, and married 
intrants at their admiffion, are taxed with the 
payment of one year's rate of the clafs to which 
they are fubjedled, 

3//, The half-years rates payable out of anns 
and vacant ftipends may alfo be confidered as a 
tax, feeing the decrement of life in the incum- 
bent is then fufpendedj befides the advantage 

which the fund receives from — of the contribu- 

30 

tors who die yearly leaving neither a widow nor 
children, and from the expeftation of aminifter^s 
lifQ being 21 years greater than is fuppofed in the 
calculation of the rates. Again, 
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4/A, There is a dedudion of one years purchafe 
out of the provLQon of a widow, feeing her annu- 
ity begins to run from a full year after the laft 
payment of her hufband, 

5/i&, There is a dedu<5lion of two years purchafe 
out of the provifion of children, whichJu^fu much 
left than thai of a widow, 

6th, There is alfo a dedudHon out of the pro- 
vifions of the widows and children of thofe con- 
tributors wh# have not paid annual rates to the - 
amount of three years of their widows annuity, 
without reckoning intereft thereon, till the ba- 
lance is recovered ; befides the advantage which 
the fund derives from widows, not having chil- 
dren under 1 6 years of age, who happen to marry 
not-contributors, and of confequence are ftrucfc 
off from the benefit of the fund : Whereas the 
only advantage which the fcheme affords above 
the calculation, is the reverfion of 10 years annu- 
ity to the children under 16 years of age, of thofe 
widows who happen to die before they have com- 
pleted the nth year of their widowhood, — ^Thefc 
rates, taxes, and dedu<flions, together with the 
provifion in the aft of parliament to fecure the 
rife of the capital to L. 100,000, by the applica^. 
tion of L. 200 yearly for this purpofe, will, we 
trufl, give a flability to the fcheme, and make it 
anfwer all the purpofes for which it was intend- 
ed. 

Id the conflru<5lion of thefe rates, fuppofing 
the number of benefices and offices in the church 
and imiverfities to be 1013, including the third 
charge in Perth and the fecond in Linlithgow, 
and fixing the aonual expence of naanagement, a- 

greeable 
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greeable to the two firft a6ls of parliament^ at 

L. 2 CO, we fiiall have -^=xL. .2467 for each con* 

1013 ^ ' 

-tributor*s fliare of expence, which, for an annu- 
ity of L. 5, will alfo produce a rate, as above, of 
L. I : 6 ; 3, nearly exadl. 

Had thefe rates been calculated upon the ftrid): 
principles of rcverlionary annuities, the calcula- 
tion would have been more laborious, and the 
rates and marriage-taxes much higher than they 
are at prefent in the widows fcheme. Thus : 

Suppofe a contributor, aged 30, marries a wife 
of 25 years of age, whofe annuity is L. 20 ; 
fought, the annual rate which he ought to pay, 
reckoning intereft at 4 per cent Here, 

J~L X 20 + .2464 X 4 = L. 6.23, the annual rate 
14.0S4 

required. 

Again, If the fame contributor becomes a wi- 
dower, and, at the age of 40, marries a fecond 
wife agefd 30 years, his marriage-tax would be 
L. 8.68. See Prob. VIIL Of a Widows Scheme. 

Thefe annual rates are due to the fund, either 
for a whole or an half year, at the fame terms 
that an incumbent hath a right to his ftipend or 
falary for the fame periods, and ar« payable to the 
coUedlor at the firft term of Candlemas thereaf- 
ter; excepting iathe cafe of the half years rates 
payable out of anns and vacant ftipends, the for- 
mer of which is always half of the contributor's 
rate, and the latter is fixed at L. 3, 2 s. for each 
half-year of vacancy, thefe, though due at the 
fame terms with the former, are not payable to 
the collector till the firft term of Candlemas which 
ihall happen a full year after the anns and vacant 
ftipends fhall be due and payable. The medium 

of 
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of annual payments by contributors being withiii 
a trifle of the third clafs of L. 5, 5 s. this third 
clafs is efteemed, in all calculations refpeifting the 
fcheme, as the medium of the annual rates of all 
the contributors, and L* 20 the medium of all thtf 
widows annuities. 

Art. 2. To find the bumber of benefices in thd 
churchy and offices in the univerfities, which ar< 
all fubjedl to the payment of one or other of the 
annual rates^ 

69. By the lifts tranfmitted to the truftees, by 
prefbyteries and univeriities, it appeared that, a^ 
Martinmas 1744, there were, 

Of Benefices in the Church, 942 1 • ^ 

And of Offices in the Univcrfities, 6^ J ^^^ ' '° ^* 

Of the faid Benefices and Office^, |^**" ^^Hioiiinza. 

(^vacant 49/ 

From the beft information which I have recei^a 
ved, it appears that, at Martinmas 1789, there 
were, . 

Of Benefices in the Churdh, 9431 •-», ,%, ,i^ ^^ l^ 

Ahd of Offices in the Univeifitles, 68 j '^" »^ ^» »« "^^^ 

It being left optional, by the firft aft of parlia- 
ment, to the minifters of the church then living, 
to accede to, or decline the privilege of, the 
fchemej there were, at Martinmas 1744, 135 de- 
cliners, that is, perfons who declined accepting 
the benefit of the fcheme, confequently there re- 
mained only 827 original contributors j and as 
not only their fucceflbrs, but the fucceflbrs alfo of 
the 135 not-contributors are obliged to become 
{ubjeA to the fcheme, the greateft number of coa- 
tributors alive at one time will be 962, making 

O g id 
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mill, with the addition of 49 vacancies, 101 1 
benefices in the church and univerfities liable to 
the payment of one or other of the annual rates. 
Hence, as the above number of benefices alfo in- 
eludes the anns, the greateft fum of annual rates 
paid in any one year,** exclufive of marriage-taxes, 
will be 1011x5-^5=^.5307, 15s. 

As feveral of the not-contributors, at the com- 
mencement of the fcheme, were below 30 years 
of age, the number of contributors will not be 
complete till about the 60th year of the fund ; and 
there being .7 of thofe alive at Martinmas 1789, 
the number of contributors may be placed in this 
-form in the fucceeding years of the fund, at Mar- 
tinmas yearly. 



' Tear, 


Fund. 


C§ntrih*it* 


1790 
1791 


47 
48 


955 
955 


i79i 

: 1793 


49 

50 


957 
958 


1794 

'1796 

1799 

1803 


51 
S2> 
56 
60 


959 
960 

961 

962 



Although there be feveral minifters of the church, 
who alfo hold offices in the univerfities ; yet this 
diminution of the number of contributors, fuch 
not being liable to doable rates, is more than 
counterbalanced by the number of thdfe who 
have refigned their benefices or offices, and are 
ftill fubjecfl to the fund. 

From the lifts tranfmitted by prefbyteriesi anno 
1742, it appeared, as mentioned above, that out 
of 897, the greateft number of minifters in life at 

one 



OF THE WIDOWS SCHEME. 235 

one time, a.; died yearly^ &c. According to which 
proportion, out of 962 minifters and proFeffors, 
28,956 would die yearly: of whom 19.3 would 
leave widows,. 5^36, children without a widow, 
and 4.29 neither widows nor children. 

From the truftees report for the 46th year of • 
tjie fund, ending on the 2 2d day of November 
•^7895 it appears that there have died of miiiiflers 
and profellors, fince the commencement of the 
fcheme, ' 1345 ' 

Which being divided by the J ^ ., ^^^^"9.455, 
number of yeiars, 3 

the number who have died yearly. 

Hence the number alive at one 
time, = 962 

Divided by the number^ '^ r- quo ts 32.66, 

who die- yearly, =r: 3 ^'^^^ 

the expedation of a minifter's life. 

From the fame report it appears, that 19.3 Jeft 
widows, 5.8 children without a widow, and 4.4 
neither widows nor children, yearly. But feeing, 
by Dr Halley's table, out of 962 perfons of 27 
years of age and upwards, 31.79 would die year- 
ly ; Dr Webller, in his calculations, fuppofes that 
30 minifters and profelFors would die yearly; out 
of .whom 20 would leave widows, 6 of them cliil- 
drea without a widow, and 4 of them neither 
widows nor children. He fuppofes further, that 
the mean age of widows, at the death of their 
hufbands, was 52, and that the expectation of 
^their life* was 20 years. 

Art. 3. To find the annual number of tho'e 
G g 2 contri- , 
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contributors who are liable tx> the payment of the 
)qaarria§e-tax. 

90. As 30 are fuppofed to die. annually out of 
tthe whole minifters and profeflbrs, of whom 26 
leave widows or children ; and in regard many 
wives predeceafe their hufbands, and feveral of 
them lesive no children ; we cannot fuppofe fewer 
than 28 to marry annually, who, in confequence 
of their marriage, except to annuitants, are liable 
in a fum equal to one year's rate of the clafs to 
which they belong ; the juftnefs of which iijfe- 
rence depends upon the fuppofition, that all in- 
trants are bachelors, and that there are no fecond 
marriages. Therefore, independent of conjefture^ 
it is found in fadl, ?hat there are about 26 inctun- 
b^nts who marry yearly ift the church and uni- 
verfities ; and that there are about 6 married per- 
fons admitted yearly, for the firft time, to bene- 
fices and offices, making in all 32. Befides, of 
thofe who are admitted into the church and uni- 
verfities, there are 5 or 6 who are 40 years of age 
or upwards. Now, fuppofing that the half of 
thefe are either married, or afterwards do marry, 
and, in confequence of their marriage, arc, by the 
late a<ft, liable in a fum equal to 2| years rates of 
the clafs to which they belong, this will increafe 
the annual number of marriage-taxes to about 35. 
Hence the fum of marriage-taxes paid annually 
by contributors will be 35X5-25=L. 183, 15 s. 
Moreover, ^2, the number of yearly marriages, 
being multiplied by 19.43, the expeft^tioQ of 
marriage between two perfons of 30 and 25 years 
of age refpe(5lively, will produce 622, the greateft 
number of married perfons in the church and u- 
piyerfities at one time j which number being equal 

^0. 
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to that of all the widows and widowers in life at 
one time, and the proportion of thefe to one an« 
other being as 19.4 to 12.6, we fhall have 
32 : 19.4 : : 622 : 377, the greateft number of wi- 
dows in life at one time. See the following Anicle; 
A marriage-tax is payable to the coUedkor, at 
the firft term of Candlemas which fhall be one 
full year after marriage ; or, in the cafe of a mar- 
ried intrant, after his admifllon to a benefice or 
office. 

Art. 4th, To find the greateft number of an- 
nuitants which can come upon the fund. This 
may be done, ift, by the annual reports of pre£by- 
teries, which, among other articles, contain lifts 
of all the widows alive at Martinmas each year, 
the medium of which lifts for a few years, could 
we depend upon their accuracy, would fhew the 
maximum of annuitants. Thus, during a fpace of 
ao years; irom Martinmas, 1749 their mean num- 
ber was below 380 ; and the number of widows, 
annuitants, and others, alive at Martinmas 1789, 
was 376, including 4, which are added upon ac-r 
count of the great number of families of children 
of the firft order, being 8 more than ufual, which 
came upon the fund at Whitfunday 1 78 1. 

2d, By their expe6kation of life when they com- 
mence widows. Let the refpedlive ages of hus- 
band and wife be 30 and 25 years ; then, to the 
ageof the wife, viz. 25 

add the expedlation of marriage, by Dr Halley's 

table = 19.5 

their fum, increafed by .5 on account of fecond 
marriages, gives 45, the mean age of widowhood ; 
therefore 19.56, the expectation of a perfon's life 

aged 
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siged 45, multiplied by 19.3, the number left 
yearly, will produce 377*5, the maxiaium of an- 
nuitants; whereas 16.66) the expedlation of a 
peribn's life aged 52^ multiplied by 20, the num- 
ber of widows fuppofed to be left yearly, produces 
only 334, which is the number Dr Webftier 
brings out, in the third table of his calculations* 
So fenfible was the Dodlor of the defe<ft of this 
maximum, that, from the year 1 78 1, he fuperadds, 
to the number of annuitants by calculation, no 
fewer than 66, making in all 400 in life at one 
time. 

.3d, By the numbers already upon the ;fund# 
Thus at Whitfunday 1 7791 the number of annui- 
tants drawing full was 289.5, including heirs, be- 
fides 9 drawing half annuities; at which term 
there were 181 benefices which had caft no widows 
tippji, the fund, but which, in thefpaceof 11 
years, produced 34 additional Ones, including 4 
which are added for a rfcafon .motioned at>ovej 
at Whitfunday 1790, there were 123 benefices 
which had produced no widows to the fund* 
Hence, 

i8i:34::i23:23, the number of additional wi- 
dows at Whitfunday 1801, .toaking in all 342.5, 
including heirs, drawing full, and 10 drawing 
half annuities,, when the number of contributors 
Avill be complete ; at which period there will ftill 
be 52 benefices unprodudlive of widows; hence, 
962 — 52 : 342. 5 : : 52 : 19.5 the number of widows 
ftill to come updn the furid after Whitfdnday 
1 80 1. Hence the maximum of annuitants will 
be ^62 J including he4i:s, dr|LWing full, and 10 
drawing half annuities; that, is there will be 
362—5 = 357 drawing full and 10 drav^ing half 

annuities, 
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N annuities, together with 10 not entered upon the 
fund ; in all 377, exclufive of heirs. 

It is fomething remarkable, that although, in 
afluming the expe^ation of a widow's lif? from 
52 years and upwards, there is a defedk of 2.9 
years, yet Dr Webfterls calculation. Table III^ a<- 
grees nearly exadl '^vith the faA^ till about the 
year 1781. . To account for this I obferve, 

I ft, That the Do6l6r, in fuppofing 20 widows to 
be left yearly, and that thefe are all alive at the 
following Martinmas, aflumes .7 +.3=1:1 more 
than the fadl 5 which cirqumftance would ijicreafe 
the number of annuitants by 16, when that 

'number was cdmplete.^ — 2d, That, from the na- 
ture of the calculation, he fuppofes the number 
of contributory to be complete in the year 1781 ; 
whereas there, were 15 dccliners ftill alive, and, 
by proportion^ there were 107 original contribu- 
tors and others ftill in life, who would product" 
37 widows, fuppofing thje maximum to be 334. 

3d, That the Dodlor's calculation comprehends 
all the widows alive whether married the fecond 
time or not; "which circumftance nvay increafe 
the number about 10 more than the fadt, when they 
arrive at amaximurh ; now the fum" of thefe, viz. 
i6+37~^Ot43» *dd^d to 334, will give 377^ 
the true maximum of annuitants iipon the fund j 
or, fubtra<5led from the true maximum, will leave 
334, the number of widows by the Do6lor*s cal- 
cuUtion, Aun. 1781, fuppofing there had.been 962 
qontributors from the beginning. The indudion 
<)f .thefe particulars is a further proof that the 
i^atximum found in this article, is, near the truth. 
Tha number, of annuitants cannot be complete, 
jicjt/only tiH- after the death p^ all the decline rs, 
whic|» may h?ppea about the, 6cth year of the fund. 
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but alio while any of their fucceflbrs in office are 
alive, which may be till about the 1 20th year of 
chefcheme; during the laft 60 years of which 
period, there are only about 20 additional widows 
to come upon the fund. Hence the number of 
annuitants, including heirs, drawing full annui- 
ties, at the term of Whitfuhday yearly, befides 
10 drawing half annuities, may be reprefented by 
the following table, 



Years. 


Fund. 


Annu. 


Years. Fund* Annu. 


1790 


47 


319 


1806 6^ , 345 


I 


48 


22 


7 


64 


46 


2 


49 


24 


^ 9 


66 


47 


3 


50 


26 


1811 


68 


48 


4 


5« 


28 


13 


70 


49 


5 \S^ 

6 53 


330 


15 


72 


35^ 


32 


17 


74 1 5M 


7 


54 


34 


19 76 


52 


8 


55 


36 


1821 


78 


53 


9 


56 


38 


24 


81 


54 


1800 


57 


40 


27 


84 


5S 


I 


58 


42 


1830 


87 


56 


2 


59 


43 


33 


90 


57 


4I 


61 


344 


1863 120 1 


362 



A widow's annuity is computed to run from the* 
26th day of May, or the 2 2d day of November, 
which fhall be one full half year after the hufband's 
death ; and the firft year's or half year's annuity 
is payable on the 26th day of May, which fliaU 
be a full year, or a full half year, * refpe<5lively, 
after the time from which the annuity is com^ 
puted to run ; and it continues payable on the 
a 6th day of May yearly, during the widow's lifc^ 
and her remaining unmarried ; excepting that^ 
by the late adl of parliament, annuitants,- having 
no children under |6 years of age, and marrying 

co23mbutorS) 
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contributors, are entitled to one half of their an- 
nuities, until the capital ig completed ; after which 
they fhall enter upon their full annuities ; and as 
there is nothing due to her heirs for the half , year 
in which an annuitant dies, the heirs' only of 
thofe who die from Martinmas to Whitfunday 
are entitled to half years annuities at the follow- 
ing term of Whitfunday. 

As a widow is fuppofed to live at a medium 
20 years, did flie come upon the fund immedi- 
ately at her hufband's death, her annuity^ rec-* 
koning intereft at 47 per cent, would be worth 
13 years purchafe ; but as fhe hath no claim up- 
on the fund till three quarters of a year at a me-^ 
dium after the above term, and as fhe lofes one 
quarter of a year at her own death, her annuity 
i§ only worth 1 2 years purchafe. 

Art 5. Refpedling- families of children of the 
firfl order. 

By thef^ are underflood thofe families of chiU 
dren whofe fathers at tlicir refpeftive deaths left 
no widows upon the fund* 

89. In calculations refpec^ling the fcheme, it is 
fuppofed that 6 fuch families of children are left 
yearly, who, by adt of parliament, are intitled to 
40 years purchafe of their fathers widows annul- ' 
ty, that is in all, to the fum of L. 1 200, And 
the provifion of each family is divided equally a- 
mong them where there are more children than 
one ; which provifion of children falling due in 
any one year, computed from the a 2d day of No- 
vember to the 2?d day of November in the year 
following, is payable by the colle<3:or, on the 
J 3th day of Augufl thereafter. 

H h Art. 
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Art. 6. To find the ' nttftibet- of families of 
children of the fecond otder which come yearly 
.upon the fund, that is, cftfildren, who being under 
1 6 at the death or marriage of their refpeclive 
mother?, are intitledto the reverfion of what they 
have not drawn of lo years annuity. 

90. According to lifts tranfmitted by prefbyte- 
rics, anno 1 742, it appeared, as mentioned above, 
that 3 fuch families were left annually by widows 
of minifters who died or m"^rried, having chil- 
dren under 1 6 years of age. Now although the 
fame number die, yet it is pi:obable that fewer 
marry fince, than before the commehcemeiit of the 
fcheme, on account of the lofs of their annuities ; 
we will fuppofe that there are 2.5 famiUes of chiU 
dren left annually by widows who died, or marri- 
ed, having a child or children under 1 6 years of age. 
But it is evident that no widow who furvives her 
hufband 1 7 years, can leave a family in thefe cir- 
cumftanccs, and by the aft of parliaiilent, it is 
only the children under 1 6 years of age, of fuch 
widows as have not drawn 10 years annuity, or 
have not furvived the x ith year of their widow- 
hood, who are intitled to the reverfion; there- 
fore, 

17 : 2,5 : : II : 1.6 the number of families of 
children of the fecond oi^der, who are yearly in- 
titled to- the reverfion of their refpeftive mothers 
annuity ; which reverfion is worth from o to 10, 
that is 5 years purcbafe ; Therefore, 1.6 X loorr 
L. 160, is the yearly fum due to families of chil- 
dren of the fecond order. 

In this article I differ from Dr Webfter^ who 
makes the number of families of children of the 
fecond order to be 1.5, bccaufe^ from tlje. nature 

of 
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of th<e calcuktion, the Doftor's number does not 
comprehjeud thofe widp^s who may happen to 
marry, having children, un^er 16 years of age; 
whereas I include thefe," calling them .5 yearly, 
feeing they are excluded from the nqmbelr of wi- 
dows adlually upqn the fund. At the fiime time, 
I avoid the fuppofition, that any woman, aged 69 
years, can leave a child or children uikitr 1 6 years 
ofage* . ; 

Art. 7* To find the yearly value of the deduc- 
tions frpm the provifions of the widows and chil- 
dren of fuch contributors as happen to die before 
they have paid a fum equal to three years annu- 
ity, correfponding to the annual rate to which 
they were fubje(5led, without computing intcrell 
thereon. 

91. Such a dedudlion will take place, unlefs a 
contributor at his death hath paid a fum, inclu- 
ding his marriage-tax, amounting to 1 li. years 
rates, or L. 60. Now as contributors, who are ad- 
mitted into the ' cimrch or univerfitics at the 
jncan age of 27, cannot be fuppofed to marry 
fooner, at a medium, than the third year of their 
incumbency, or in the 30th year of their age, 
we may conclude that the propofed deduiflions 
will take place only with refpo(5l to the families 
of thofe contributors who fhall happen to die in 
the third, and in any fubfequent year before the 
1 2th of their incumbency, or in the 30th, and 
in any fubfequent year before the 39th of their 
age. Now, by Dr Halley*s table, out of 16669, 
the number of perfons alive of 27 years of age 
and upwards, 76 die annually in the 30th to the 
38th year of their age, both included ; according 

H h 2 to 
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to which proportion, 4.386 contributors will die 
annually in the 30th to the 38th year of their age, 
both included^, out of 962 minifters and profeJP- 

fbrs. But-^ parts fewer of contributors die 
29.5 

yearly, than according to the proportion of the 

above table, and -^ parts of tliofe who die, leave 
29.5 ^ 

neither widows nor children: which — ^ parts of 

29.5 

4.386, fubtrac5led from the fame, leave 3.509 the 
number of contributors dying yearly in the 30th 
to the 38th year of their age, leaving widows or 
children; each of whom have paid, including 
their marriage-tax, from 3 to 11, that is 7 years 
rates, making in all 24.56 =:L,i 28,94; but they 
ought to have paid 3.509 x 60 i=L. 2 1 0.54 ; there- 
fore, fubtracfling one from the other, there re-^ 
main L. 81, 12 s. the yearly deducflions. : 

However inconfiderable thefe dedudlions may 
appear, yet of fuch confequence were they in the 
early periods of the fund, that an adl of parlia- 
ment was obtained, anno 1748, authorifing the 
fame, in order to prevent a deficiency in the ca- 
pital of L. 10,000, which was calculated to hap- 
pen about the year 1771, which defedl they have 
prevented. At the fame time it is provided, that 
every widow iliall have at leaft one half of her an- 
nuity for fubfiflence until the deficiency be made 
good, and then enter on full payment. 

Art. 8. Refpedling the annual expences of ma- 
nagement. ^ 

92. In the firft draught of the fcheme, which 
extended only to the minifters of the church, 
tliele expences were limited to L. 239, In the two 

a(5ls 
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6(5ls of parliament eftablifliing the fund, where- 
in the profeflbrs in the four univerfities were alfo 
comprehended, the anaual expencea were fixed 
at L. 250 ; namely L. 210 for the falaries of the; 
general colle(5lor and clerk, and L, 40 for the an*^ 
nual expences of the truftees. By the late a<fl of 
parliament anno '1778, the falaries of the collec- 
tor and clerk are the fame as formerly, but the 
incidental expences of the truftees are augmented 
to L. 70, with a provifo that they do not in any 
one year exceed that fum. Which expences of the 
truftees, in imitation of* Dr Webfter, are not 
brought ad a charge upon the fund, from the fup- 
pofition that the interett received by the collec- 
tor in any one year^ doth £b far at ieaft overba- 
lance the intereft of the capital for that year, 
computed at 4 per cent* 

Art. 9. Refpe(fling the capital of the fund. 

93. Had there been no capital^ the rates being 
adjufted to the annual demands upon the fund, 
it is evident that during the firft 14 years of the 
fcheme the annual rates would have been too low^ 
and that afterwards, till the number of annuitants 
arrived at a maximum,, they would have rifen gra^ 
dually to L. 8,5 at a medium, which is out of all 
proportion to the value oPan annuity of L. 20. By 
the adl of parliament eftablifliing the fund, anno 
1 744, when the maximum of annuitants was fup- 
pofed not to exceed 32 1, the capital was limited to 
Xi. 63,860, including the loans of L.30 lent to con- 
tributors; the intereft of which, together with the 
annual rates and taxes, was thought liifficient to dil- 
charge all denlands upon the fund. By the ad of 
parliament, anno 1748, when it was found that tlic 

. number 
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number of annuitants would exceed 364, the ca-* 
pital was extended to L. 80,000, including the 
loans of L,30, granted to contributors at 4 
per cent. And by the late a(5l, anno 1778, wheij 
it was fuppofed that the number ot widows might 
rife to 400, the capital is allowed to be raifed to 
the fum of L. 100,000, to be lent out upon he- 
ritable fecurity, hitherto at 4^. per cei>t. ; and 
the loans of L. 30 to contributors are prohibi- 
ted, which ot confequence will all revert to the 
capital about the 95th year of the fund., And in 
order to fecure the rife ot the capital to L. 100,000, 
the truftees are diredled to take care that the 
fum of L. 200, together with the fivings and 
furplufes of intereft, annual rates, &c. that thefe, 
^ter all demands upon the fund are difcharged, 
be applied annually for that purpofe, by lending 
out the fame, with the advice and confent of the 
learned judges who prefide in our courts of law, 
until the capital is made up. When it is comple- 
ted, there will be an overplus, reckoning intereft 
at 4^ per cent, after paying all demands upon the 
fund, of about L. 1400 yearly; of which L. 150 
muft be referved as a provifion for thofe 1 8 wi- , 
dows who are (till to come upon the fund : as for 
the remainder, the church mull confult and de- 
termine in what manner it ought to be difpofed 
of, when the capital is raiicd to L. 97,000. 

94.. Art. 10. To trace the progrefs of the capital 
from L. 87751.522, in the 46th year of the fund, 
till it arife to L, 100,000. Here, . 



Art, 



OF THE WIDOWS SCHEME. 



^47 



Aft. 

2. The number of contributors, being 

from 955 to 962, 

3. — ' — of perfons liable to the mar- 

riage-tax^ 35. 

2. ■' of vacancies, 49* 

4. ■' % of annuitants, including heirs^draw- 

ing full, befides 10 drawing half 
annuities, being from 3 1 9 to 362* 

5. of families of children of the firft 

order, being 6, = L. 1200. 

6. ■ of families of children of the fe- 

cond order, being 1.6, = L. 160. 

7. Dedudlions from the provifions of widows and 

children, = L. 81.6. 

8. The falaries of the colledlor and clerk, =L. 2ito. 

I. The medium of annual rates, L. 5.25 ; and of 
annuities, L. 20 ; and the rate of intereft up- 
on the capital 4 per cent. The progrefs of 
the capital may be reprefentcd by the fol- 
lowing table. 



I. II 


HI. IV. 


V. 


VI. 


VIL 


1789 • 46 


Rates, their prod. 


Ann, 


their cxp. 


87,751.522 


1790 


47 


^039 • 5454-7> 


3^9 


7968.4 


«8'747-932 


1791 


48 


1059 i 54?4-75 


322 


8028.4 


89,724.2 


1792 


49 


1040 5460. 


324 


8068.4 


90,704.768 


i7$3. 


50 


1 041 


5465.25 


326 


^10^.4 


91,689*809 


«794 


51 


1042 


5470-5 


3^^ 


8148.4 


92,679.5 


1795 


5* 


1043 


5475-75 


330 


8188.4 


93.674-03 


1796 


53 


1043 


5'*75-75 


332 


8228.4 


94,668.34 


1797 


54 


IC44 


5481. 


334 


8268.4 


95,667.67 


1798 


55 


ie44 


5481. 


33^ 


8^08.4 


96,666.97 


1799 


56 


1044 


548 i. 


33« 


8348.4 


97,666.25 


1800 


57 


1045 


5486.25 


340 


8388.4 


98»67o.75 


1801 


58 


IC45 


5486.25 


342 


8428.4 


99»675-43 


1 80a 


59 


1045 


5486.25 


343 


8448,4 


100,700.3 


1803 


60 


1C45 


5486.25 


343 


8448.4 


loi, 762,16 


1804 


61 


1046 


5491^5 


344 


8468.4 


102,855.75 



In 
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In this Table, Column Vlt. fliews the amount of 
the free ftock at Whitfunday for each correj^wnd- 
ing year of the fund in Col. 11. the intereft of 
\rhich, computed at 4 per cent, together with the 
fbm of the rates and taxes of the following year, 
CoL IV. is added to laid ftock, and their fum, di- 
tninifhed by the charge upon the fund. Col. Vh 
is the free ftock of the following year. Col. III. 
Ihews the number of rates and taxes due at Can- 
dlemas, for each year of the fund ; and CoL V. the 
number of annuitants, including heirs, drawing 
full, befides 10 drawing half annuities at the term 
of Whitfunday yearly. 

Ex. To ftock at Whitfunday 1 80 1 , z= L. 99675.43 
Add intereft to Whitfunday 1 802, = 3987.02 
And 1045 rates and taxes, = 5486.25 

Total, = L. 1 09 1 48.7 

DedutS annuities diminiflied by de- 
dudlions. Art. 7* = L. 6878.4 
Children s provifions 

and falaries, = ^S7^*^ 

p- 8448.4 



Stock at Whitfunday 1802, = L. 10070G.3 

TIius, about the 6ift year of the fund, the capi- 
tal will be made up, the number of contributors 
will be complete, and there will be 18 widows 
ftill to come upon th^ fund in the courfe of 60 
years. 

Art. II. Kefpeding alteration^ uppA the 
fcheme. 

97. I ft, It is recjuired, to find what capital 

woukl 
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Would be ncceflary to fupport the fund upon its 
prefent footing, when the annuitants are arrived 
at a maximum, reckoning intereft at 4 per cent. 

From the widows annui- 
ties, = L. 7340 
Childrens provifibn and fa- 

laries, ir ^57^ 

■■■■ I ■■■■■ 

Their fum, = 8910 
Deduce rates, taxes, and 

dedudions," = 5573-1 

—. L. . 

Divide by •o4^3336.9/^83422.5, the 

J \ Capital. 

2d, It is required, to find what diminution 
might be made upon the annual rates, fuppofmg 
the annuities to remain the fame as at prefent, 
when the capital is raifed to L. 100,000, reckon- 
ing intereft at 4- per cent. 

To 357 annuitants drawing 

full, = L. 7140 

Add 20, including heirs, 

drawing half iannuities, = 200 
Childrens provifion, = 1360 
And falaries, =: 280 



' Their fimi, = - 8980 

Deduqe intereft and deduc- 
tions, = 458-1.6 

L. 

Divide by rates and taxes,^ o /'4-2, Annual 

= 10467^^^ "^\^ Rate- 

Here, 1046 X S^'^S — 4398-4 = L. 1093.1, is the 
annual furplus. 

I i 3d, 
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3d, It is required, to find what augmentation 
might be made upon the annuities, the annual 
rates renjaining the fame as at prefent, when the 
capital is raifed to L, 1 00,000, and reckoning in- 
tereft at 4^ per cent. 

From intereft, rates, and de- 

du(5lions, = 1 0073.1 

Deduce falaries, z= 280.0 

L. 

Divide by annuitants and\ Z' 2 2.51, the 

children, = 435 J 9793- ^ Aniiuity. 

Art. 12. Containing a general view of the 
fcheme. 

96. I ft. It is peculiar to this fcheme^ that the 
annual rate varies, not with the age of a contri- 
butor, but only in proportion to the annuity; 
that every intrant who is married, or afterwards 
marries, is liable to a marriage-tax ; that its con- 
ftruftion is built upon the principles of the expec- 
tation of a minifter's life, which, being above 34 
years, including the vacancy, with a high rate 
of intereft, depreflcs the rates as much as poffible ; 
that the widov^'s annuity begins to run, from a 
full twclvcmonih after the laft payment of the hut- 
band ; that widows who happen to marry are de- 
prived-cf the whole, or of part of tlicir annuities ; 
and it is owing to this fcheme that the diftin<5lion 
of families of children of the fccond order was 
ever heard of. 

2^/, As to the difadvantages attending this 
fcheme, if there be any, tliey are fuch as are in 
common with all laudable undertakings of this 

kind. 
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jkind. Thus the leading principle of fuch a 
fcheme not being julUce and equity, but charity, 
mercy, and compaffioii for the indigent; the 
more you pay, the lefs is received, and the left 
you pay, the greater is the value of the annuity. 
As all intrants are obliged to contribute for the 
flipport of the fund, this circumllaace, though 
an advantage to the fcheme, is often a hardlhip 
upon the individual, who is thus 6bliged to pro- 
vide for a widow, when poflibly he may have no 
thoughts of taking a wife. As heirs in general 
diftiadl from widows and children have no inte- 

reft in the fund, the contributions of — parts of 

thofe who die yearly are loft tq them and their, 
heirs for ever, if what is given for the fupport of 
the widow and fatherlefs can be called a lofs. The 
depriving a widow of her annuity in coafequence 
of a fecond marriage, may be coafldered as a dis- 
advantage attending the fcheme, not from a prin- 
ciple of juftice or charity, feeing every woman 
who marries isfuppofed to be fupported by her 
hiifband, but in a political view, as the increafe^ 
of fociety is thereby fo far difcourajed. And the 
capital of the fund, like all other fums of money 
laid out at intereft, is liable to a diminution in 
its value, from the^poflible fall of the intereft of 
money. But I infift, with much more pleafure, 

3^/, Upon the advantages attending the fcheme; 
as hereby, in common with other inftitutions of 
the fame kind, fo many widows and orphans re- 
ceive the means either of fubiiftenceor of educa- 
tion, which muft prove a benefit to contributors 
themfelves, who, in confequence of the fcheme^ 
are enabled to marry with greater advantage than, 

I i 31 they 
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they could have done had it not taken place. The 
annual rates are exceeding low, on account of the 
advantages which the fcheme itfelf enjoys ; as, ift. 
All entrants being fubjedl to the fcheme, they en- ' 
ter early, and of confequence have a chance of 
continuing long contributors to the fund. 2d, 
Bachelors and widowers being liable to the pay- 
ment of the annual rates, the heirs of a feventh 
part of thofe who die yearly derive no advantage 
from the fund. 3d, Anns and vacant ftipends, 
where there is no wafte in the life of the incum- 
bent, are fubjedled to the payment of half years 
. r^tes. 4th, There are a number of taxes and de- 
dudlions, fee Art, i. which are not fuppofed ia 
the calculation of the rates. 5th, Should a con- 
tributor fail in the payment of his rates, which 
are privileged debts, there is a vifible fund, name- 
ly, his ftipend or falary, out of which the fcheme 
may be reimburfed for all lofles occafioned by 
him ; and ftiould this fail, the colleftor hath 26 
chances out of 30, of recovering at 5 per cent, 
limple intereft, all arrears due by a contributor, 
out of his widow's or childrens provifion. 6th, 
The rife of the capital to a certain amount, which 
is lent out upon heritable fecurity, and its re- 
covery, ftiould it fuftain any material lofs, are 
both fccured by adl of parliament. 7th, The 
number of contributors is fixed and determined, 
being limited to the number of benefices in the 
church and offices in the four univerfities; fo that 
the truftecs are enabled to forefee what demands 
are likely to be made upon the fund from year to 
year. 8th, The fcheme itfelf hath undergone fe- 
veral alterations and improvements, and may ftill 
undergo more by favour of the Britifti legiflature. 
9th, The whole concerns of the fcheme are under 

the 
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the diredion and management of truftees, moll 
refpedlable for their knowledge, experience, and 
perfeverance in the affairs of the fund ; namely, 
the Reverend Minifters of the prefbytery, and 
learned. Profeflbr 8 in the univerfity of Edinburgh, 
together with the minifters in the prefbytery feats, 
or who are admitted to offices in the univerfities, 
if they chofe to accept, and delegates from pref^ 
byteries and univerfities, who, did they all con- 
vene, would form a general court of diredlors, as 
refpec^able for their numbers and importance as 
the. Venerable Affenibly itfelf. 

Therefore, I cannot conclude without exprefs- 
ing my refpedl and gratitude to the Reverend and 
learned Truftees, who are appointed to manage and 
dire<5l the operations of the fund, and thanking 
them for their fidelity and unwearied application 
in conducting the concerns of a fcheme, whereby 
the widow's heart is made to fing for joy. 



Sup- 



Supplement to Chapter IX. 



DISSERTATION 



RESPECTING 



The Disposal of the Surplus in the Fund of the Widows 
Scheme, when the Capital is raifed to L. 160,0005 addrcf- 
fed to tlie Truftecs for managing faid Fund. 



Mr Preses, 

99. 1 H E queftion now under consideration, 
refpefting the difpofal of the furplus in the fund 
of the widows fcheme, is of afimilar nature with, 
but of a different tendency' from that determined 
by the church, anno 174&, and of confequence 
ought to have a fimilar though oppofite determi- 
nation. In the year 1748, the Reverend Dr A- 
lexander Webfter, the principal contriver and 
promoter of the widows fcheme in the Church of 
Scotland, difcovered by calculation, that there 
would be a deficiency in the capital of the fund, of 
L. 10,000 about the year 1771. What was then 
to be done to prevent this deficiency ? Muft the 
rates be raifed ? No j Muft the annuities be dimi- 

niflied? 



J 
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nifhed? No; Touch not, would he fay, either of 
thefe pillars of the fcheme, left by fapping and 
undermining the foundation, you make the whole 
fabric tumble about your ears. What then ? Why, 
the Do<5lor did the only thing which he ought to 
have done ; he did an adl of juftice, by obliging 
every contributor to pay at leaft three years pur- 
chafe of the annuity correfponding to the rate to 
which he was fubjedted, before his widow or chil- 
dren could be entitled to their reipecflive provi- 
fions. 

In the prefent cafe, when the capital is raifed 
to L. 100,000, the annual furplus may be about 
L. 1473, reckoning intereft at 4^. per cent.* What 
muft be done to prevent the farther increafe of 
the capital ? Shall we diminifh the rates in general ? 
or fliall we increafe the annuities ? Either, or both 
of thefe would be defirable, did we not thereby 
perpetuate a very great hardfliip upon aged con- 
tributors, by continuing the payment of the rates 
tjll the clofe of life j when we have it in our pow- 
er to redrefs it.— But, 

To find how this matter may be determined to 
the fatisfadlion both of contributors and annuitants, 
by giving each party a-lliare of the furplus, nearly 
in proportion to their numbers. There may be 
435 annuitants upon the fund, when they arrive 



• when the capital is coinplete, an. 1802, there may be 3^8 an- 
nuitants 'drawing full^ and 20, ir.cluding heirs, half annuities ; 
Htnce to rates, taxes, and dedudipns, =r Ito'5573 

Add the iutcreft of the capital at 4^ per cent. = / 4500 

Their fum zn li-loo73 
To the- fiim of annuities paid to widows, ZjZ L. 6i)f)of} 

Add cLil. prov. and expeiice of management =: lO^Jj 8600 

Their difference 18 the annua) furplus = L. 147? 

at 



\ 
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kt a maximum, including both orders of children, 
which are equal in expence to 68 widows ; and 
the number of contributors alive at one time 
is 9l)2. 

Now it is obvious that annuitants of all defcrip- 
tipns, whether old or young, are equally the ob- 
jedls of charity, and of ccnfequence, ought to be 
benefited only by the plan of augmentation ; fup- 
pofe by 5 per cent, or by i fhilling upon thfe pound 
of their annuities ; this will exhaufl L. 435 of the 
above furplus. Again, 

With refpe<5l to contributors, in the relation 
they (land in to the fcheme, by the payment of 
the rates, &c. take the following table. 



Tears efminr. 


CoHtrihutors. 


AmoufU at 4 per eent, yrj fur. 


From oto 12 


3.6 fail who pp.; 


L 67.5 for an aonuity worth 15.0 


12 to 28 


74 


149 13.5 


28 to 65 


18.45. 


>24 ICO 


oto33 


15.0 


'32 , 14.0 


33 to 65 


15.0 


605 10.0 



By this table, out of thofe who are alive, during 
the firft 12 years of their miniftry, 3.6 fail yearly, 
who, allowing 5 s. for expence of management, 
have paid at a medium, including dedudlions, the 
fum of L.67.5, for a L. 20 annuity worth 15 
years purchafe. It would therefore be highly 
improper to grant a diminution of the rate during 
this ftage of life, not only on account ot the fmall 
value paid for the annuity, but alio becaufe the 
more the rate was diminilhed, the greater would 
be the dedudlion out of the widows provifion. 
In like manner, in the cale of thofe who are alive 
from the 12th to the end of the 28th year of their 
miniftry *, when the full value of the annuity is 

• To find the time in which a rate of L. 5 per annum, allowing 5 8. 
for expence of management, will difcharge the augmented annuity of 

L. 21, worth 12 years-purchafe, at 4 per cent. — == z=50t4=:iV 

^ 5 

corrcfpor.diRg to a?. 13 years. 

diftharged 
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f 



U^ 



dilcharged^ it would alfo be unneceflary to diminifh 

the rate during this period, becaufe contributoi:s^ 

have not paid the full value of the annuity. But 

in the cafe of thofe who are alive from the 28th 

year of their miniftry ,to the clofe of life^ it is 

manifeft that, during this interval, there ought 

to bei a total exemption from the payment of the 

rate, as far as the above furplus of 1473 — ^435 = 

L. 1038 will admit ; feeing thefe contributors 1 

have paid, at a medium, the fum of L. 324 more ] 

than the value of the annuity. Therefore, 

I call upon you, Mr Prefes, L call upon the 
church in general, feeing you have it now in your 
power, to do an adl of juftice to our aged brethren, 
who have borne and ftill will bear the burden in 
the heat, of the day, by fufpending the payment 
of the rates after a certain age, or rather, by ex- 
empting aged contributors after a certain num- 
ber of annual payments, including the marriage- 
tax, be that number what it will ; which number, 
could I depend upon the only table of obfervations 
which approaches near to the better fort of lives 
in Scotland, might be 30 *, including the mar- 
riage-tax ; upon the fuppofition that 6ach contri- 
butor thus exempted was obliged to pay, in name 
of vafTalage, 5 per cent, or i s. upon the pound. 



* It t3 required, to find, if L.938 of annual furplus will admit pf 
a fufpenfiou of the rates beyond 30 annual payments, including the 
mamage-tax. Suppofing 30 the mean age of admiffion, there are a- 
live, by the Fife table of obfervations, at the age of 30 years, 
358 — z;=:39^, and at 60 years of age, 211 — ^4.5=1206.5, whofc ex- 
pedation of life is 13.98 ) and there are admitted into the church and 
univerfities 29*455 contributors yearly. Hence, 
356 : 2o6.^ : : 29.455 * i7*o8, and i2.98Xi7*o8:=222, alive at 60 
pnd upwards. Hence^ 222 X 4*25 = L. 94.3.5, the fum remitted to 
thefe contributors. 

K, fc of 



^ 
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of the annuity . correfpondjiig. xq the rate . to 
which he was fubjedled, and that L. loo.of ,fviN 
plus was refcrvedj in order to co-opefate with thfc 
favings upon the rates and annuities^ till the ex* 
emptees and annuitants arrived at a maximumi^ 
in forming an additional fund of L« goodf to dis- 
charge the annuities of thofe 18 widows who are 
^ill to be provided for, as appears from the fol- 
lowing 



TABLE. 



Age. 


Rate. 


Living. 


Expea. Total alive. 


30 





^9-455 


X 32.66 i= 961. 


42 


12 


^S-^S 


X 24.29 = €28. 


58 


28 


18.45 


X 14.00 = 458. 


59 . 


29 


17.79 


X 13.50 = H<5' 


60 


30 , 


17.08 


X 12.98 = 222» 


61 


31 


16.34 


X 12.53 - ^<^S' 


62 


32 


15.60 


X 12.10 = 1S9. 


63 


33 


14.85 


X 11.66 = 173* 



If the capital be allowed to rife to L. 109,000^ as 
fuggdfted above, by the accumulation of L. 150 
per annum, without int^reft, during the fpace 
of 60 years, when the annuitants will arrive at a 
maximum : in this cafe, the above furplus of 
L. 1038, appropriated to contributors, with a tax 
of I $• per pound of the annuity, will reduce the 
years of exemption to 28, when a contributor 
hath paid the full value of the augmented an- 
nuity, and when the fourth part of thofe alive at 

one 
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bae time in the church will be exempted annu- 
ally. Moreover, 

If the aanual furplus fliall happen to rife coh-« 
iiderably above L. looo, both plans of augmen- 
tation Mid exemption may be ufed to advantage j 
but fliould it not exceed or fall below that fum, 
the plan of exemption ought alone td be employ- 
ed. ■ Now, that fuch a plan ought to be ad- 
opted, in preference to all others, will appear, 

I ft. From its being founded upon a principle 
of juftice. In fuch a Widows Scheme as this, we 
acknowledge that charity, mercy, or compaflion 
for the indigent, are the leading principles : there- 
fore, as long as it is neceflary for the exiftence of 
the ftrheme, rates ought to be paid till the clofe of 
life ; but when this hardlhip, as in the prefent 
cafe, can be removed, and juftice mixed with 
mercy, it ought to be done. With what confi- 
dence can we prefiime to diminifli the rates in ge- 
neral, or augment the annuities, whilft we leave 
this burden upon aged contributors unremoved ? 
A grievance which, remaining unredrefled, muft 
blaft the reputation of every other plan, at leaft 
in the opinion of every difcerning perfon, Befides, 
'every one who is exempted after 30 annual pay- 
ments of the rate, will have contributed a Aim, 
viz. L. 295, whofe intereft, at 4 per cent, is v/ith-* 
in a trifle of L. 12 per annum ; whilft the^ other 
contributors, from 30 years and under, will have 
only paid, each of them, at a medium, a fum, 
viz. L. 124, whofe intereft, together with the an- 
nual rate, does not exceed L. ia2 per annum: 
fo that the former benefit the fcheme as much af- 
ter an exemption, as the latter do with the pay- 
ment of the rate. . , 

K k 2 2J, 
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2d, From its poflefling the beneficent propef- 
ties of all other plans. It pre^^ents the accumula-* 
tion of the capital beyond a limited fum ; it aug- 
ments the annuities with L/435, and diminiflies 
the rates to the extent of L. 1038 per annum, 
and that too moft effeAually where there is moft 
occafion for a diminution ; and as a penny faved 
is fo much gained, it may be faid to augment the 
.annuity, in the cafe of exeHfiptees, by the va- 
lue of the iate during the life o£ the contribu- 
tor. Moreover, was it thought advifeable to cre- 
dit the truftees with the fmall difcretionary pow^ 
er of augmenting or diminifhing the years of ex- 
emption, according as it fhould be found in faft, 
that the number of annuitants or of exemptees 
exceeded or fell fliort of the calculation, or that 
the intereft of money was below 47 per cent. ; 
this plan might keep the affairs pf the fcheme up- 
on fuch an even footing, as to prevent all future 
applications to parliament for redrefs of grievan- 
ces, which cannot fail of being both expenfive 
and troublefome ; whilft the loffes fuftained by 
bad debts or otherwife are efFe<3:ually guarded a- 
gainll by the law now in force* 

3d, From the fimplicity of its conftru(5lion and 
cpcrarion. Let any one attempt to diminifh the 
rates or aligment the annuities, he will find more 
difRculties than poilibly he expeded, and will be 
in danger of unhinging the whole frame of the 
fcheme. But by this plan, the annuities are paid 
in guineas, in place of as many pounds Sterling, 
and the rates remain entire as from the com- 
mencement of the fund, which ftill enjoys the full 
benefit of deduclions and of half-years rates out 

of 
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bf anns and vacant ftipends ; £0 that the affairs of the 
fcheme, in general, proceed in their ufual courfe, 
.which cannot fail of being a great advantage, ia 
point of eafe, both to the truftees and general 
colleAors. The only calculation necellary will be 
to determine the years of exemption ; for which 
purpofe had we a table of obfervations adapted to 
the lives of minifters, this might be done with ac- 
curacy ; if not it may be difcovered from fadt, 
with this caution, that the number of exemptees 
will not arrive at a maximum till about the 85th 
year of the fcheme. But let none objeft to this 
plan, 

i^, That I am in danger of lofing the concur- 
rence of the younger members of the church, 
who form the greater part of the fociety. No ; I 
will call myfelf upon their gencrofity : Dr Web- 
fter did fb at the commencement of the fcheme, 
and was not difappointed. Had it not been for their 
difintereft^d condudl, the fcheme would never 
have taken place ; nor can I fuppofe that, in the 
courfe of half a century, this public fpirit fliould 
be degenerated in the younger members of the 
fociety. But I afk lefs than the Dodlor did ; I 
only aik an adl of juftice towards their aged bre- 
thren, whilft the yoiingeft in the church have at 
leaft a chance of reaping the fame benefit with the 
-oldeft, and many may there be who fulfil the 
30th year of their miniftry, before which they 
have no caufe to complain, not having difcharged 
the full value of the annuity. Nor, 

2^, That this plan comes from ah obfcure corr 
ner of the church, and from an inconfiderable 

hand. 
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hand. . No; However inconfiderable the authoY 
of this di0erts^tion may be m poiat of mental a-* 
bilides, he ie yet one who hath been deeply ex\g4* 
ged in the fdence of annuities of all defcriptions, 
and in particular hath given fuch an illuiCration 
of this very fcheme; as be trufts will (land the 
teil of the mod impartial examination. But how- 
ever this be^ he is one who will yield to none in 
regard for his country, and in his good wlfhes 
fbr the profperity of the Church of Scotland j in 
evidence of which, he hath taken this method 
of being ferviceable to the church, in the refolu- 
tion of a queftion which may come to be deter-' 
mined, when poflibly this very hand is laid in the 
dufi 
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